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Photoelectron counting sequences for single-atom resonance fluorescence are studied. The distri- 
bution of waiting times between photoelectric counts is calculated, and its dependence on driving- 
field intensity and detection efficiency is discussed. The photoelectron-counting distribution is de- 
rived from the waiting-time distribution. The relationship between photoelectron counting se- 
quences and photon emission sequences is discussed and used to obtain an expression for the re- 
duced state of the atom during the waiting times between photoelectric counts. The roles of irrever- 
sibility and the observer in atomic state reduction are delineated. 

I. INTRODUCTION 

The fluorescent photons emitted by a single coherently 
driven two-level atom exhibit the nonclassical property of 
photon a n t i b ~ n c h i n ~ . l - ~  The antibunching of fluores- 
cent photons is seen in temporal correlations between 
photoelectric counts; the detection of one photon makes 
the detection of a second, after just a short delay, improb- 
able. Photon antibunching is traditionally defined in 
terms of the degree of second-order temporal coherence 
g'2'( t, t +T).  This is the joint probability for recording 
photoelectric counts in the intervals [ t , t  +At)  and 
[ t  +T, t +7+At) ,  normalized by the probability for two 
independent photoelectric counts. For  antibunched light 
the joint probability for recording photoelectric counts 
closely spaced in time falls below the probability for sta- 
tistically independent counts (separated by a time longer 
than the coherence time); thus, g i 2 ' (  t, t )  < 1. 

The antibunching of fluorescent photons is also 
reflected in the sub-Poissonian character of the probabili- 
ty density p (n, t, t + TI for recording n photoelectric 
counts in the interval [r, t + T ) . ~  p (n , t , t  + T )  can be de- 
rived from g'2'(t , t  +T),  although the detailed algebraic 
relationship is quite complicated. Both g'2'(t , t  +T)  and 
p ( n ,  t, t + T )  have been calculated for single-atom reso- 
nance fluorescence by a number of workers.'-lo Because 
of the complexity of general expressions in the time 
domain, some workers only give the Laplace transform 
for the photoelectron counting distribution, or give expli- 
cit time-dependent expressions only for limiting cases, 
such as  short and long counting times. 

Recent theoretical work on "quantum j ~ r n ~ s " " ~ ~ ~  has 
drawn attention to the distribution of waiting times be- 
tween photon emissions as another useful quantity for 
characterizing photon statistics-in terms of measured 
quantities, the distribution of waiting times between pho- 
toelectrons. By "waiting time" we mean the time T be- 
tween a photoelectric count recorded at  time t, and the 
next, recorded at time t +T. If photoelectron sequences 
can be described by a Markov birth process, a single con- 
ditional probability density w ( ~ l t )  specifies the distribu- 
tion of waiting times between every pair of photoelec- 
trons. We call this the photoelectron waiting-time distri- 

bution. Photoelectron waiting times for coherent light 
are exponentially distributed.I3 Antibunching implies 
that photons tend to be separated in time. The distribu- 
tion of waiting times should then tend to peak around the 
average time between photoelectric counts. 

Photoelectron waiting times are certainly not new to 
the field of photon statistics. Indeed, when a time-to- 
amplitude converter is used for a delayed coincidence 
measurement, the raw data provide the distribution of 
waiting times between photoelectric counts. However, 
when the count rate is sufficiently low, this distribution is 
proportional (aside from dead-time corrections) to 
g12'( t,r +T). l 4  This relationship provides the technique 
used to measure g12'(t,t +T)  in the experiments of Kim- 
ble et ~ 1 . ~  on photon antibunching in resonance fluores- 
cence. Thus, the waiting-time distribution and its rela- 
tionship to g'2'(t,t + T I  are known. But the waiting-time 
distribution has not been mentioned until r e ~ e n t l ~ ' ~ ~ ' ~ ~ ' ~  
in the large theoretical literature on resonance fluores- 
cence. This is a deficiency, since it provides a clearer 
physical picture of photon emission sequences, corre- 
sponding photoelectron counting sequences, and their 
nonclassical properties, than g'2'(t,t +T).  In this paper 
we revisit the problem of single-atom resonance fluores- 
cence and focus attention on the waiting-time distribu- 
tion. (We will discuss waiting times between photon 
emissions as well as between photoelectrons. When the 
distinction is not important we simply refer to "the wait- 
ing times" or  "the waiting-time distribution.") 

There are probably two main reasons for the lack of at- 
tention paid to  w ( ~ ) t )  in early work on resonance fluores- 
cence. The  first is that g'2'(t , t  +T), not w ( ~ I t ) ,  is the 
quantity accessible to  measurement. It  might be asked, 
why not use a time-to-amplitude converter to measure 
the quantity it gives directly, the photoelectron waiting- 
time distribution w ( ~ l t ) ?  The problem is that photoelec- 
tric detection is very inefficient. The average time be- 
tween photoelectric counts is unavoidably much longer 
than the correlation time of the fluorescent light. Then 
w ( r l t )  is proportional to g12'(t, t +T); w ( T I  t )  can be mea- 
sured, but only when it effectively reduces to g 12'(  t, t + 7). 

Actually, the proportionality between these quantities 
does not hold for all T, but it holds over many correlation 
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We calculate the spontaneous-emission spectrum and the spectrum of weakly driven fluorescence 
for a two-level atom coupled to a resonant-cavity mode. For strong atom-cavity coupling the spec- 
tra split into two peaks that can have subnatural linewidths. If the cavity linewidth is negligible, the 
spontaneous-emission spectrum has half the radiative linewidth of the atom; the spectrum of weakly 
driven fluorescence shows an additional 36% squeezing-induced narrowing. These effects can be 
observed using coupled-field and collective-polarization oscillators excited in a cavity containing N 
two-level atoms. 

The spontaneous-emission rate for an atom in free 
space can change when the atom radiates inside an elec- 
tromagnetic cavity. The emission rate is reduced if the 
cavity subtends a large solid angle a t  the atom and has no 
resonant modes into which the atom can emit.' It  is in- 
creased when the atom couples strongly to  a resonant 
mode of the cavity.' These effects are explained by per- 
turbation theory; the altered emission rate is obtained 
from Fermi's golden rule using a density of states 
modified to  account for the cavity boundary conditions. 
However, when the coupling between the atom and the 
cavity mode is so strong that a photon emitted into the 
cavity is likely to  be reabsorbed before it escapes, pertur- 
bation theory cannot be used. Previous authors have 
studied atomic decay under these conditions assuming 
that spontaneous emission to modes other than the 
privileged cavity mode is negligible. Haroche and Ray- 
mond3 show that an initially excited atom undergoes 
single-quantum Rabi oscillations which decay at  a rate 
determined by the cavity Q. Sanchez-Mondragon et  al? 
derive a double-peaked "spontaneous-emission" spectrum 
by convolving the single-quantum Rabi oscillation in a 
lossless cavity against an exponential detector response 
function. This is not, however, a spontaneous-emission 
spectrum in the usual sense of irreversible decay into a 
reservoir of vacuum modes; in particular, linewidths are 
assigned by the detector response function and are not ra- 
diative in origin. 

In this paper we consider the interaction between a 
two-level atom and a resonant cavity mode that subtends 
a small  solid angle at  the atom so that the spontaneous- 
emission rate y into free-space is not negligible compared 
to the photon decay rate 2~ from the cavity. We derive 
the spontaneous emission spectrum and spectrum of 
weakly driven fluorescence measured by observing the 
light emitted (scattered) by the atom into free space. Our 
derivation places no restriction on the coupling strength 
g between the atom and the cavity mode. For  
K >>g >> y /2, we recover the increased linewidth associ- 
ated with cavity-enhanced spontaneous emission. In the 

strong-coupling limit, g >>K, y /2, the spontaneous- 
emission spectrum and the spectrum of weakly driven 
fluorescence are doublets, similar to  those obtained by 
Sanchez-Mondragon et However, our spectra have 
meaningful radiative linewidths. For  K << y /2 they have 
linewidths equal to  one-half and one-third the free-space 
radiative linewidth of the atom, respectively. 

The master equation describing the resonant interac- 
tion between a two-level atom and a single cavity mode, 
including both atomic and cavity loss, is given by 

where f i=if ig(6 '  -ti -6' +d ) and p is the reduced densi- 
ty operator in the interaction picture; a t  and d  are 
creation and annihilation operators for the cavity mode, 
and 6' -, a +, and a, are Pauli pseudospin operators for 
the atom. ~ ~ u a t i o n  (1) describes a composite atom- 
cavity-mode system that radiates via two distinct chan- 
nels: by the coupling of the atom to free-space modes 
(the term proportional to y/2) ,  and by loss through the 
cavity mirrors (the term proportional to K). We will cal- 
culate spectra for the light emitted by the atom into free 
space. 

To describe spontaneous emission for arbitrary values 
of g, K ,  and y /2, we solve Eq. (1) in the three-state basis 
( + ) 1 0 ) , ( - ) 1 1 ) , I - ) 1 0 ) ,  where I + )  and I - )  are the 
upper and lower states of the atom and 11 ) and 10) are 
the one-photon and zero-photon Fock states of the field. 
In this basis p has eight independent matrix elements. 
The equations of motion for these matrix elements can be 
written as two sets of coupled equations for operator ex- 
pectation values, 

and 
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An investigation of the radiative processes for a collection of N two-state atoms strongly coupled to 
the field of a high-finesse optical cavity is presented. Observations of the spectral response of the com- 
posite system to weak external modulation reveal a coupling-induced normal-mode splitting. Linewidth 
averaging leads to linewidths below the free-space atomic width. 

P A C S  numhers: 42.50.Kb. 32 .70 .5~ .  4 2 . 6 5 . P ~  

The radiative processes of atoms in the presence of 
boundaries such as provided by a resonant cavity have 
been investigated in recent years within the context of 
cavity quantum electrodynamics. ' While the free-space 
decay of an atom is characterized by the Einstein A- 
coefficient y, the interaction of an atom with a cavity in- 
troduces three new rates not present for atoms in free 
space; these rates are the cavity damping rate r ,  the de- 
cay rate y' into continuum modes other than those of the 
cavity, and the coupling rate g, where g characterizes the 
oscillatory exchange of excitation between the atom and 
the field of the cavity. For weak coupling of the atom to 
the resonator ( y'<<g2/r<< K), large enhancements2 and 
suppressions' of atomic spontaneous emission have been 
observed' with cavities encompassing a large fraction f 
of the total 4n solid angle of free space (yl<< y), in 
agreement with a perturbative description incorporating 
the cavity-modified density of states. On the other hand, 
for strong coupling (g >> y', r )  the nonperturbative na- 
ture of the interaction requires a description not from the 
viewpoint of the altered radiative processes of the atom 
or cavity alone, but rather in terms of the dynamics of 
the composite atom-field entity.4.5 While impressive in- 
vestigations of this underdamped regime have been w n -  
ducted in the microwave domain with Rydberg atoms for 
which g2/r>> K>> Y',~.' complimentary studies in the op- 
tical domain have been largely absent since the coherent 
coupling rate g is usually dominated either by r or by y'. 
The interest in optical studies arises not only because of 
the possibility for direct field measurements, but also be- 
cause of the opportunity for investigations in the strongly 
coupled regime with atomic dissipation entering as an 
important process. 

atomic polarization is likely to be absorbed and reemit- 
ted many times before it escapes. By recording the spec- 
tral response of the composite atom-cavity system to a 
weak external probe field, we observe a distinctive dou- 
blet symmetrically split about the otherwise common fre- 
quency of atoms and cavity and find that this normal- 
mode splitting is in quantitative agreement with the pre- 
dicted eigenfrequencies over a range of intracavity atom- 
ic number 2 0 1  N 1 600. Our observations at optical 
frequencies are thus of the vacuum-field Rabi splittingI2 
extended from the one-atom case to the situation N > 1 
and follow in the spirit of previous time-domain investi- 
gations of collective atom-cavity oscillations for Rydberg 
atoms in a microwave cavity." For each of the two 
peaks of the split doublet, we also observe subnatural 
linewidths due to a dynamical linewidth averaging which 
results from the strong coherent coupling of the collec- 
tive atomic polarization to the cavity m ~ d e . ~ . ' ~  Line- 
width reductions of 25% relative to free-space atomic de- 
cay are recorded over a wide range of operating condi- 
tions. Finally, we explore the behavior of the normal- 
mode structure as the atomic and cavity resonances are 
detuned, and observe that the line positions and widths 
approach values characteristic of decoupled atoms and 
cavity. 

Our starting point is an analysis of the eigenvalue 
structure for the composite system of N two-state atoms 
coupled to a single cavity mode. In the limit of weak in- 
tracavity field and for coincident cavity resonance fre- 
quency o c  and atomic transition frequency o ~ ,  the ei- 
genvalues obtained either from the master equation for a 
single atomI4 or from the Maxwell-Bloch equations for 
N >> 1 l o  are ho = - y and 

Within this context we present in this Letter direct h * - - i  
spectroscopic measurements of the normal-mode split- ( 2 r +  y / T ) k  [ &  ( 2 r -  y / T ) 2 - r y ~ / T 1 ' / 2 ,  

ting for the oscillator system formed by the collective (1) 
atomic polarization of N two-state atoms strongly cou- where ho gives the decay of the atomic inversion and h 
pled to a single mode of a high-finesse optical describe the normal modes formed from the intracavity 
Although f<< 1 and hence y ' r  y, the experiments are field and the collective atomic polarization. Equation 
nonetheless carried out in a regime for which g f i  (1) is written in a rotating frame at the common fre- 
>> y > r (with gfi the effective coupling rate in the quency o c - o ~ ;  T z  y/2y1 with yl the transverse decay 
limit of a weak intracavity field)I0." and hence in a re- rate; and C - T N ~ ~ / K ~  is the atomic cooperativity pa- 
gime for which a photon emitted into the cavity by the rameter of optical bistability, with g = ( p 2 0 c / 2 h e o ~ ) ' / 2 ,  
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The Jaynes-Cummings interaction of a two-level atom with the radiation field is studied when the radiation is 
initially in a strongly squeezed coherent state. The dynamic response of the atomic inversion shows echoes after 
each revival when the saueezed coherent state exhibits an oscillatory ohoton-counting distribution due to the phase- 
space interference effect. The sensitivity of the dynamic behavior id  approximations used in computing the atomic 
inversion is discussed. Cornoarison is made with the intensitv-deoendent interaction model of Buck and Sukumar 
[Phys. Lett. 81A. 132 (1981)lf this model does not exhibit echoes. 'l'he mean, variance, and entropy for the photon- 
number distribution are calculated and found to show behavior similar to that of the atomic inversion. 

1, INTRODUCTION sum is not possible even for an initial coherent state, al- 

The Japes-Cummings model of optical resonance1 describ- 
ing the interaction of a single two-level atom with a single 
mode of the radiation field has predicted a number of inter- 
esting features in the dynamical behavior of the atomic in- 
version.24 Much attention has focused on the collapse and 
revival of Rabi oscillations because this effect provides evi- 
dence for the granularity of the radiation field.3.4 Experi- 
mental realizations of the Jaynes-Cummings model have 
been obtained by using Rydberg atoms interacting with the 
radiation field in a high-Q microwave c a ~ i t y . ~  Recently 
observations on the collapse and revival of Rabi oscillations 
were reported.6 In this paper a new feature in the dpami -  
cal behavior of the atomic inversion is studied, with the 
radiation field prepared in a strongly squeezed coherent 
state whose photon-counting distribution is o~cillatory.~ 
Under these conditions, the collapse following each revival 
has an oscillatory envelope (echoes), a phenomenon that we 
call ringing revivals. 

Milburn has studied the interaction of a two-level atom 
and a single mode of the radiation field with the field pre- 
pared in a squeezed coherent ~ t a t e . ~  He showed that the 
collapse time depends on the direction of the squeezing and 
found that for certain squeezed states the response of the 
atom is similar to that for chaotic radiation. However, Mil- 

though approximate expressions that reproduce the general 
character of the revivals have been 0btained.~4 We com- 
pare the exact numerical evaluation of Eq. (1) with various 
approximations when P(n) corresponds to a squeezed coher- 
ent state. 

The plan of the paper is as follows: In Section 2 we briefly 
review the oscillatory nature of P(n) for squeezed coherent 
states. We study the corresponding dynamical response of 
the atomic inversion in Section 3. The exact numerical 
evaluation of w(t) is presented, demonstrating the occurence 
of ringing revivals, and the origin of the ringing behavior is 
discussed. In Section 4 we obtain a closed analytical expres- 
sion for w(t) in the harmonic approximation, in which the 
square root in the argument of the cosine in Eq. (1) is ex- 
panded to first order. The ringing of the revivals is lost in 
this approximation. Expansion of the square root to second 
order recovers the ringing behavior. The summation for- 
mula that yields an analytical result in the harmonic approx- 
imation may also be used to derive an exact integral 
representation for w(t) when the radiation field is initially in 
a squeezed coherent state. This integral representation is 
given in Appendix A. We study the photon statistics and 
entropy for the field in Section 5. Our results are summa- 
rized in Section 6. 

burn restricted his study to states for which the coherent 
contribution to the photon-number variance is dominant. 2. SQUEEZED CO~ERENT STATES 
The new behavior described in this paper is obtained with Squeezed coherent states are now quite familiar in quantum 
squeezed coherent states for which the squeezed contribu- optics; we state their definition9 and refer the reader tion to the photon-number variance is dominant. to two recent collections of papers1° for further details and a Our results for the atomic inversion are based on the review of current activity regarding these states. 
numerical evaluation of the series1 The squeezed coherent states for a sinele-mode radiation 

field c k b e  obtained from the vacuum 14 as 
(1) 

la, t )  = D(a)S(t)l~),  (2) 

where P(n) is the photon-number distribution for the initial where S(t) is the squeezing operator 
state of the radiation field and X is the coupling constant for 
the atom-field interaction. The atom is assumed to be in its 

S(E) = expI1/~(E*a2 - Eat')] (3) 

ground state initially, An exact analytical evaluation of this and D(a) is the displacement operator 
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The incoherent part of the Mollow spectrum for resonance fluorescence has a subnatural liewidth in the weak-field 
limit. We show that this is due to squeezing of the fluctuations in the induced atomic dipole. The reduced 
linewidth persists for driving field intensities of approximately 12% of the saturation intensity, where Rabi 
sidebands begin to appear. We find a similar linewidth narrowing in the transmitted and fluorescent spectra for a 
single atom in a weakly driven resonant cavity. In this system single-quantum frequency splitting can produce a 
two-peaked spectrum. Both peaks have a narrowed linewidth. The spectrum of the transmitted light shows a 
second nonclassical effect that is due to squeezing. A spectral hole may appear at line center, giving a two-peaked 
spectrum even when there is no frequency splitting. 

1. INTRODUCTION ciently strong, the transmitted and fluorescent spectra may 

Nonclassical electromagnetic fields have generated much 
interest in recent years. These fields show statistical prop- 
erties that are incompatible with the language of classical 
statistical optics. They require a quantum-mechanical de- 
scription. Two examples of the properties shown by non- 
classical fields are photon antibunching and squeezing. 
Photon antibunching is defined by a nonclassical form for 
the degree of second-order coheren~e .~ .~  Squeezing is de- 
fined by reduced quantum fluctuations, below those for the 
vacuum state, in one quadrature phase amplitude of the 
field.3 Both of these effects are understood theoretically 
and have been observed in several experiments. In this 
paper we discuss nonclassical effects that  may be observed in 
the inelastic or incoherent part of the optical spectrum. 
Optical spectra may show reduced linewidths or spectral 
holes, which arise because one quadrature phase of the opti- 
cal field is squeezed. 

Recently Carmichael et al. calculated the resonance fluo- 
rescence spectrum for an atom interacting with a broadband 
squeezed vacuum.4~5 They showed that this spectrum can 
have one Lorentzian component with a subnatural 
linewidth. We shall show that a subnatural linewidth also 
occurs in ordinary resonance fluorescence, in the absence of 
the squeezed vacuum. The linewidth narrowing is again due 
' to squeezing, but the mechanism is different. In this case 
squeezed light does not irradiate the atom; it is produced in 
the interaction between the driven atom and the modes of 
the usual vacuum. The amount of linewidth narrowing is 
not so remarkable as in the previous work, but the effect may 
be easier to realize experimentally. 

The mechanism for linewidth narrowing that we describe 
is not restricted t o  resonance fluorescence. It is reflected in 
a general relationship between the optical spectrum and the 
spectrum of squeezing. I t  follows that  linewidth narrowing 
will be seen in many systems that  show squeezing. We also 
present results for the interaction of a single two-level atom 
with a weakly driven optical cavity m ~ d e . ~ ~ ~  Linewidth nar- 
rowing is seen both in the light transmitted by the cavity and 
in the atomic fluorescence out the sides of the cavity. When 
the coupling between the atom and the cavity mode is suffi- 

be double peaked. The two peaks arise from thesplitting i f  
the degenerate single-quantum states, an excited atom with 
no photons in the cavity mode, and an unexcited atom with 
one photon in the cavity mode. Double-peaked spectra 
result if this level splitting is large enough to overcome the 
effects of cavity and atomic damping. When these condi- 
tions are met we shall refer to the phenomenon 'of single- 
quantum frequency splitting.&12 (To us, the name vacuum 
Rabi splitting, used by previous authors, is inappropriate.) 
Both peaks of the spectra resulting from single-quantum 
frequency splitting show a reduced linewidth. 

The cavity system illustrates a second nonclassical effect, 
not seen in resonance fluorescence. The spectrum of the 
transmitted light may have two peaks even though the con- 
ditions for single-quantum frequency splitting are not met. 
A hole may appear a t  line center because of squeezing of the 
fluctuations in one quadrature phase amplitude of the field. 
Lugiato found similar holes in transmitted spectra for opti- 
cal bistability in the good-cavity limit and noted their signif- 
icance as nonclassical effects.13 We are now able to identify 
the origin of these spectral holes. 

In Section 2 we discuss linewidth narrowing in resonance 
fluorescence and explain this narrowing in terms of a rela- 
tionship between the optical spectrum and the spectrum of 
squeezing. In Section 3 we present spectra for a single atom 
in a driven optical cavity. These spectra show the same 
linewidth narrowing. Spectral holes induced by squeezing 
are discussed in Section 4. 

2. SQUEEZING-INDUCED LINEWIDTH 
NARROWING 
In resonance fluorescence a two-state atomic transition is 
excited on resonance by a strong coherent field. The ex- 
pression for the spectrum of the fluorescent light has been 
calculated by M ~ l l o w ~ ~  and by Cresser and others (see the 
review by Cresser et ~ 1 . ~ ) .  This spectrum has two compo- 
nents: a coherent, or elastically scattered, component, 
which corresponds to  classical reradiation from the induced 
atomic dipole, and an incoherent component that is due to 
quantum fluctuations. For excitation intensities much 
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Single-Atom Optical Bistability 
C. M. SAVAGE AND H. J. CARMICHAEL 

Abstract-Absorptive optical bistability Is shown to exist for a single 
two-level atom inside a resonant optical cavity. Solutions for the quan- 
tum mechanical density operator are obtained numerkally for a pa- 
rameter regime at the interface between the quantum Ilmlt. In whlch 
quantum mechanical nolse lnvalldntes tbe semiclnsslcal prediction of 
bistability, and the classical limit, in which quantum noise Is a negll- 
gible perturbation on semiclassical results. Bimodal photon number 
distributions and Q functions are obtalned. and two-state transition 
rates are calculated. 

T HE original proposal for absorptive optical bistability 
was based on a semiclassical understanding of a sat- 

urable absorber. In this view, the absorber is described by 
an intensity-dependent absorption coefficient, and a sim- 
ple argument leads to the prediction of bistable transmis- 
sion for an interferometer containing a saturable medium 
[I]. This argument becomes inappropriate, however, 
when the absorber is reduced to a single atom. The satu- 
ration of a single two-level atom is accompanied by large 
quantum fluctuations; these are evidenced by the domi- 
nant incoherent scattering in resonance fluorescence at 
saturating intensities. The behavior of the electromag- 
netic field inside an interferometer containing a single 
atomic absorber must be described by a complete quan- 
tum mechanical theory. 

In its simplest form, such a theory must treat a lossy 
driven mode oscillator interacting with a lossy (due to 
spontaneous emission out the sides of the cavity) atomic 
transition. The model is formulated as an extension of the 
Jaynes-Cummings model to include dissipation and an in- 
jected field [2]. If quantum fluctuations are neglected, the 
semiclassical model for absorptive optical bistability is 
recovered. However, does optical bistability exist when 
quantum fluctuations are included, and if it does, under 
what conditions does it exist? Recent work by Sarkar and 
Satchel1 suggests that absorptive optical bistability does 
not exist for a single atom [3]. McCall and Gibbs have 
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recognized that the semiclassical criteria for absorptivc 
bistability can be met using a single atom, but note thql 
quantum fluctuations will cause rapid switching between 
semiclassically predicted states, and set a level of - IOOQ 
atoms or their statistical equivalent for a resonable hys- 
teresis to be preserved 141. In this paper, we show that 
single-atom absorptive optical bistability does exist withi0 
a quantum mechanical theory. 

The quantum mechanical problem can be solved ana- 
lytically if strong cavity damping justifies the adiabatic 
elimination of the cavity mode operators on the time .;cT'.: 
of the atomic dynamics. In this bad-cavity limit, quantum 
fluctuations do indeed destroy the semiclassical prediction 
of bistability [2]; this limit is characterized by very small 
photon numbers, and the failure of semiclassical theory is 
to be expected. But the opposite limit, the good cavity 
limit, is characterized by large photon numbers. Then, 
although the absorber is a single atom, the semiclassical 
prediction might well be correct. In the good-cavity limit, 
the cavity oscillator amplitude changes slowly on the time 
scale of the atomic fluctuations. The single-atom absorp- 
tion is still noisy, but a slow cavity response will smooth 
these fluctuations, averaging them to give negligible noise 
strength under the cavity linewidth. We have used a su- 
percomputer to solve the operator master equation d k -  
scribing the coupled atom and cavity mode for systems in 
between these quantum and classical limits. 

Our numerical approach might be used to set funda- 
mental limits for a reliable miniaturized optical switch. 
However, practical concerns about distinguishing stare* 
in the presence of shot noise can be addressed in less so- 
phisticated models based on photon number rate equg- 
tions. Given the large margins of safety thai 3;..,L.!,! kc 
required for a practical device, a rule of thumb like the 
1000 quanta switching energy suggested by McCall and 
Gibbs [4] should be insensitive to the subtleties omitted 
by such models. On the other hand, these subtleties are . 
essential to more profound questions concerning the in- 
terface between the quantum and classical worlds. Our 
system is an elementary example of a quantum dissiparivr 
system; not just a quantum system with dissipation, but 8 

quantized nonlinear dynamical system in which dissipa- 
tion plays a central role in establishing macroscopic states, 
and in the bifurcation of macroscopic states, far fro111 
thermal equilibrium. How do these states "dissolve" into 
the quantum fluctuations? Where do classical statistical 
analogies break down? How does quantum probability re- 
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Single-Atom Cavity-Enhanced Absorption I: Photon 
Statistics in the Bad-Cavity Limit 

P. R. RICE A N D  H. J .  CARMICHAEL 

Abstmd-The photon statistics of the transmitted light from a driven 
cavity containing a single resonanl two-level atom are studied in the 
bad-cavity limit. For weak driving fields, the second-order intenslly 
correlalion function shows novel nonclassical behavior due to the in- 
terference of the driving field and forward reradiation from the atom. 
This behavior is related to squeezing in the cavity transmission. A 
physical interprelation Is given In terms of the reduced quantum state 
of the coupled atom-field system following photodelection. 

T HE interaction of a single atom with electromagnetic 
radiation may be altered by confining that radiation 

inside a cavity. The study reported in this paper differs 
from most recent work on atom-field interactions inside 
cavities in two respects. First, to realize large single-mode 
coupling constants, most recent work uses Rydberg atoms 
and microwave cavities 111-[3]. This paper is concerned 
with photon statistics and envisages experiments at opti- 
cal frequencies where photon counting measurements are 
possible. Second, leaving aside cavity-enhanced and -in- 
hibited spontaneous emission, interest in dynamical ef- 
fects has focused on the Jaynes-Cummings interaction 
Hamiltonian [4]; specifically, dissipation has been con- 
sidered only as a perturbation on conservative dynamics 
to account for a small but finite cavity Q [5]-[8]. In this 
work, dissipation plays a central role. We study an exten- 
sion of the Jaynes-Cummings model which includes cav- 
ity loss through finite reflectivity mirrors and spontaneous 
emission to modes other than the privileged cavity mode. 

The feasibility of measurements at optical frequencies 
has been demonstrated in a number of experiments. Re- 
cently, cavity-enhanced and -inhibited spontaneous emis- 
sion were observed at optical frequencies [9], [ lo].  Also, 
the single-quantum (weak-field) frequency splitting for a 
cavity mode coupled to two-level atoms was observed by 
Brecha el a / .  [ I  11 and used to generate squeezed light, 
with observed noise reductions of 30 percent relative to 
the vacuum level [ 121. 

Together, dissipation, a driving field, and the Jaynes- 
Cummings interaction define what is perhaps the most el- 
ementary model for a quantized dissipative dynamical 
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system: a driven damped harmonic oscillator coupled to 
a damped two-level atom. With the driving field, oscil- 
lator, and atom all on resonance, the behavior of this sys- 
tem will be governed by four parameters: the complex 
driving field amplitude E ,  the atom-field coupling con- 
stant g ,  and damping rates y and K for the atom and field, 
respectively. One damping rate simply scales the time; 
therefore, there are really only three parameters. These 
are conveniently taken as the dimensionless parameters Y 
= & / K G ,  C = g 2 / ~ y ,  and n ,  = y2/8g2 or, alterna- 
tively, Y, C, and p = 2x /y .  Here n ,  is the number of 
photons in the cavity mode required to saturate the atom 
(the saturation photon number), and C is the single-atom 
version of the so-called cooperativity parameter in the 
theory of optical bistability [13], [14]. 

For limiting values of the parameters, this model con- 
tains many of the effects familiar from recent work: cav- 
ity-enhanced spontaneous emission [ lo ] ,  [IS]-1211, sin- 
gle-quantum-level splitting [ I !  ], [ 121, [22]-1261, and the 
collapse and revival of Rabi oscillations [27]-[37]. It also 
provides an interface to a broader class of phenomena. 
Our model introduces a flux of energy through the atom- 
field system. The system then evolves to a nonequilibrium 
stationary state. Transient behavior will show features as- 
sociated with the effects mentioned above. In addition, 
the quantum-statistical properties of the asymptotic state 
are of interest. Dissipative systems in classical nonlinear 
dynamics show a remarkable diversity of behavior in the 
asymptotic limit, including bifurcations, stochastic 
switching between states, self-oscillation, and chaos [38]. 
Simple quantum dissipative systems may be expected to 
display equally diverse phenomena, with the added inter- 
est that they may exhibit uniquely quantum-mechanical 
statistical properties. 

A semiclassical factorization assumption reduces our 
system to the familiar model for absorptive optical bista- 
bility 1131, 1141, [38]-[41]. Then, only the two parame- 
ters Y and C are needed to classify the stationary states. 
( n ,  or, more appropriately, p = 1 /4Cn,, still distin- 
guishes systems according to their dynamical behavior. ) 
Of course, such a factorization is generally a bad approx- 
imation. In the quantized theory, n, determines the "size" 
of the system. It changes in proportion to the mode vol- 
ume and scales the energy inside the cavity. Thus, cavity 
geometries with the same energy density at the site of the 
atom, but different numbers of photons in the cavity, are 
possible; identical semiclassical states can be constructed 
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Quantum Noise in the Parametric Oscillator: From Squeezed States 
to Coherent-State Superpositions 
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We compare the nonclassical states of light produced by a parametric oscillator for quantum noise of 
different strengths. Increasing noise strength brings a transition from a slightly perturbed classical state 
showing squeezing to a superposition of coherent states. We use the positive-P representation to illus- 
trate the roles of quantum noise, quantum coherence, nonlinearity, and dissipation in this simple quan- 
tum dynamical system. 

PACS numbers: 42 .50 .D~ .  03.65.Bz, 42.50.Kb, 4 2 . 6 5 . K ~  

Recent experiments producing squeezed light have 
added a new nonclassical light source to the few avail- 
able, thereby rekindling interest in nonclassical states of 
the electromagnetic field. The degenerate parametric os- 
cillator has played a central role in studies of squeezing; 
its Hamiltonian is intimately related to the infinitesimal 
generator of squeezed states. Moreover, it enjoys the 
distinction of having produced the greatest amount of 
squeezing observed to date. '1' 

In a sense, however, parametric oscillators that pro- 
duce squeezed light are almost classical; they are classi- 
cal systems driven by a very small quantum noise 
-"small" in the sense (mathematically) that a linear- 
ized treatment of the quantum dynamics is valid, and 
(physically) that many photons are needed to probe the 
system's nonlinearity. In this Letter we present a treat- 
ment of the degenerate parametric oscillator valid for 
quantum noise of arbitrary strength. Our approach is 
based upon the positive-P representation. We find an 
analytic solution for the steady-state positive-P function. 
This solution is a function of two phase-space variables; 
one variable is the "classical" field amplitude of semi- 
classical nonlinear optics: the other is a "nonclassical" . . 
variable needed to represent superposirions of coherent 
states. When the positive-P function is plotted in three 
dimensions the role of the nonclassical variable can be 
clearly visualized. Distinct pictures emerge for the limit- 
ing regimes of essentially classical behavior and predom- 
inantly quantum behavior. This distinction is drawn 
from the novel feature that the quantum dynamics is 
naturally confined to a bounded manifold in phase space; 
the extent to which the noise has sufficient strength to 
probe the boundary provides a measure of the deviation 
from a classical state. This bounded manifold provides a 
beautiful illustration of the subtle way in which recently 
reported anomalies in stochastic simulations based on the 
positive-P representation may be reso1ved.j 

The degenerate parametric oscillator is modeled by 
two quantized field modes, with frequencies 0 and 20, 
interacting via a x ( * )  susceptibility inside an optical cavi- 
ty. Both modes are resonant with the cavity and experi- 

ence linear loss. The cavity is excited by a classical 
pump field with frequency 20.  The microscopic Hamil- 
tonian takes the form 

where 6 and it, and 6 and it, are annihilation and 
creation operators in the interaction picture; j is the 
mode-mode coupling constant; B is the intracavity 
pump-field amplitude; and HI,,, describes losses in the 
nonlinear crystal and at the cavity mirrors. 

This nonlinear quantum-mechanical problem can be 
mapped by an appropriate phase-space representation 
into a classical stochastic process. The familiar Glauber- 
Sudarshan P representation gives a Fokker-Planck equa- 
tion without positive-definite diffusion. This difficulty 
can be ovetcome with the positive-P representation. 
With mode b adiabatically eliminated we obtain the fol- 
lowing set of Ito stochastic differential equations for the 
complex amplitude4 of mode i: 

where dWI  and dW2 are independent Wiener incre- 
ments, r is measured in cavity lifetimes ( y i l ) ,  g - g /  
(2yayb ) ' I 2 ,  and A is a dimensionless measure of the 
pump-field amplitude scaled to give the threshold condi- 
tion A'l; ya and yb are decay rates for the cavity fields. 
The complex variables a and a+ are associated with 
operators i and 6 t, respectively. Stochastic avera es of f a and a+ give the operator averages g(i?) and g(6  ). In 
the Glauber-Sudarshan representation a and a+ are 
complex conjugates. In the positive-P representation 
they are not, although they must be so in the mean. 
More generally, normally ordered averages of quantum 
operators are calculated from the positive-P function, 
P(a, a+ 1, with 

Equations ( 2 )  describe trajectories in a four-dimen- 
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Squeezed-state generation for two-level atoms in a spatially 
varying field mode 
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A spatially varying field mode is included in calculating the squeezing effect for a system of two-level atoms in the 
good-cavity limit. Two examples of a Gaussian mode field in a ring cavity and aplane-wave field in a standing-wave 
interferometer are used to demonstrate the quite general method. In qualitative terms, the squeezing predicted for 
plane waves is preserved. However, for a given value of atomic cooperativity parameter C, there is a degradation in 
squeezing because of the spatially varying field structure. 

Squeezed-state generation in an atomic vapor interacting 
with a cavity field mode has been intensively discussed both 
experimentally1-3 and t h e ~ r e t i c a l l y l ~ ~ ~  in recent years. 
Some experiments1u2 have been quite successful in observing 
squeezing effects at  a respectable level. Most theories de- 
scribing these systems take the cavity field as a plane wave 
for simplicity. This makes it hard for experiments to be 
compared quantitatively with the theory. In this paper we 
illustrate how the spatially varying field mode alters squeez- 
ing in a simple system consisting of two-level atoms interact- 
ing with a single mode of a high-finesse cavity. We use the 
general formulas developed earlier in Ref. 9. Two examples, 
a Gaussian mode in a ring cavity and a plane wave in a 
standing-wave cavity, are given to illustrate the effect of 
field variations. Figures and discussions are given for each 
case and compared with the existing plane-wave theory.5 

Following Ref. 9, we consider a single, quantized, spatially 
varying cavity mode, interacting with a collection of N ho- 
mogeneously broadened two-level atoms that are driven by a 
coherent classical field of amplitude c. The master equation 
for the density operator ) of the atom-field system following 
from the Hamiltonian in the electric-dipole, rotating-wave 
and Markovian approximations can be written as1&12 

ic operators, w, is the cavity resonance frequency, w, is the 
atomic resonance frequency, and w, is the driving-field fre- 
quency. g, is the coupling coefficient between the cavity 
field mode and an atom at position r, and is given in terms of 
the normalized mode function U(r,) by13 

K is the cavity damping rate, y 1 is the Einstein A coefficient 
for spontaneous emission, and y, is the rate of collision- 
induced phase decay, so that the total rate of decay of the 
atomic polarization y, is given by y, = y1/2 + yp. The 
thermal photon numbers in both the atom and cavity-mode 
reservoirs are set to zero. 

We divide the cavity mode into M small sections, accord- 
ing to the mode structure, so that the field can be viewed as 
effectively constant across each section. The sections are 
still assumed to be large enough so that the number of atoms 
in the jth section Nj >> 1 for all j. We checked this assump- 
tion for realistic experimental situations with different 
mode structures and found that it can be reasonably well 
satisfied. Following Refs. 9-11, we transform the operator 
master equation (1) into a c-number generalized Fokker- 
Planck equation in the positive Prepresentation.llJ4J6 Ow- 
ing to the condition Nj >> 1 for each section, we can truncate 
this generalized Fokker-Planck equation to second order 
and write corresponding Ito stochastic differential equa- 
t i o n ~ . ' ~ . ~ ~  For a high-Q cavity (y l, 711 >> K ) ,  we then adiabat- 
ically eliminate atomic variables to arrive a t  equations for 
field variables alone. 

By setting the derivatives to zero and neglecting the fluc- 
tuations in the resulting stochastic differential equations for 
the field, we find that the steady-state solution satisfies 
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+ Ib, %TI + KC exp(-iwlt)[dt, j] - c* exp(iw+)[b, A). (1) y = x 
The operators bt and B are the single-mode creation and 

1 + im + -. !? 
1 + 6 ~  8 .  

(3) 
Verf IU(rj)12 

J=' 1 + x -  
annihilation operators, while 5; and i?,,* are the Pauli atom- s 1+6' 



I 1588 J. Opt. Soc. Am. BNol. 4, No. 10/0ctober 1987 
H. J. Carmichael 

Spectrum of squeezing and photocurrent shot noise: a 
normally ordered treatment 

H. J. Carmichael 

Department of Physics, University of Arkansas, Fayetteville, Arkansas 72701 

Received June 2,1987: accepted June 11.1987 
The detection of squeezed optical fields generated by intracavity nonlinear-optical interactions is described. The 
relntionshi~ between the auantum-statistical properties of the cavity mode and those of the field at a detector 
placed outside the cavity isdiscussed. The ddtected field is composed of asource field from the cavity plus a free 
external field. The free field couples weakly to the cavity so that it is correlated with the source field. The 
photocurrent spectrum in optical homodyne detection is calculated, and the spectrum of squeezing is defined. This 
spectrum can be calculated entirely in terms of intracavity fields without requiring knowledge of the correlations 
between source and free-field contributions in the cavity output. This follows from an explicitly normally ordered, 
time-ordered treatment of the photodetection problem. Contrasting earlier treatments of photodetection for 
squeezed fields, in a normally ordered approach, ehot noise arises naturally from the self-correlation of photocurrent 
pulses. The derived spectrum is converted into nonnormally ordered, non-time-ordered form to recover the results 
of these earlier treatments and their interpretation of shot noise in terms of local-oscillator quantum noise, signal 
quantum noise, and detector-efficiency quantum noise. 

1. INTRODUCTION 

Observations of squeezing have been made in a variety of 
systems.'-6 A number of these systems use an optical cavity 
to enhance the coupling strength in some nonlinear optical 
interaction. The  interaction that  generates squeezed light 
takes place inside the cavity between one or more quantized 
cavity modes. The  cavity output provides the signal field 
for a balanced homodyne-detection scheme, which analyzes 
the difference signal between photocurrents from two pho- 
todiode detectors. Squeezing is observed over some finite 
bandwidth as a phase-sensitive reduction of the photocur- 
rent noise below the shot noise level obtained with the cavity 
output blocked. The canonical system of this type is the 
degenerate parametric oscillator-an intracavity version of 
the degenerate parametric amplifier, which occupies a cen- 
tral position in discussions of squeezing, since, in the sim- 
plest approximation, the amplified subharmonic evolves un- 
der the action of the squeeze operator itselfm7 The degener- 
ate parametric oscillator was recently brought to the 
forefront as a squeeze generator by the work of Wu e t  a1.: 
who achieved 60% noise reduction. 

The  exam~le  of the ~a rame t r i c  oscillator uncovered some 
important issues in the theoretical analysis of squeezing for 
intracavity systems. In a high-finesse cavity and in the 
undepleted pump approximation, the interaction that un- 
derlies squeezing can be formulated in terms of a single 
quantized mode for the  subharmonic field. One route to a 
single-mode description for this system is provided by the 
operator master-equation methods. I t  was something of a 
surprise when the first master-equation treatment of the 
degenerate parametric oscillator could produce, a t  best, only 
50% squeezing in the intracavity field.8 The surprise was 
soundly based. Soon an alternative calculatioi~ predicted 
the possibility for perfect squeezing at the oscillator threah- 
old in a cavity with a single output port? 

For all practical purposes the discrepancy in these results 
has been resolved. Greater than 50% squeezing was ob- 
served with a degenerate parametric oscillator,3 and theoret- 
ical results in quantitative agreement with experiment have 
been obtained.1° The resolution comes with the recognition 
that two traps are laid for any calculation that focuses on the . 
cavity mode alone, as in the cited master-equation calcula- 
tion? First, we should strictly speak of a cavity quasi-mode, 
not a cavity mode. if there is to be an output, the cavity 
must have a t  least one partially transmitting mirror, and its 
modes then acquire a linewidth; these are quasi-monochro- 
matic. Thus one might well ask for the frequency decompo- 
sition of the squeezing. In a single- (quasi-)mode formula- 
tion, this is a question that  we are tempted to overlook. Of 
course, there is nothing new here. Single-mode quantum 
theories of the laser are widely discussed and not limited in 
their ability to describe the laser linewidth." 

The second trap lies in any loss from the cavity that is not 
coupled into the detected output beam. Such loss occurs 
when a cavity has two output ports and light from just one of 
them is collected by the detection system. This loss alters 
the relationship between detected photon statistics and pho- 
ton statistics calculated for the  intracavity mode itself. In 
photoelectron-counting measurements it  translates into a 
random deletion of potential photoelectric counts, which 
tends to convert a potentially correlated photoelectron- 
counting sequence into a random counting sequence. This 
problem is also familiar. An analogy can be drawn between 
a cavity emitting into detected and undetected output chan- 
nels and an atom fluorescing into collected and uncollected 
solid angles. The  difficulty that imperfect collection effi- 
ciency brings to the observation of sub-Poissonian statistics 
and squeezing in resonance fluorescence is well document- 
ed.12 

Although the importance of avoiding these traps is now 
recognized and in practical terms the early problems are 
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Abstract. Fluorescence from a coherently driven two-level atom that is 
damped by a squeezed vacuum is studied. We show that the mean atomic 
polarization depends on the relative phases of the squeezed vacuum and the 
coherent driving field. The fluorescent spectrum is calculated and shows several 
modifications over the spectrum for normal resonance fluorescence. In particular, 
the central peak of the Mollow triplet has a linewidth that depends on the phase of 
the driving field. For strong squeezing this peak can either be much narrower or 
much broader than the natural linewidth of the atom. 

1. Introduction 
With the recent successful generation of squeezed states of light, interest now 

turns to possible applications of squeezed light. Squeezed states are quantum states 
of the electromagnetic field with fewer fluctuations in one quadrature phase than the 
vacuum [ I ,  21. T h e  generation of squeezed states has been reported in four-wave 
mixing in atomic vapours [3,4] and optical fibres [S], optical parametric oscillation 
[6] and optical bistability [7]. In the parametric oscillator a reduction in fluctuations 
of 60 per cent below the vacuum level has been achieved. 

A source of broadband squeezed light may be used to modify the spectroscopic 
properties of an atom. Gardiner [8] has considered the behaviour of a two-level atom 
that is damped by its interaction with a squeezed vacuum (squeezed white noise) 
rather than the normal vacuum field. H e  showed that the decay of the atomic dipole 
depends on the phase of the squeezing. T h e  two quadratures of the atomic 
polarization are damped at different rates, one exhibiting an enhanced decay rate and 
the other a reduced decay rate compared with thenormal radiative decay of the atom. 
In  this paper we wish to consider further applications to atomic spectroscopy. We 
add a coherent driving field to  the problem treated by Gardiner and study resonance 
fluorescence for an atom that is damped via interaction with a squeezed vacuum. 

t Permanent address: Department of Physics, University of Waikato. Hamilton, New 
Zealand. 
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The fluorescent spectrum for a two-level atom which is damped by a squeezed vacuum shows striking 
differences from the spectrum for ordinary resonance fluorescence. For strong coherent driving fields the 
Mollow triplet depends on the relative phase of the driving field and the squeezed vacuum field. The 
central peak may have either subnatural linewidth or supernatural linewidth depending on this phase. 
The mean atomic polarization also shows a phase sensitivity. 

PACS numbers: 42.50.Kb. 32.50.+d. 42.50.D~. 42.65.-k 

The generation of broad band squeezed light has re- 
cently been reported using four-wave mixing in atomic 
vapors' and optical fibers,* optical parametric oscilla- 
tion,' and optical b i ~ t a b i l i t ~ . ~  In the parametric oscilla- 
tor a reduction of fluctuations by 60% from the normal 
vacuum level has been achieved. In this Letter we inves- 
tigate the spectroscopic properties of an atom interacting 
with a broad-band squeezed vacuum f i e ~ d . ~ . ~  Gardiner 
has considered the radiative decay of a two-level atom 
interacting with such a squeezed vacuum.' He showed 
that the two polarization quadratures are damped at  

different rates-one at an enhanced rate and the other at 
a reduced rate compared to normal radiative decay. We 
analyze resonance fluorescence from a driven atom 
which is damped by a squeezed vacuum. Certain atomic 
properties such as the steady-state atomic polarization, 
saturation intensity, and fluorescent spectrum, are now 
phase dependent. 

The Hamiltonian describing the interaction of a two- 
level atom with the quantized multimode radiation field 
and a classical driving field is given in the electric-dipole 

J and rotating-wave approximations by 

where O A  is the atomic resonance frequency, u+, o-, 
and u, are pseudospin operators for the atom, and p is 
the atomic dipole moment; Hrad is the free Hamiltonian 
for the quantized radiation field, r and rt are operators 
defined in terms of the positive- and negative-frequency 
components of this field, respectively, and E is the ampli- 
tude of the coherent driving field with frequency o ~ .  
The normal treatment of resonance fluorescence takes 
the quantized radiation field in the usual vacuum state. 

I We assume that it is in a broad-band squeezed vacuum 
state centered about the frequency OL.  We assume that 
all of the modes coupling to the atom are squeezed so 
there will be not spontaneous emission into unsqueezed 
vacuum modes, and that the bandwidth of the squeezing 
is sufficiently broad that the squeezed vacuum appears as 
&correlated squeezed white noise to the atom. Then 
correlation functions for and rt can be written in the 

1 forme 

Here y is the atomic decay rate for spontaneous emission into the unsqueezed vacuum, and N and M are parameters 
which charactize the squeezing, with ( M  1'5 N ( N  + I ) ,  where the equality holds for a minimum uncertainty 
squeezed state. The variances in the quadrature phases of the squeezed field at the site of the atom are 
V(XB) - f [ N +  I M (cos(19 - @) + f I ,  where M - I M I xei" the phase @ will depend on details of the scheme used to 
generate the squeezed vacuum. For a highly squeezed (N >> I )  minimum-uncertainty state the variances in the maxi- 
mally squeezed quadrature, On@, and the out-of-phase quadrature, @-@+ x, are V*) % N, and v%+,) % 1/16N. 
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Ths Pmcalbn h euctly thnl psdlded In ch8dC 
al whsn an r'' psrtubntbn Is applied to a 
pvt lab in a Kepbr a b n .  f h l 8  wave packst rlso 
a p r d  and m f m  

We Wlk o k  r h t h  In whlch the wavo 
b loerllzsd In a# three coodnatea and 

Is v l y  IMIU to a c b l c a l  electron movhg in a 
b p k  &It. Fhtly, we dbcwr erperlmenlal 
Imp lh t lau  01 thb walc f a  elwtrons In Rydberg 
Olltw M wdl  ar other qusslcuntlnua. 

{hvlod paper, I I  mln) 
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P. ORANGIER, A. ASPECT, O. R W R ,  lmtlMe of 
OpUu. B.P. 43.81408 ORIy CEDEX, F m .  

Monclmokal rtatea of lhe Ilght, e.g., 
t m  ataleof Md r q m ~ z d  we now walk 
able In che m, there r b t w  exhlblt mm 
ptqwlb cm umo( accarnt lor mlng a chralcal 
w r v e ~ l l o r l ~ .  OnomInbwsWWkr 
h a  rsdlratkn o l  nanclusW 8tatea bth.C we In 
Intedamco e x p e r ~ l r .  For exampb. rlngb. 
phoW Ualaence ha8 r west Mstulcal Impor- 
tMCO In baab conwpts 01 quanlwn mschsnlw. 
A~hYlly, wawfpwlcle dulllty lw thd $toton csn 

be dammslrated stral@-dfomtvdly In a alngle-phc- 
Ian Interference experlment. On the 0- hand. 
hlOhpreclsbn interlerornelry waa Ihe flrst motlva- 
Urn for research on aqwezed staler. The alm Is 
to lmpove on the shDt no ln  Ilrnlt. whlch llmlta the 
accuaay of very small phsse rMR m e w r +  
msnts.5 A sgueezdslate Inlerferomelsr desbn 
Ir dsscrlbed In a relakd paper.' 

Here we present an expf#lmenl Inwlvlng a aln- 
gle-photon stale of 110hl. Atoms In an atomlc 
beam were exdlsd In the uppsr law1 01 an atomdc 
ascede. and we used fast counting leohnlqws to 
lwlale the smlsalon of a alngle a lan  while It Is In 
!ha Intermodlate level of the casuds. The no* 
c l ~ s l c a l  charncter 01 the emltted llmt was 
checked very rlmply, uelnp the fact that a single 
photon Is not aptlt by a beam eplplnter. The pobn- 
blllty lu cohcidsnce counts between both rldes of 
the beam spllner was land to be 10 llmes rm l le r  
Vuu, the lower llmlt allowed by a claarlcal wave 
model for light. 

We thsn ured Uw, m e  w c e  and detection 
scheme In M Inlerlerenw experlment: the vlalblll- 
ty of the frlnpss war load  to tm >08% over the 
range of colncldsnce pobabllltlss achlevsd. Ob- 
vlo!mb. In thal cabs one carmml my whkh path 
WM followed by the photon In Ihs lnterleromeler. 
Thb Ir a 8Walghtfomard Hlusbalion o l  the wave! 
~ l c l e  duellty for a Jingle photon. 

(Invlrd p w r ,  21 rnln) 

1. P. eanpler, A. hpect,and Q.Ro@er, Euophp. 
Len. 1, 173 (1088): C. K. Hong cuwl L. MMdel. 
m. Rev. Lett. 60, 88 (1B86). 

2. R. E. Stuahar. L. W. Hdborg. 8. Ywke, J. C. 
Mertz, and J. F. Valley. Phys. Rev. Len. 66. 
2409 (reas); R. M. shotby, M. o. Lewmm, S. 
H. Perlmutter, R. a DeVoe, and D. F. Walls. 
Phys. Rw. Lett. 67, 681 (1888); L. A. Wu, H. J. 
Klmble, J. L. Hall, and H. Wu, to be publlohed In 
wys. RSV. Len. 

3. C. M. Cavsa, Phys. Rev. D 23, 1893 (1081). 
4. 0. Ywke, P. &angler. R. E. 81-r. ~d A. 

Laporla, "Mvltlmode Squeezed L w t  hlafero- 
melor." In  Technlcrl Dlpat, k r l a ~ t k M l  
Oubnhvn EkchonIcs Confsrenco(Optka1 Boo!- 
ely of Amerlca, Wsshlngton, DC, 1887), paper 
~ 5 0 .  

ROBERT W. BOYD, JEFFERY J. MAKI, MICHELLE 
S. MALCWT. U. Rochester, lnrlltute of Oplka. 
Rochertu, NY 14627. 

The promone8 01 superlluorercence [SF) and 
atnpllfled e p o n t a n m  mktlon ( A W  am qulte 
well undwatood ~ e t l c e l t y  and have been ih 
aubJsct 01 extensive expsrlmsnllll Invmtlgatlm. 
Howem, rebllvety llnle wwk hoa been dlrsded 
 low^ undwrbndlng the mlure 01 Lhe anhalon 
process In Ih Intomodlate reglme between there 
two Ilmlla, lhst Is, the regkns In whlch &phaslng 
wcurr rapldb enough to modlb the emkrlon p r o  
Cbss yet Is not ao rspld M to k n t  entke)ythe 
estaMlshmsnt 01 a macroscoplodlpob manent. 
IW, thk I n t e r d a t e  reglme I8 pnrllcular)y la 
tmstlng bemu.0 It ha# not bssn C W  how the 
eflectr of nolae should be Incorporated Into ths 
UlOOly when -b ~ M ~ l O C C W  d u l ~  the 
I m t b n  of the macrotcoplo dlpole moment. 

We porlmned an swpwlrnent that b l spky~  ths 
MWO of the e m l a s h  p r o m #  In It# reglmcr Ink- 
medbte between SF mi A9E. The emlmlon Com 
a ayttal or KC1 conlabtlng -2 X logD rqmoxlde 
Ions/cmr wm s M l d  M a luncllan of bmpwotum 
over Ihd range of 1630 K. Th6 h w q p s o w  
dephaslng rate kr KCI:O; -lea M the Wrd power 
of lhe @solute lemperattre, and hem by chang. 
1% the lernperelwe, we are abb lo chew dgnllk 

cantly tho dephaslng rate. Emlrslon at 630 nm 
was exclted by up to 80 pJ of energy In a 30-pr 
pulse al the fwrth harrnonlc 01 a Nd:YAG laser, and 
the lkne evolution of the emlsslon was recorded 
ualnga streak camera. Typlcal rasulls are shown 
In FIo. 1 f a  three different values of the crystal 
lernperature. At 16 K the ernlaaloo Is characterls- 
tlc cf superfluorescence wllh a short tlrne delay: el 
23 K Ihe emlsslon la In the lnlermedlate reglme; 
and a1 20 K the amlsslon Is charapterlstlc of AS€. 
As predkled'-2 h e  llme delay Is eeen to Increase 
wlth Increased dephaslng rate. 

In FIo. 2 Ihe meaawed value of the mean delay 
tlme Is plotted as a func!h -1 'hp d s p h a ~ l ~ ~  :,":a!e. 
The dashed line glves lhe pred~~llon , r f  h j  (irb!. 
passap-llme theory of b a k e  @I ah2 1hlg.theo) 
Is In good agreement wlIh the measured values In 
tha llmlt of small dephaslng but prodlcls a tlme 
delay shorter than the obaewed value In the Inter- 
medlale reglon. The solid c u ~ o  elves the mean 
tkne delay predicted by a nurnerlcal lntegratlon 
01 the MaxwelCBloch equallons. In solvlng these 
equallons we assumed the presence of a flucluat- 
Ing Input nolse lleld whose amplltqde was chosen 
lo ylsld pedlcllons In agreement wllh lhose of 
coovenllonal theorles In the llmil ol no dephasing 
There predlctlons are In agraernenl w1.a the 
expdrknental results. We belleye lhal the Im- 
provement result8 lrom ow InclueIan of the eflect8 
of nolaa during the emlsalon process. Prevlouo 
ihorle3 Included tho ellect of n ~ l s e  only as an 
lnltbl condltlon, whlch Is an adequete approxlma- 
tlon only when dephaslng Ir relallvgly weak. 

Sunmvlzlng: we rludled the cooperallve 
emlrrbn procesa In a reglme lntermedlafe be- 
tween thal 01 SF and that 01 ASE. We find thel In 
lhla regime the measured llrne delay Is somewhat 
lafgsr than that predkled by current theorles.. 

(Invlted paper, 26 mln) 

1. M. F. H. Schuvmana and D. polder, PLY!. Lelt. 
A 72, 308 (1078). 

2. F. W e .  J. W. Hau$, H. Klng, G, Schroder, and 
R. Olauber, Phys. Rev. A 23, 1392 (1981):'. 

3. J. Okada. K. lkeda, and M. MfilS~Ok8, Opt.Com- 
mun. 27,321 (1878). 

FKK3 Dlrtrlbutlon of pho l~ lac l ron  repsraUon 
t l m r  and phdoeloetron counllng probabllltlas 
lor r rwnmoe lluoroocence 

H. J. CARMICHAEL, U. Arkansas, Physlcs Depart- 
fnent, Fayeltevllle, AR 72701. 

In recent papera by Cohsn-Tanqoudjl and Dall- 
bard' an0 Zoller e l  a/.' the elatlrtlos of quanlw 
Jumps In a threelevel atom ere analyzed In terms 
01 the Jolnl probablllty denally W(I + t : t )  for a 
photon emhslon at time t followed by the next 
photon d w l o n  at Ume I + t. W (  I + t:1) dllfers 
lrom ths recodorder conelatton lunctlon Q'al ( t  
+ r:t)often ussd to chsracterlze photon statlstlca; 
lhe lattu gives the Jdnl emlsslon probablllty wkh- 
out the condltbn that there be no ernlsslons In the 
lnlerval t to  t+ s. Alter ulu~a~; ovP+ denally lor 
slngle-phton emls$h, W( t + r; l)  ~ l vea  Ira pob- 
ablllty dsnslly f a  a delay r between pholon ernlo- 
alms. 

We locus on tho statlatlcs of photoelectrladb- 
teotlon r a h  than photon ernlaal~n and treat reac- 
m e  llwreac6we lrom a slnglg t~c-level atom 
as an expllclt example. Corresponrlng to W(t.+ 
r;t)ths quantlty Wdf + sit) Is dellned as the jolnl 
pobablllty dsnalty lor a photoelealrla count at time 
t lollowed by the next pholoelectrlc Count at tlma 1 
+ 7, glven a detecllon efllolency $. A theoryof 
pholodealrlo dstecllon for resonance Iluores- 
cence, allowlng arblbaty deteollpn elflclency, Is 
m t r u c l e d  wlely from Ule master equalloh lpr 
the IlWbtclng alom wllhout referer~e lo the flue- 
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Quantum fluctuations for two-level atoms in a high- Q cavity with a spatially varying field mode 
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An extension of the quantum theory of the atom-field interaction within a high-finesse resonator 
is made to include spatial variations of the field mode in the limit of small cavity decay rate. The 
two particular examples of a Gaussian mode field in a ring cavity and a plane-wave field in a 
standing-wave interferometer are presented to illustrate the method. Analytic expressions are ob- 
tained for the incoherent intensity and photon correlations of the transmitted field. In qualitative 
terms, effects such as sub-Poissonian photon statistics predicted by the plane-wave theory in a ring 
cavity are preserved. In either the weak-field or dispersive limit the results of the plane-wave theory 
in a ring cavity are recovered independent of the form of the spatial dependence of the cavity mode. 

I. INTRODUCTION 

In recent years several quantum statistical treatments of 
optical bistability have been developed for the system of 
homogeneously broadened two-level atoms interacting 
with a single damped cavity field mode. Extensive re- 
views of this subject can be found in the work of Lugiatol 
and of carmichaeL2 In broad outline these theories deal 
with the coherent coupling of a collection of atoms to a 
high-finesse interferometer mode. Dissipation enters 
through the radiative decay of the atoms and the damping . 
of the cavity. Steady-state operation is achieved with 
external excitation in the form of a coherent driving field. 
The interplay of the nonlinear deterministic dynamics and 
the quantum fluctuations about steady state gives rise to a 
diversity of phenomena. Of particular interest are such 
nonclassical effects as sub-Poissonian photon statistics, 
photon antibunching, and squeezing, which arise from the 
nonclassical nature of the fluctuations. 

All of the theories of the quantum processes in optical 
bistability consider a plane-wave field mode in a ring cavi- 
ty, which is not realistic in many experimental situations. 
The purpose of this paper is to extend these quantum sta- 
tistical theories to  include spatial variations of the field 
mode. Our work follows closely that of Drummond and 
Walls,j hereafter referred to as OBII, and is likewise car- 
ried out in the "good-cavity" limit, with cavity decay rate 
much smaller than either the atomic decay rates (yl,yl,) 
or the cavity coupling coefficient ( f i g ) .  We deal wlth 
the nonuniformity of the cavity field by dividing the cavi- 
ty mode into small sections which are each microscopical- 

ly large in terms of atomic number to allow truncation of 
the generalized Fokker-Planck equation, but which are 
macroscopically small to justify the assumption of con- 
stant field amplitude. 

In Sec. I1 we obtain the linearized Fokker-Planck equa- 
tion, and, from that, expressions for the ratio of in- 
coherent intensity to  coherent intensity and for the 
fourth-order field correlation function which describes 
sub-Poissonian photon statistics. In Secs. 111 and IV we 
present two examples to show how this theory applies to 

.more realistic physical systems, namely, to ?tAL8ss;7n 
field inside a ring cavity and to a plane wave inside a 
standing-wave interferometer. The results are illustrated 
with a number of figures for comparison with the existing 
literature on the plane-wave ring cavity. Sectior~ V serves 
as a summary of our findings. 

11. MODEL AND LINEARIZED THEORY 

We consider a single, quantized, spatially varying cavity 
mode interacting with a collection of homogeneously 
broadened two-level atoms. The atoms and the cavity are 
damped through coupling to reservoirs, and the cavity is 
driven by a coherent field of amplitude $. We divide the 
cavity mode into M small sections with N, >> 1 atoms in 
the jth sector. Each section is assumed to be spfficiently 
small so that we can view the field as effectively constant 
across it. By following a procedure similar to that in 
OBII, using the electric dipole, rotating-wave, and Marko- 
vian4 approximations, we find the quantum master equa- 
tion can be written as 

( 1 )  
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TUAB How to choosa a mlld aqueazer Their measurement requlres further homodyning, 
agalnst a radio-frequency (the pump frequency 

R. E. SLUSMR. S. L. McCALL. S. SCHMITT-RINK, spaclng) local oscillator, and, for four or more 
ATBT Bell Laboratories. Murray Hill, NJ 07974; J. pump frequencies. against subsequent lower-fre- 
E. ZVCKE? ATBT Bell Laboratories. Crawfords quency local oscillators. For a given total pump 
Corner Rd.. Holrndel, NJ 07733. power, It Is possible to achieve greater squeezing 

squeezed of light reduced quantum by distributing the Pump Power over several (at 

noise In one quakatue of the light field can be least three) different pump frequencies than by 

generated by parametric processes in atomic or PUmPlnO at a single frequency. The bawback is 

solid systems. The solid systems, in principle, that a scheme re- 
have the ahantage mat the ratio of the nonll- quired (i.e.. fwber homod~nlng) to measwe the 
(lossless) lntwactlon to me losses In the solid re- squeezing (less sc!ueezi%I Is produced 

qulred to generate the squeezed state can be much In more easily measured observables, such as the 

iargar than me catesponding ratlo for an atomic e**lc-field quadrature phases). The requlred 21 October 1886 

system. In the atomlc system, losses are doml- further homOdYnlng at ' and lower frequencies Is OLYMPIC ROOM 
nated by the Lorentzlan absorptlon tall, decreasing S'alghttOTWard to accomplish, however. and the 

as t h ~  Inverse square of the frequency shift from Of lower powers at each 8:30 AM Sympoalum 00 super1 
resonance. Absorption losses in sollds can de- Optical frequency can be especially In Idrered mtectors 
crease exponentially (or even faster) at trequen- mediums such as optical fibers, where large Pump 

,-les below an absorption band or an exciton powws brlng wlth them substantlal added nolse L- N. DurvaSula, Night Vislqn and E 

ture whlle the nonresonant nonllnear response de- SOUCeS. (12 mln) Optics Laboratory, Resider 

creases slowly, often wlth a power-law 
dependence. We on me TUA9 Nonclaulcal photon atathtlca In the TUB1 HgTe-CdTe WPrlafllcC 1~frar.d 

susceptlbillty for a broad class of semiconductors tr8munlsrlon 'Om a reso- cav'tr mntalnl~ a 

(e.8.. GaAs) and organic materials (0.9.. polydiac- single 
T. C. MCGILL. California Institute of Techn 

tylene) where losses can be very low. The ratio of P. R. RICE. H. J. CARMICHAU, U. Arkansas, phys- J. Watson, Sr. Laboratory of Applied Phys 
nmllnearlty to loss required for significant squeez- 

iCs Department, Fayettevllle, AR 72701, adena. CA 91 125. 
ing of light noise Is in the same range as that 
required tor a good optical switch. A nonlinear We consider an optlcal cavlty containing a sin- 
phase shlft of r Is requlred while losses are re- gle two-level atom drlven on resonance by an e ~ -  of Su~erlattices as infrared meteria&. 

ducad so that only a small fractlon of the lncldent ternal laser source.' We focus on the limit of 
llght is absorbed. Several solid systems show weak excitation where the dynamlc response of 
prmlse for obtalnlng large squeezing for photon this System is governed by just three parameters: 
energles just below the exclton band-edge feature. the atom-fleld Coupling Constant g. spontaneous 
Enhanced nonllnearlty Is also obtained at the emission rate y for the atom, and cavlty decay rate 
threshold energy for twc-photon absorptlon. x .  The statlstics of the transmitted llght are ana- 
Resent crystal growth technologies can decrease lyzed as a function of Q, y, and K .  In terms of the 
losses due to lmpuritles into a very optlmistlc re- secon&ordec wrrelatlon function d2Y~), and the 
glme for squeezed state generation. (12 mln) quadrature variances measured In a homodyne de- 

tection scheme. Squeezing and photon antl- 
1 ~ ~ 7  C ~ v e r a o n  p o w  photau into ~ b -  bunchlng exlst over a wlde range of parameters. 
pol- photom by t b  action of e l d r m  fa- For y - K .  the system can exhlblt an oscillatory 
back response, even when the mean inbacavlty photon 

number is much less than unity.? The oscillations gap systems. this form of control s 

FEDERICO CAPASSO. ATBT Bell Laboratories, can be understood in terms of the coupllng be- accomplish. In the superlattice. 
Murray Hill, NJ 07974; M. C. TEICH. Columbia u., tween the free atom-field eigenstates lo.->, tionship between the effective mas 
Radiation Laboratory, New York. NY 10027. lo.+>, and I I.->. The oscillation frequency is gap is broken making possible thg 

determined by the energy level splitting produced tunneling, leakage currents even 
Poisson photons may be Into sub- between the dwnerate one-quantum states band gap materials. These sup 

Poisson photons by the actlon of an electron cur- lo.+> and I l,-> by the atom-fleld interactlon, been S U C C ~ S S ~ U I I ~  fabricated. Cw 
rent configured In an external loop' The The s e w n w d e r  correbtlon function can exhibit emphasizing the near band gap 
generation mechanism involves single-photon 

a novel nonclassical effect, where, for d2y0) # 0, 
that me source can be made at 4- finite delay 70, the corelation function 

'arlly subPoisson' Unlike previous schemes' dips exactly to zero-d?)(ro) = 0. (12 mln) 
nonllnear optics is not invoked. A useful configu- 

involves a photon l'lumlnating a de- 1. H. J. Carmlchael. Phys. Rev. Lett. 55, 2790 
tectorlswrce wmbinatlon in a closed-loop sys- (1985), 

Of the de- 2. H. J. Carmichael, Phys. Rev. A 33,3262 (1986). TUB2 Strained-layer super 
tectorlsource are suggested. One makes use of detector concepts 
elecbonlc dlpole transltlons between the energy 
levels of a quantumwell heterostructue: the other NOTES 
operates by electrons impact+xciting electroluml- 
nescent centers. (12 mln) 

TUAB Ultraqueezed llghl vla multlfrequency 
PumPlw 

posed as alternative Ill-V ma 
detector applications in the 8- 

BONNY L. SCHUMAKER. Calltomla lnstltute of range.' The wavelength cut0 
Technology, Physlcs Department. Pasadena, CA structures in this materlal syste 

91 125. predlcted to be extendable to 
effects of elastic layer stra 

The fundamental and simplest kind of squeezlng 
(broadband squeezlng) Is produced by pumplng a 
nonlinear medium at a single frequency. The o b  
servables squeezed are the electric-field quadra- 
ture phases deflned rebtlve to the pump frequew 
cy. Their measurement requhes homodyning 
agalnst an optlcal-frequency (the pump frequency) 
local oscillator. When the medium Is pumped at 
several different frequencies (equally spacad), dlf- 
ferent kinds of observables exhibit squeezing. 

. * .. . 1 

'% . 



Journal of th 

lncreasss leading to a loss of ~ O ~ C I ~ S S L  
(12 mln) 

Sl. 3761 (1985). 
M. D. Levenson, R. M. Shelby. and S. H. Perl- 
m u n ~ ,  opt. Lett. 10. 514 (1985). 

Sqwz lng  for IntruavMy 0.lmat.d ll* 
m u l u  equallm appro- 

, Physlcs Depart- 

cavlty by transmlsslon through the cavw 

lght Is related to the spectrum of squeezlng calcu- 
lated by Walls and co-wakers. (12 mln) 

1. 8. Yurke. Phys. Rev. A 20.408 (1984). 
2. M. J. Collen and C. W. Gardiner. Phys. Rev. A 

30. 1380 (1984). 

W O  Sqmazlng In nondogonuala t w o - w o n  
t*o-l.v.l dl. 

BARBARA A. CAPRON. DAVID A. HOLM, MUR- 
RAY SARGENT Ill. U. Arizona. Optical Sclenars 
Center. Tucson. AZ 85721. 

Ing nondsgenerate pump and probe waves and 
Includes dynemic Stark shifts. We simplify the 
mra complicated general model uslng a t o m -  

8queezlng can be achleved. Much of thls squeez- 
Ing b d w  to scattering of ths conjmte fleld off the 
pumpinduced two-photon w h e n c e .  which does 
not arise In the one-photon case. In general. 
Stark shins induw large reglons of signnlcant galn, 
rosultlng in inetabilltlea. We also show results for 

e Optical Society of America A - v 3, Issue 13, p47-p47, 1986 P41 

hl* lntenslty pumps that require larger atomlc Th- of rquwzlng In low 0 0 a v ~  

& n l m  to obtaln a large amount of sqveszlng. 
The low lntensltles -Ired In the -photon cage A. LANE. M. D. REID. D. F. WALLS. U. Wa~kato, 

should make squeezing easler to observe than kr Physics Department, Hamilton. New Zealand. 

the onephoton.-. (12 mb) 

1. D. A. Holm. M. Sargent Ill, and 8. A. Gapron. 
Opt. Lett. 11.443 (1980). 

2. D. A. Holm and M. Sargent Ill. Phys Rev. A 33, 
1073 (1980). 

TUJ7 Ouantum theory af rnuHlwave mlxlng In 
two-photon two-level dl. 

DAVID A. HOLM. MURRAY SAROENT ill. U. Arizo- 
na. Optlcal Sclences Center. Tucson. AZ 85721. 

Multiphoton transltlons are of great interest In 
laser speckoswpy because they permit the s M y  
of new physical phenomena and because of thelr 
patentla1 applications. Malcult eta/.' studled tww 
photon bansltlons In atunlc sodium and shDwed 
that for approprlate phasematchlng four-wave 
mlxhg can overcome the usual spontaneous d4 
cay processes. We have recently developed a 
quantum theay2 to beat such muniwave mlxlng 
processes In two-photon media. Because of the 
greater cunpkxHy of two-photon transltlons. 
many effects arlse that are absent In the one- 

A theory calculating the squeezing generated 
via inhacavity four-wave mlxlng in a twwlevel 
atomic medim Is presented. Prevlous theories 
have assumed a high 0 cavHy such that the atomlc 
IinewidM -yL Is much greater than thq cavtty 
linewldlh K and one can adlabatlcally @llmmnate 
atomic varlabks. We do not make thts assump 
tion 

The transmmed squeezlng and lntenslty spectra 
of the resonant cavHy ty are calculatad for a 
range of ratlos xly 1 .  While the result for mueez- 
Ing at the center frequency Is unchanged. One flnds 
at hlgh lntensltles saturatlng the atoms thal slgnlfL 
cantly bener squeezing is obtainable 1t1 the wlngs 
of the low 0 (y << K) cavlty spechun~ Such 
squwzlng Is not posslble In the hl* 0 cayHy (71 
<< x), because the transmitted specpum has a 
width determlned by R and Is TI,* -n-n3wer than 
the center peak of the atomic fluorescer,oe w e -  
hum. Thlsflwrescence destroyssqueezipg in the 
hlgh OcavHy as one approaches satwat~on ' We 
also calculate the spectrum of squeeslng nonde- 
generate four-wave mlxlng where four-wave mix- 

ing occus between different cavily modes 
(12 mln) 

photon case. some of whlch have Important con- 
sequences In the generation of squeezed states. 1. M. D. Reld and D. F. Walls. Phys. Roy. A 31, 

For the two-photon twwlevel model. the fleld 1622 (1985). 

modes have frequencies approxlmately onehalf 
the frequency dlfference between the levels. We 
find that ow coefflclents dlffer hom the me- 
spondlng one-photon Uleory in that dynamlc SWk 
shifts have a major effect and that the pumpln- 
duced coherence between the two levels has a 
new term in the conjugate coupllng terms, which 
leads to Improved squeezing. (12 mln) Tuesday AFTERNOON 
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We glve a quantum theoretical analysis of 
squeezed l w t  generatlon via nwdepnerate fwr- 
wave rnlxlng In an optlcal flber. The rnedlum Is 
modeled by an ensemble of anhanwnlc oscllletas 
and loss Is Included. We include the coupllng to 
acoustlc phonons whlch plvas rlse to guided 
acoustic wave Rriliouin scattering (GAWBS). The 
GAWBS Introduces random nolse which destroys 
the squeezlng at room temperatures. By coollng 
the flber to temperatures -2 K the GAWBS is 
substantially reduced and the observation of 
squeezlng becomes possible. A comperlson Is 
made wlth the recent experimental results of Le- 
venson et a/.'~' A scheme to suppress the 
GAWBS at room temperatures uslng a two-fre- 
quency pump and dlfference detection Is analyzed 
and the conditions In which good squeezlng results 
are determined. (12 mln) 

1. M. D. Levenson. R. M. Shelby. A. Aspect. M. 
Reid, and D. F. Walls, Phys. Rev. A 32, 1550 
(1985). 

2. M. D. Levenson. R. M. Shelby, and S. H. Perl- 
mutter, Opt. Lett. 10,514 (1985). 

Photoconductas have proved to extremely 
effective sources of very short electrlcal pulses ' 
When lllumlnated by ultrafast optlcal pulses they 
have been wed to generate electrlcal transients as 
fast as 0.5 ps. The frequency spectrum of these 
pulses extends from dc up to terahertz frequen- 
cies, making them potentlally useful sources of 
mlaowave, millimeter-wave and far-Infrared radl- 
atlon. . * 

Usually, ultrafast photoconductws are mounted 
In transmission line structues whlch pre used to 
propagate the slgnals to a test system vr measure- 
ment devlce. An altarnatlva arrangerwent whlch 
we have demonstrated Is to enable the photocur- 
rent to radlate dlrectly Into free space us an anten- 
na. In our InHlal experlments2 the photoconduc- 
tors had a radlatlng area that was extremely small 
compared to the shortest wavelength of the radlat- 
ed emlsslon. Thelr radlatlon r)-7;-?1?: could b9 
approxlmately described by a class~ccl~ He?rl-' 
dipole. A novel feature of these photoconducting 
Hdzlan dipoles Is thelr reciprocal praperty which 
enable8 them to be used equally electively as 
recelvlng antennas as well as tranwnittlng anten- 
nas. Thls permlts a complete measucefilent sys- 
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Quantum fluctuations in absorptive bistability without adiabatic elimination 
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A linearized theory of fluctuations for absorptive bistability based on the positive P representation 
is developed without adiabatic elimination of the atoms or the field. An analytic expression for the 
steady-state covariance matrix is derived from which the size of quantum-statistical effects can be 
estimated without restriction to the good- or the bad-cavity limit. When the atom and field relaxa- 
tion rates are similar the intensity correlation function of the transmitted light exhibits an oscillatory 
relaxation associated with vacuum Rabi splitting. 

I. INTRODUCTION 

The extensive literature on fluctuations in absorptive bi- 
stability is restricted almost exclusively to treatments in 
the good-cavity and bad-cavity limits.' These limits sim- 
plify the analysis by allowing for the adiabatic elimination 
of the atoms or the field, thus reducing the dimensions of 
the mathematical description. Experiments may not find 
these limits so convenient, however. For example, recent 
experiments on absorptive bistability using optically 
prepumped sodium atomic beams have an atomic decay 
rate just two or three times faster than the cavity decay 
rate.2 These experiments achieve good quantitative agree- 
ment with the theory for homogeneously broadened two- 
level atoms, and it now seems feasible to move to mea- 
surements of quantum-statistical effects.'"-8 Such mea- 
surements will require adherence to very restrictive experi- 
mental design. Consider photon antibunching as an exam- 
ple.'-' Atomic lifetimes are short in the optical regime 
and the most manageable time scales are then found in the 
good-cavity limit. However, the predicted effect is very 
small in a large system. This calls for a small-cavity 
design where a decay rate only slightly slower than the 
atomic decay rate is all that can reasonably be achieved. 
Since design for the smallness of the effect is so critical, 
factors of two or three in estimating its size are impor- 
tant. It is not sufficient to merely observe that the effect 
varies inversely as the saturation photon number n, or the 
number of interacting atoms N. These are related by 
n, = N / 4 C p ,  where C  is the bistability parameter and p  is 
the ratio of cavity and atomic linewidths. They can differ 
by orders of magnitude and it is necessary to have all of 
the factors of C  and p  in place for an accurate estimate. 
Existing theories cannot provide this precision for p -  1. 
These considerations have motivated the present work in 
which I develop a linearized quantum-statistical theory of 
absorptive bistability without adiabatically eliminating the 
atoms or the field. 

Aside from providing quantitative precision between 
the good-cavity and bad-cavity limits, my general treat- 
ment reveals one notable new feature which is missed in 
both of these limits. When the atomic and cavity decay 
rates are similar the relaxation of fluctuations can be os- 
cillatory for arbitrarily small intensities, and exact reso- 

nance of the driving field, cavity, and atoms. These oscil- 
lations are displayed in the intensity correlation function 
of the transmitted light and will give rise to a doublet in 
the incoherent component of the transmitted spectrum. 
They arise from the so-called vacuum Rabi splitting>10 
where the degenerate first excited state of the composite 
system of atoms and cavity mode is split by the atom-field 
interaction. There are no Rabi oscillations in the popula- 
tion inversion, but the normal modes of the coupled-field 
and atomic polarization are moved from resonance with 
the driving field; hence the oscillations in field charac- 
teristics. I give a novel treatment of this effect in terms of 
a coupled harmonic oscillator model derived using the 
Schwinger representation. This treatment demonstrates 
the role played by atomic and cavity decay in vacuum 
Rabi splitting for the first time.'' 

In the following section I briefly review the model for 
absorptive bistability and the methods of the positive P 
representation which are used to obtain a quantum- 
statistical formulation in terms of a linearized Fokker- 
Planck equation. In Secs. 111 and IV I solve for the 
steady-state covariance matrix and find expressions for 
the ratio of incoherent and coherent intensities, the 
second-order correlation function, and the variance of 
fluctuations in the field quadratures for the transmitted 
light. Section V discusses the oscillation associated with 
vacuum Rabi splitting and the coupled oscillator model 
for this effect. Section VI provides a summary and con- 
clusions. 

11. MODEL AND LINEARIZED THEORY 
OF FLUCTUATIONS 

I consider a collection of N  homogeneously broadened 
two-level atoms interacting on resonance with a single 
quantized ring-cavity mode 

where a t  and a are creation and annihilation operators 
for cavity photons, oo is the resonant frequency, 
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Quantum Statistics of Small Bistable Systems 
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1. I n t r o d u c t i o n  

Q u a n t u m - s t a t i s t i c a l  t h e o r i e s  o f  o p t i c a l  b i s t a b i l  i ty  were developed soon a f t e r  t h e  f i r s t  
expe r imen ta l  o b s e r v a t i o n  o f  b i s t a b i l  i t y  some t e n  y e a r s  ago [I]. Var ious  quantum-stat -  
i s t i c a l  e f f e c t s  have been p r e d i c t e d ,  i n c l u d i n g  : quantum induced t r a n s i t i o n s  between 
s t a t e s  [2-1, ev idence  o f  a t om ic  c o l l e c t i v i t y  i n  t h e  t r a n s m i t t e d  spectrum [3-51,  photon 
a n t i  bunching L5,6], and squeezing [ 7 ] .  The en thus iasm shown i n  t h e o r e t i c a l  a n a l y s i s  
has n o t  been matched by  exper iments ,  however. One reason  i s  s u r e l y  t h a t  these  e f f e c t s  
a r e  v e r y  smal l  i n  a  system o f  macroscopic  s i z e .  G e n e r a l l y  t hey  sga le  i n v e r s e l y  w i t h  t he  
s i z e  of  t h e  system, as measured by  t h e  s a t u r a t i o n  pho ton  number nS o r  t h e  number o f  
atoms N.  

Recent exper iments  by ROSENBERGER e t  a l .  [8 ]  c l o s e l y  meet t h e  i d e a l i z e d  c o n d i t i o n s  
o f  homogeneously broadened two - l eve l  atoms i n  a  r i n g  c a v i t y  assumed by t h e  t h e o r y .  
Moreover,  these exper iments  ach ieve  q u a n t i t a t i v e  agreement w i t h  t h e o r y  5o r  s t e a d y - s l a t e  
f e f t u r e s ,  i n  t h e  absence o f  quantum n o i s e .  I n  t hese  exper iments  nS-  z 10 and N z 10 - 
10 . These numbers a r e  t o o  l a r g e  f o r  a  q u a n t u m - s t a t i s t i c a l  s t udy .  The t ime  i s  r i g h t ,  
however, t o  cons i de r  t h e  measurement o f  q u a n t u m - s t a t i s t i c a l  e f f e c t s  i n  a  new g e n e r a t i o n  
o f  smal l e r  systems. T h i s  paper r e p o r t s  r e c e n t  t h e o r e t i c a l  r e s u l t s  wh ich  have a r i s e n  
f r om  a  c o n s i d e r a t i o n  o f  such exper iments .  

Resu l t s  f rom t h r e e  l i n e s  o f  i n q u i r y  a r e  r e p o r t e d .  F i r s t ,  t h e  e x t e n s i v e  1  i t e r a t u r e  
on quantum f l u c t u a t i o n s  i n  o p t i c a l  b i s t a b i l  i ty  i s  1  i m i  t e d  a lmos t  e x c l u s i v e l y  t o  t r e a t -  
ments i n  t h e  good c a v i t y  and t h e  bad c a v i t y  1  i m i  t s .  These 1  i m i  t s  simp1 i f y  t h e o r e t i c a l  
a n a l y s i s  b u t  may n o t  be so conven ien t  f o r  exper iments .  E x i s t i n g  t h e o r i e s  canno t  p r o v i d e  
an a c c u r a t e  e s t i m a t e  of  t h e  s i z e  of  quantum e f f e c t s  -- photon a n t i b u n c h i n g  f o r  example 
-- i n  between t h e  good and bad c a v i t y  l i m i t s .  S i n c e  t h e  des i gn  f o r  a  sma l l  e f f e c t  i s  so 
c r i t i c a l ,  i t  i s  n o t  s u f f i c i e n t  t o  s i m p l y  assume an  i n v e r s e  dependence on  n  o r  N.  These 
numbers a r e  r e l a t e d  by n  = N/4Cp, where C i s  t h e  b i s t a b i l  i ty parameter  an8 v i s  t h e  
r a t i o  o f  c a v i t y  and atoni fc 1  i n e w i d t h s .  They can d i f f e r  by  o r d e r s  o f  magni tude,  and i t  
i s  necessary t o  have a l l  t h e  f a c t o r s  o f  C and p i n  p l a c e  f o r  an  a c c u r a t e  e s t i m a t e .  I 
have developed a  l i n e a r i z e d  t h e o r y  o f  quantum f l u c t u a t i o n s  f o r  a b s o r p t i v e  b i s t a b i l i t y  
w i t h o u t  a d i a b a t i c  e l  i m i n a t i o n  o f  t h e  atoms o r  t h e  f i e l d  [9 ] .  The c o n s i d e r a t i o n  of photon 
an t i bunch ing  i n  a system w i t h  s i m i l a r  a tomic  and c a v i t y  decay r a t e s  has b rough t  a  bonus. 
The second-order  c o r r e l a t i o n  f u n c t i o n  f o r  t h e  t r a n s m i t t e d  1  i g h t  shows an o s c i l l a t o r y  
response which i s  r e l a t e d  t o  t h e  s o - c a l l e d  "vacuum Rabi s p l i t t i n g "  [ l o ] .  

Two o t h e r  l i n e s  o f  i n q u i r y  r e c o g n i z e  t h e  f a c t  t h a t  q u a n t u m - s t a t i s t i c a l  e f f e c t s  a r e  
maximized under  c o n d i t i o n s  where 1  i n e a r i z e d  t h e o r y  niust e v e n t u a l l y  break down. For 
example, near  t h e  c r i t i c a l  p o i n t ,  o r  i n  a  v e r y  sma l l  system o f  j u s t  a  few atoms. I 
p resen t  r e s u l t s  t h roughou t  t h e  c r i t i c a l  r e g i o n  f r o m  a  f u l l y  n o n l i n e a r  t h e o r y  of  absorp- 
t i v e  b i s t a b i l i t y  based on  a  s e t  o f  s t o c h a s t i c  d i f f e r e n t i a l  equa t i ons  d e r i v e d  u s i n g  t he  
p o s i t i v e  P - r e p r e s e n t a t i o n  [ l l ]  . These r e s u l t s  p r o v i d e  a  compar ison w i t h  1 inearized 
t h e o r y  for parameters  chosen t o  co r respond  t o  a sma l l  system which m i g h t  r easonab l y  

- be r e a l i z e d  i n  t h e  l a b o r a t o r y  - -  w i t h  n = 10 and N = 320 f o r  C = 4 and u = 2.  F i n a l l y .  
I p r e s e n t  results f r o m  a  sepa ra te  a n a l y s i s  wh ich  is s u i t e d  t o  the s m a l l e s t  p o s s i b l e  
system - -  a s i n g l e  atom i n  a h i g h  Q c a v i t y  [121. The q u e s t i o n  o f  b i s t a b i l i t y  i n  t h i s  

, system i s  n o t  addressed; I focus  on  t h e  phenomenon o f  pho ton  a n t i b u n c h i n s  and ask; k 'ha t  
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We analyze instabilities in mixed absorptive and dispersive optical bistability in the rateequation 
approximation and the mean-field and good-cavity limits. Our starting point is a set of multimode 
equations derived from the Maxwell-Bloch equations for ring-cavity boundary conditions. We ob- 
tain analytic expressions for the instability conditions. In a plane-wave analysis, we find that a por- 
tion of the lower transmission branch can be unstable in addition to the upper-branch instability 
found in purely absorptive bistability. Also, a new disconnected region of instability can exist on the 
upper branch. Our analysis becomes particularly simple for equal and opposite cavity detunings and 
we explore this case in detail. We extend our treatment to include a Gaussian transverse intensity 
profile and show that the instabilities remain in the presence of Gaussian averaging. We also show 
that many of the results obtained in the rate-equation approximation hold when the atomic 
linewidth and atomic decay rate are of the same order. 

I. INTRODUCTION 

Optical systems are very appropriate for the study of 
instabilities, self-pulsing, and chaotic behavior. One par- 
ticular advantage they have over hydrodynamic systems, 
for example, is that cavities can be used to tailor the mode 
structure of the optical fields. One can then deal with 
tractable theories involving just a few modes and still ex- 
pect good agreement with experiments. 

The study of instabilities in optical bistability' (OBI was 
initiated in work by ~ c c a l l '  and Bonifacio and ~ u ~ i a t 0 . j  
The analysis in Ref. 3 is based on the ring-cavity model 
for absorptive OB, formulated in t e rns  of Maxwell-Bloch 
equations for a collection of homogeneously broadened 
two-level atoms interacting with a plane-wave field which 
satisfies ring-cavity boundary conditions. The incident 
field is exactly tuned to a cavity resonance-cavity detun- 
ing e=O-and to the atomic line center-atomic detun- 
ing A = 0 .  Instability arises in the good-cavity limit, 
where the cavity linewidth K is much less than both the 
atomic linewidth yl and longitudinal relaxation rate y,,, 
provided the nearest nonresonant cavity modes are de- 
tuned from the incident laser by less than the Rabi fre- 
quency. Along part of the upper branch of the hysteresis 
cycle, a set of off-resonance cavity modes, symmetrically 
placed with respect to the resonant mode, are unstable and 
undamped self-pulsing arises. In the mean-field limit, the 
pulsation period is of the order of the cavity round-trip 
time t R ,  corresponding to a beat frequency determined by 
the longitudinal mode spacing in the empty cavity; the 
mean-field limit is defined with a t  << 1, T  << 1, and 
a L / T  arbitrary, where a is the unsaturated absorption 
coefficient, L  is the length of the atomic sample, and T  is 

the mirror transmission coefficient. Outside the mean- 
field limit, the pulsing frequency is renormalized by the 
atom-field interaction, but remains of the order of 

For the general case A#O, e#O,  the ring-cavity model 
of OB is analyzed in Ref. 5 after adiabatic elimination of 
the polarization (rate-equation approximation). This re- 
quires yl >> y l l  and yl > > 2 f f / t R ,  where the second in- 
equality requires the free spectral range to be much less 
than the atomic linewidth. Under these conditions, the 
ring-cavity model can be formulated as a set of differen- 
tial difference equations.' If the free spectral range is also 
much smaller than the longitudinal decay rate, 
yI1 > > 2 f f / t R ,  the model simplifies to a two-dimensional 
discrete map. Then, when the steady state becori,c., dust- - 
ble, all cavity modes are simultaneously unstable, and 
spontaneous pulsations arise with a period equal to tw~ce  
the cavity round-trip time. The first prediction of chaotic 
behavior in OB was made for this  model.'^^ By suitably, 
varying the incident intensity, the pulsation at twice the 
round-trip time period doubles to chaos. This behavior 
was first seen experimentally in a hybrid electro-optic de- 
vice7 and more recently has been seen in all-optical sys- 
tems under transient  condition^.'^^ 

The relationship between the results of Refs. 3 and 4 
and those of Refs. 5 and 6 has been discussed by Lugiato 
et a1." and Carmichael." In the mean-field limit, pulsa- 
tions of period 2 tR  arise when the incident field is tuned 
midway between adjacent cavity resonances. In Ref. I 1 it 
is shown that the eigenvalues of the linearized stability 
analysis for a cavity tuned to resonance (Refs. 3 and 4) 
and for a cavity tuned between resonances (Refs. 5 and 6 )  
are related by a simple symmetry. Many other papers 
have studied these and related instabilities; see especially 
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THEORY OF QUANTUM FLUCTUATIONS IN 
OPTICAL BISTABILITY 

H J CARMICHAEL 

1. INTRODUCTION 
. . 

In 1969 Szoke et al. proposed a simple scheme for a "bistable . . 
optical element" (Szoke et al., 1969). They suggested that a 

passive optical resonator containing a saturable absorber 

could exhibit two different output intensities for the same 

input intensity. In the same year, the same proposal was re- 

corded independently in a patent by Seidel (1969). McCall 

also recognized the possibility for absorptive bistability, 

and published a detailed theory for a "bistable mirror" in 

1974 (McCall, 1974). Two years later Gibbs et al. (1976) re- 

ported the first experimental observation of optical bistabil- 

ity. Their interpretation of this experiment led to the first 

description of bistability based on nonlinear dispersion. 

From these beginnings the interest in optical bistability has 

grown considerably. Several review works are already avail- 

able (Bowden et al., 1981; Abraham and Smith, 1982; Bowden et 

al., 1984; Englund et al., 1984; Lugiato, 1984; Wherrett and 

Smith, 1984; Gibbs, 1985). Fueling much of the development is 

the search for a viable optical signal processing technology-- 

the oft-quoted "optical transistor" analogy. Questions of 

fundamental interest, rather peripheral to this theme, have 

also been highlighted; optical bistability has been adopted as 

a paradigm for studies in quantum optics, nonequilibrium sta- 

tistical mechanics, and nonlinear dynamics. 

Increasingly, the field of optical bistability is identified 

with the development of signal processing capabilities. This 

is not surprising. This theme unifies a large body of work: 
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Photon Antibunching and Squeezing for a Single Atom in a Resonant Cavity 
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The transmitted light from an optical cavity containing a single two-level atom may show photon 
antibunching and squeezing. The two effects are closely related and simply understood in terms of 
the theory of single-atom resonance fluorescence. It follows that corresponding nonclassical effects 
in optical bistability do not originate in atomic collectivity. 

PACS numbers: 42.50.f q, 32.80.-t 

The behavior of atoms inside cavities is of central 
interest to studies in quantum optics. The interaction 
between electromagnetic radiation and matter takes its 
simplest form for the single-mode electromagnetic 
field which can be realized inside a high-Q cavity.' In 
a realistic system dissipation will be present, at least in 
small measure, entering via a finite cavity Q, and, in 
an open-cavity geometry, via spontaneous emission 
into noncavity modes. Spontaneous emission inside a 
cavity brings its own surprises. The emission rate is 
inhibited in a cavity with dimensions small compared 
to the transition wavelength, and enhanced in a 
resonant ~ a v i t y . ~ - ~  The emission spectrum may be 
double peaked, as a result of Rabi splitting of the de- 
generate single-quantum state of the atom-field 
system-the so-called "vacuum Rabi splitting."5~6 
The development of experimental expertise with Ryd- 
berg atoms has been an important stimulus for interest 
in this area, recently providing several demonstrations 
of quantum-dynamical processes inside cavities.'-lo Of 
particular note for the present work is the demonstra- 
tion by Goy et al. of enhanced spontaneous e m i s ~ i o n . ~  
This Letter discusses the behavior of a single two-level 
atom in a coherently driven resonant cavity. Behavior 
in this single-atom system is related to quantum- 
statistical effects in absorptive bistability. 

The quantum theory of optical bistability considers 
the steady-state interaction of a collection of two-level 
atoms and a driven cavity mode in the presence of dis- 

sipation.'' Bistable switching is just one of the in- 
teresting phenomena which this general model can ad- 
dress. A number of the predictions from the quantum 
theory of optical bistability have little to do with bista- 
bility itself, but hold much in common with the 
aforementioned properties of atoms inside cavities. 
This relationship has been largely overlooked to date. 
Vacuum Rabi splitting provides an example. I have re- 
cently shown that this effect is contained in the theory 
of absorptive bistability, where it is evidenced in the 
intensity correlation function and spectral density of 
the transmitted light.I2 It occurs at weak incident in- 
tensities, well below those required for bistable switch- 
ing; in fact, it does not even require that the condi- 
tions for bistability be met. Photon antibunching and 
squeezing are predicted for this same parameter re- 
gime. The present communication reports the novel 
effect of photon antibunching and squeezing in the 
transmitted light from a resonant cavity containing a 
single atom. In the bad-cavity limit this effect may be 
understood in terms of the theory of single-atom reso- 
nance fluorescence, and the enhanced spontaneous 
emission rate for an atom in a resonant cavity. Photon 
antibunching and squeezing in optical bistability find 
their origin in this single-atom effect. 

According to the theory of absorptive bistability, at 
weak incident intensities, the size of photon anti- 
bunching for homogeneously broadened two-level , atoms in a resonant cavity is characterized byi2I3  

where N is the number of atoms, p - K / Y ~  is the ratio of cavity and atomic linewidths, and C = Ng2/2~y  ,, with g  
the atom-field coupling constant; g ( 2 ) ( ~ )  is the normalized second-order correlation function for the transmitted 
light. The predicted effect is too small to be measured in existing experiments.14 However, smaller experimental 
systems seem feasible in which a measurable effect might be obtained. What, in principle, is the maximum attain- 
able effect? Equation (1) is only valid for N >> 1. This limitation is revealed by the observation that g(2)(0) may 
be negative for small N-for reasonable values of C and p. By considering a single-atom system I set a reliable 
limit for the size of the photon ahtibunching effect. 

I begin from the master equation for a single two-level atom interacting on resonance with a single cavity mode 
resonantly excited by a classical driving field. If p  denotes the density operator in a frame rotating at the frequency 
of the driving field, then 

t t t i  t 
j = e [ a  - a , p l + g [ a  u---au+,pl+~y(2u-Pu+-u+u~p-pu+u-)+~(2apa - a  u p - p a  a ) ,  (2) 
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I 
Squeezing of the intracavity rield in s degenerate parametric oscillator is calculated above threshold neglecting pug 

depletion. Arbitrar" squeezing is in principle obtainable. We conclude that above threshold squeezing in the steady-sd 
paraniztric. oscillator is limited primarily by pump depletion rather than degradation by vacuum fluctuations at the mind 
The squeezing predicted by the present calculatio~l bhould be observable in an oscillator operated in a transient or pulsed m j  

i 

1 .  Introduction 

The degenerate parametric amplifier has featured 
at the center of  discussions concerning the  generation 
of squeezed light for a nurnber of years. In  the siin- 
plest single-mode model,witl iout  pump depletion, 
the time evolution operator in a quantized theory is 
just the  unitary operator whose action converts the 
vacuum into a squeezed state [ : I  1 .  Since the  squeez- 
ing obtained depends on pump power and interaction 
time (crystal length). the.advantages t o  be gained by 
resonating the fields in an optical cavity have directed 
attention t o  the degenerate parametric oscillator as a 
source of squeezed light. An early calculation by 
Milburn and Walls using master equation inetliods 
and the  coiiiplex P-representation produced rather 
pessimistic results [ ? I .  Maximum squeezing by a fac- 
tor of  two was predicted a t  the  threshold for para- 
inetric oscillation. ln contrast. a calculation by Yurke 
[3] using rather different methods was inore optimis- 
tic, predicting the possibility for perfect squeezing at 
threshold. The discrepancy between these calculations 
has recently been resolved [4,5] by recogniziilg the 
distinction betwecn squeezing in the intracavity field, 
as calculatcd by Milburn and Walls, and in a fi-equen- 

cy selected component of the output field, as calc* 
lated by Yurke [4,5]. l t  is found that  squeezing in 
the intracavity field is degraded by the  feeding of 
vacuum fluctuations associated with dissipation at the 
cavity mirrors into the cavity mode. By selecting a 
narrow band of frequencies in the output  from a 
ty with one perfect reflector arbitrary squeezing is 
possible. 

A comparison of the models used b y  Milburn and 
Walls [2] and Yurke 131 reveals a second 
important difference. Milburn and Walls include a 
quantized pump mode, allowing for pump deplet 
and their model therefore evolves t o  a steady state 
above threshold. Yurke describes the  amplifyin 
ment by a constant gain and has n o  pump depl 
His results are only applicable below threshdd;ab 
threshold the  steady state solution is unstable an 
any small fluctuation leads t o  unbounded gro 
the subharmonic. The illore recent multimode t 
ries of Collett and Gardiner [4] and Gardiner a 
Savage [5] must siinilarly be restricted t o  below 
threshold. Jt appears that a treatment above thr 
old in the  undepleted pump approximati011 has 
been carlied out.  Here transient solutions 1nu5t 
constructed: bu t  this is no  difficulty since the eq 
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MULTIMODE INSTABILITIES FOR A STANDING-WAVE CAVITY 
CONTAINING A SATURABLE ABSORBER 

H.J. CARMICHAEL 
Department of Physics, University of Arkansas, Fayetteville, AR 72 701, USA 

Received 8 J u n e  1984  

The stability of a coherently driven standing-wave cavity containing a saturable absorber is analyzed in the  mean-field 
limit. Instabilities for a cavity tuned to  resonance and a cavity tuned midway between resonances are compared. With the 
absorber appropriately positioned in t h e  cavity a one-to-one correspondence exists between optical bistability in a resonant 
cavity and self-oscillation in  a cavity tuned between resonances. 

1. Introduction 

I have recently shown [ I ]  that the multimode staSility analysis for a nonlinear ring cavity exhibits a syinmetry 
which relates optical bistability in a cavity tuned near resonance t o  self-oscillation in a cavity tuned between reso. 
nances. This relationship unifies two classes of  multiinode instabilities: Bonifacio and Lugiato's self-pulsing insta- 
bility [2],  which arises together with optical bistability in  a cavity tuned near resonance, and Ikeda's instability 
leading t o  period-doubling and chaos [3],  which arises in a cavity tuned between resonances. The purpose of this 
communication is t o  present a stability analysis for :he nonlinear standing-wave cavity and look for a similar rela- 
tionship there. 

A fundamental difference between the ring and ctanding-wave cavities is that in the latter stability criteria de 
pend o n  the length and position of the intracavity ~nedium. Casagrande et al; [4] have published a multimode st? 
bility analysis for absorptive bistability in  a standing-wave cavity where the absorber fills the cavity. They find 
nonresonant mode instabilities along the upper branch of the bistability curve for C Z  60. Sargent [5] has calc 
lated the weak-field gain for the first pair of nonrehonant modes in absorptive bistability. He finds an instabilit 
when the absorber is localized at the ends of the cavity, but no instability with the absorber in the center of 
cavity; he suggests that the second pair of nonresonant modes might becoine unstable in the latter case. He f 
no instability when the absorber fills the cavity. Fir th  [6] has found k e d a  instabilities in a standing-wave cavil 
filled with a Kerr medium, with one perfectly reflecting mirror. As in the ring cavity, instability occurs with th 
driving field tuned between cavity resonances. 

Ikeda's instability has generally been regarded as a dispersive phenomenon. However, my recent work [ I ]  
shows that, as with optical bistability itself, within a unified formulation using a two-level medium both absor 
tive and dispersive instabilities exist. Here 1 will treat the simplest case of a purely absorptive medium. In secti 
2 1 develop the stability analysis for a standing-wave cavity containing a two-level homogeneously broadened a 
sorber. arbitrarily positioned, and of arbitrary length. The analysis is carried ou t  for the mean-field limit with0 
the truncation o f  the Bloch hierarchy used in ref. [4]. In section 3 I discuss results for the adiabatic liinit wher 
the medium response time is much shorter than the cavity round-trip time. This is a convenient inatheinatical 
limit since general conclusions can be drawn from analytical expressions. Although, in this liinit, positive branch 
instabilities in absorptive bistability cannot occur, multimode instability tluoughout the negative slope branch 
identifies their possibility outside the adiabatic limit [ I ] .  Here the instability of Casagrande et al. [4] needs to .-. 
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FG4 lntracavlty optlwrl hlslabllHy In the pee- 
ence 01 optlcally Induced absorption 

M. DAGENAIS, ELlSA SWIKIS. W. F. SHARFIN. and 
H. G. WINFU. GTE Laboratories, lnc.. Fundamental 
Research Laborator/. Waltharn. MA 02254. 

Optical bistabllity In the presence ol an optlcally 
induced absorptlon is observed when a mln 13-pm 
CdS sample is Inserted between two rnimxs of 
90% reflectlvlty. In our experiment, a modulated 
cw laser of -15-mW peak power is tunedon each 
side of the free exclton resonance In CdS, and the 
transmission characIeristics are studied. A hx~ 
retlcal calculation Including both absorptive and 
dispersive effects is presented and good a m +  
ment Is obtained. The abswptlon cwnicient and 
the index of refractlon of the material are oonnect- 
ed by Krarners-Kronlg relations. Propagation ef- 
fects are taken lnto account. Sufflclently long 
pulses (40 ms) are consldered to allow the thermal- 
ly Induced absorption to occur. For delmlngs 
above the free excitcm resonance, we prediot that 
counterclodtwise hysteresis loops wlll first be ob- 
served as the Intensity rises; for delunings below 
the free exciton resonance. only clockwise hyster- 
esis loops are predkted. These predictinns were 
experlrnentally verllied. Power levels of tha order 
of 5-10 mW were sufficient to observe bistabillty. 
Cavity effects were also O b ~ e ~ e d .  (12 mln) 

FG5 Expedrnenlal test of the slngleGaubslan 
rnode theory 01 optkal blstablllty 

L. A. OROZCO. A. T. ROSENBERGER. and H. J. 
KIMBLE, U. Texas at Austln. Physics Department. 
Austln, TX 78712. 

In nonllnsar optical interactions. one expectsme 
transverse spatlal Intensity dependence to be nwd- 
Bed. Nonlinear interactions wlthln an optlcal res- 
onator, in the absence of a mode-selectlveelemeot 
wch as an apertve, will thus in general couple the 
energy into varlous transverse modes of the re- 
Mta.  One altracIive a~ ly t i ca l  model incorporat- 
kg  transverse effects lnto optical blstabllity as 
wmes. In splte of the observations above. lhat the 
bansverse Intensity proflle rernalns a single- 
Gaussian (TEMoo) rnode. This model seems to be 
*ported by expertmental results for blstaMllCy 
wlth two-level scdlum atoms in a confocal h g  
resonator. To test the generalltv of the slngle 

-: Gaussian mode model. we have performed bktabi- 
: Ilty experiments with two-level atoms in standing- 
.. Wve resonators. Two resonators, dlfferlngmly In 
::.length were used. The confocal resonator Is 
': transverse-modedegeneate and will support a 
: canblnation of modea, as wwld therlng; the slight- 
' )Y  longer resonator wlll allow only a slngle-trans- 
vgse mode to be exclted. Preliminary resutts 
hdlcate that there may be a difference In the two 

. although the behavior near the critlcal onset 
? f  bistability seems to be the same In the two 
"sW, there seems to be a difference in the evolu- 

j .,h of hysteresis wlth increasing cooperativity pa- 
rameter. Further results, including a quantitative 

I: ,--on with the slngle-Gausslan mode theory 
: :br standing-wave resonators. are presented. 

k., (12 mln) 

u. '. 
kJJ'T.~t~. JAYCOR. 205 S. Whiting St.. Alexandria, 

22304. -- e:; 
~. '~a ramet r i c  Instability I n h e d  by the medium 
--.wturauon tn stlmutated Raman scattering Ls hves- 

boretlcalv v k  a generallzed detuning 

where wp,,a!e the lrequency 01 Ule pump. Stoices, 
and phonon, d,. Is Ihe phase modulation, and tho 
last term Is b e  nonlinear correctlon of the highly 
exclted anharmonlc molecule wllh an amplltude 0. 
The steady-state gain and hence the Stokes effi- 
clency, in the presence of the anharmonlc term, 
are governed by a cublc equatlon of lQ12 which is 
to be solved from the Bloch and Maxwell equations 
Including the pump depletion. Numerical results 
are shown for the transition diagam of Stokes 
elflciency vs lnput pump intenshy at various system 
conditions at the steady-state. F a  the transient 
regime, with pulse duratlon shorter than the de- 
phaslng tlme, we analyze the temporal profiles of 
the Stokes and the depleted pump based on a 
transformed equatlon which combines Bloch and 
Maxwell equation as follows: 

where T is a nonunear tlme. G, is the steady-state 
gain, Is the input pump I~tensity, and Uls the real 
part of the phoflon a m p l h d ~  0. Foran lnput pulse 
intensity glven by sech2(t/td. Eq. (2) Is solved nu- 
merically to study the transient pulse proflles in the 
presence of pump depleticm and medlum satva- 
tion. (12 mln) 

FG7 Quantum theory of optlcal blstabllity with a 
spalblly varylng fleld mode In the good cavlty 
llmlt 

XlAO M H  and H. J. KIMBLE. U. Texas at Austln. 
Physlcs Department, Austln. TX 78712; H. J.CAR- 
MICHAEL, U. ArRanses. Physlcs Department. Fay- 
etteville. AR 72701. 

A straightforward but general extension of the 
quantum h o r y  of optical blstablllty Is made to 
Include spatial varlatlow of the fleld mode In me 
good cavlty Iimlt. The analysis proceeds by divid- 
Ing the fleld mode lnto small sections which are 
each mlcrosmpically large in terms of the atomic 
number to allow tnrncatkn of the generallzed Fok- 
kw-Pfanck equablon but which are macmscopl& 
ly srnali m justlfy the assumption of constant neld 
amplltude. In a linearized approximetlon, analytic 
expressions are obtained for the ratlo of Incoherent 
to coherent lntenslty arlU I w  the lntenslty correla- 
tion function of the transmitted field for the two 
particular examples of a Gausstan-mode lleld in a 
rlng cavity and a plane-wave lield in a standing- 
wave cavlty. In the weak fleld tlmlt the results of 
the plane-wave rlng cavlty are recovered indepen- 
dent of the form of the spatial dependence of the 
cavlty mode. However, more generally a nonuni- 
form distributlon lends to suppress certaln quantum 
featues such as photon antlbunchlng. (12 mln) 
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FH1 Two-dlmensfonal scanner uslng pseudo- 
plane holwarns 

8. H. ZHUANG.CHAWS S. LH andL. Q. XIANG. U 
Delaware, Electrical Engineering Department, 
Newark. DE 19716. 

Plane watlng (plane hologram) scanners are 
easy to make and to operate and can prod~~ce very 
straight scan lines In a speclfic operatlun condi- 
tlon.' Thls limits their operation to 1-D scanning. 
For some applications, a 2-D scanning is more 
convenlent andlor desirable. We describe a tech- 
nique for Improvicq the plane hologram qcanner so 
that stralght scan lines can be obtained Qver wlder 
operatlng condltlons. If the holo@aps are matle 
wlth a spherical wave and a plane wave Instead of 
two plane waves. lhe scan line StraIghtngCS can be 
sufficiently improved f a  2-0 operation. By adjust- 
ing the divergence of the spherical wave at the 
hologram, compensallons can be made over Con- 
slderably large (vertical) deflection avflles. This 
technique can be applled to scanner: .( h..~:h Ihc 
construction and reconstruction wavelengths nay 
be different. This is advantageous because many 
hologram recording medla are only sens~tive at 
shorter wavelengths bulthe reConstruCtion is more 
economical or convenlent at a longer wavelength: 
Techniques for rnaklng the scanners arediscussed. 
Computer simulations and experlmentai results l o r  
tha performance of the 2-D scanner are shown. : 

(12 min) 

1. C. J. Kramer. "Opticd Scanner Using Plane 
Llnear Dlffraclion mtings on A Rytating Spln- 
ner," V.S. Patent 4,289,37 1 (15 Sept 1981). . 

Fkt2 Hoiographlc tomography in determlnlng 
the structure of 3-0 object fields 

F. T. S. YU, L. N.ZHENQ, andT. W. LIN. Pennsylva- 
nla Slate U., Elecbical Engineering pepartmenl, 
University Park. PA 16802. 

An alter~t ive method lor determinat~on of 3-0 
object fields is mesenled. The holograph~c rnultt- 
plexing technique is employed in this method to 
record the multidirectional projections ol Ihe obgect 
fleld. The multiplexed hologram thus generated 
can be used to reconstruct the ti;;;,, ::.t ,l;r4ctional 
projectlons of the studied field sequentially iri 1i.e 
optical system. In additlon, It provides series sets 
oI prolectlon data by means of an image sensing 
device for computer dlgilal postprocessing. Wilh 
the ald of a dlgital reconstructed image, the sbuc- 
ture of Ihe studied oblect field can be well derer- 
mined. illustrations of the recording and recon- 
structing systems as well as the algorithm adapted 
lo reconstruct the field image digitally are glven. 
Some pre l lmi~ry results are also provided. 

(12 min) 
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FT3 ma--resolved resonance rcatterlng and 
emlsalon In lodlne vapor 

P. MlTRA and A. 2 .  GENACK, Exxon Research B 
Engineering Co.. Corporate Research Science 
Laboratories. Route 22 East. Cllnton Township, 
Annandale. NJ 0880 1. 

We address the distinction between resonance 
Raman scanering and fluorescence as the excita- 
tion source is continuously tuned through reso- 
nance. The experiments are performed in iodine 
vapor using a cw laser, whose Intensity is elec- 
trooptically modulated in the 0.1-50-MHz freque* 
cy range. A lock-in ampllfler Is used todetect both 
the in-phase and outof-phase response of the 
emission. The modulated signal is found to be the 
sum of two components. One component varies 
with angular modulatlon frequency w, as (1 + 
w ~ T ~ ) - " ~ .  where T IS me lifetlme of the excited 
state. The other is found to be flat withln the range 
Of modulation tequency used In the experiment. 
Since the results of the modulation experiment are 
the Fourler transform of the response to pulsed 
excltation, the first component corresponds to ex- 
ponential decay with the fluorescence llfetime and 
Uw second corresponds to a prompt response. A 
density matrix calculation shows that the prompt 
response would be absent if the absorption were 
independent of laser frequency. It exlsts as a 
result of the flnlte inhomogeneous ilnewldth and the 

(XeCI) operating at 308 nm photodlssociated the 
Pb2. while a single-mode argon-ion laser probed 
the ground state dimer absorption at 496.5 nm. 
The Pb2 was produced In a heat pipe at -130O0C. 
A slmilar technique was described by Kwong at a/.' 
and applied to atomic transition probability mea- 
surements; however, their approach requlres a 
measurement of the ground state atomic density. 
The technlque reported in this paper makes use of 
the fact that the laser-induced change in the ground 
state Pb2 density depends only on the fluence of the 
dissociating laser and the photodissoclatlon cross 
sectlon. Consequently, from a measurement of 
the relatlve change In the denslty as a function of 
fluence, the cross section may be deduced. The 
above analysls is valid in the approximation that the 
molecular vapor Is optically thin at the frequency of 
the dissociating laser. The widespread avallability 
of excimer lasers with emission Into the vacuum 
ultraviolet should m a d  this technlque readlly appll- 
cable to the measurement of absolute photoioniza- 
tion and photodlssoclation cross sections. 

(12 mln) 

1. H. S. Kwong. P. L. Smlth, and W. H. Parkinson, 
Phys. Rev. A 25. 2629 (1982). 

FT0 Molecular Infrared coherence transfer ker- 
nels by scale tranrformatlon of photon echo de- 
cay data 

laser detunlng from the center of the transltlon. JOHN E, JENGMIN LIANG, S, 

The Of the delay* and cow SPINELLI, RAMANCHANDRA R. DASARI. and MI- 
nents is a function of laser frequency. This gives a CHAEL S. FELD, MIT barge R, Harrison specWos- 
full descrlptlon of the dynamicel response to the 

copy Laboratory, Cambridge, MA 02139, 
emission to linear excitation as the laser is tuned 

~ ~~ 

continuously through resonance. The response of 
the sample to nonlinear excltation is also dis- 
cussed. (12 rnln) 

FT4 0-branch apectral line rhapar of 02  In for. 
elgn gaws 

W. S. HURST and G. J. ROSASCO. U.S. Natlonal 
Bureau of Standards, Temperature and Pressure 
Divlsion, GalUwrsburg, MD 20899. 

The coilisional Dicke narrowing and broadening 
of spectral llnes wlth foreign gas perturbers has 
been studied by measuring the third-order nonlln- 
ear susceptiblllty of Isolated Qbranch (0-1) D2 
lines. Perturber gas mass has been varied by 
employing dllute (5%) binary mixtures of D2 in Hz. 
He, N2, or Ar, and densities at 290 K were varied 
Irom 0.25 to 5.7 amagat. We have used thesedata 
to test the validity of soft and hard collision models 
for descrlblng the spectral llne shape and the 
linewldth denslty dependence. At hlgh densities. 
the data are well descrlbed by Lorentzian line 
shapes and a Dicke dlffuslon expression for the 
density dependence of the lindwldth. At lower 
densities, the line shape functions were flt to the 
data whlle flxing both the pressure broadening pa- 
rameters to their hlgh denslty values and the nar- 
rowing parameters to the values predicted from 
diffusiontheory. Forthe llght perturbinggases(H2. 
He). only the soft collision model 111 the line shape 
and gave agreement wlth the observed linewidth. 
For the heavy perturber gases (N2,Ar), neither mod- 
el descrlbed the line shape or the linewidth depen- 
dence, the disagreement being greater for Ar. 

(12 mln) 

FT5 Photodlssoclatlon c r o u  sectlon 01 Pbp 
GABRIEL G. LOMBARDI, Nonhrop Research 8 
Technology. Quantum Electronics Department. Pa- 
10s Verdes Peninsula. CA 90274. 

A novel technlque was used to measure the 
photodissoclatlon cross section of Pb2. This tech- 
nique has the Important advantage that the Pb2 
density need not be known. An excimer laser 

Experiments exploiting similarities for coher- 
ence colllslonal evolution In velocity space and in 
M space are reported. Generally, there is a total 
OutgOlng rate from any state and Incoming rates 
(kernels) from neighborlng states. Colllslon-ln- 
duced velocity changes. AV, are studled wlth la- 
sers by measuring the Doppler frequency AVlh (A 
= optlcal wavelength). To obtain information 
about coherence Mtransfer. It is only necessary to 
associate a frequency wlth each AM. This idea Is 
demonstrated by measuring two-pulse photon echo 
intensity I, for '%H3F in a small dc Stark field. 
Acoustooptlc modulation of Infrared cw laser radia- 
tion, polarized parallel to the Stark fleld, is used to 
excite a number of uncoupled M -. Mtransltions 
on the q4.3) llne. Each transltlon has a resonance 
frequency. uo + M-  us (us is M =  1 Stark shift. Hz). 
A most remarkable result is obtained for large echo 
delays T with A VTlh >> 1. all A V. The shape of 
the curve I n [ l d o ) l l d ~ ]  vs Stark voltage Vtends to 
that of the dominant coherence AMtransfer kernel 
itself. Physically thls arlses because, for large T. 
the macroscopic coherence is preserved only for 
colllslons where the frequency changing due to M 
transfer compensates the Doppler shlft due to the 
A V. 1.e.. A VIA + AM. us = 0. Generalizations are 
discussed. (12 mln) 

FT7 Lor Alamos Fourler transform spectrome- 
ter 

BYRON A. PALMER. Los Alamos National Labora- 
tory. Chemistry Divlsion. Los Alamos. NM 87545. 

The Los Alamos Fourier transform spectrometer 
is a folded Michelson Interferometer uslng cat's- 
eye reflectors for the moving minors. The maxi- 
mum path difference is 5 m which gives a resolu- 
tion of 0.001 cm-'. The interferometer is capable 
of obtaining spectra from 200 to 20,000 nm with 
the appropriate optics and detectors. Acquisition 
time for one scan is 2-6 min depending on resolw 
tlon and spectral region. The servo control of the 
interferometer uses a Zeeman split He-Ne laser In 

a phase lock loop operating at 1.5 MHz. The servo 
is capable of posltlon accuracies of 0.3 nm and can 

acquire an interferogram with any reasonable lree 
spectral range that is desired. Ths Atb . .~n-.nr?r 
is an effective 22-bit floating point converlgr pan 
nected to an array processor. The AID convarter 
control has self-calibration to ensure linearity over 
the full range. The array processor correcta for 
any errors in the AID converter as determined by 
the calibration and then digitally filters the data lo 
remove noise outslde the bandpass of infe~sst. 
The servo control and the AID converter are oper- 
ated by separate 08.000 microprocessors. 

(12 mlnl 
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FU1 Photon antlbunchlng In the rlngb-atom 
llrnlt of abwrptlve blstabllny 

H. J. CARMICHAEL. U. Arkansas. Dept. of Physics. 
Fayetteville. AR 72701. 

Photon antibunching has been predicted at week 
intensltiesalong the lower branch in optical blstabC 
lity Existlng theories assume large atomlq num 
bers to Justlfy their linearized analysis. From such 
a theory photon antibunching in absorptlve bislabC 
lity Is glven for weak intensities by 

where CIS the bistabllityparameter. p Istherat~od 
atomlc and cavity decay tlmes, and N Is the n u m b  
of atoms. Clearly thls result becomes lnvplid M 

the system size is reduced to the limn of a singb 
atom: then dZ) (0) IS negative for moderate valw 
of C I calculate (0) for the transm:W ",i., 
from an optlcai cavity contalnlng a single atm. 
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I 1 Articles by H .  Carm~chael 

Sclf-osoilla tion in a dctuncd cavity 

:\ ain~plv syrnmelry rel:c~ts optic.31 Iiisrixl~iliry in a ring caviry rtrnPd oenr rtmniWcr 
and ~nult in~odc instability and $elf-osr:illation irt a cavity cxcitd midway betwcrn 
rrsimar~ees. 

1 1  har hcer~ ~)rt:dicttd that the voritin~rntts wiivt: (c.w.: output oTa bistable c:avity may 1)ccorrtc 
irnutahle to mulrin~ode ~elLox:illntiun. Such ~nol~irnntfc instilhiliries werr first discctmed by 
1lonifkr:iu tk I.ugia~u ; rq78) ibr ;il~sorptivc l>istal)itity in a ring cavity. 'l'hcir analysis wits hter  
extended by Lugiato (1980) to dislrersivc hiurabiliq, Kccently. much artentio~, Itar been given 
10 thia srrt!jcc-i li~llttwirr~ Ikedn" idccitifica~ian nf an inswbiliry 1c;bding it) pericxl-tiuul)ling and 
ch;ir>~ i n  rtispcrsivc: I)is~aldlicg (Ikeil:~ 1979; Ikeda ei ul.rgHo). 
h detailrd study c~f tile amk done by Ikcda led tnyself ant1 cn-workers lo d i ~ m u e r  :t 

st.c:ond tnultimocle inslilbility for a satru-ebfc absnrhcr in a r i n ~  cavity (Carmir:tra~:l el ol. 1982;. 
A telling dis~inction rxizrs Iwtweerr [his irnd tb irrscabilio; s~tittird hy Hc~uifiicicr & I,rightn. 
'I'tiry stndird i~hsorptive biutnhility in a rrunnanl cavity. '1-he inatability thar wr: have disc:osered 
nc-cwrs with the injcztetl 1 ~ t . r  a r d  n:sonatlt alxst~rl~rr 11ir1ttd midway lletwwn cavity rrse)narit:r:s. 
111 il high-fi~~esse cavity t l ~ r  Ikcda instabitity behaws similiutv iFirth 1p8r;  Ci i i~~~ic ' t~ar l  ct ul. 
1982; Bnr;Josq~li & Sill>crtxrg ~ t ) X j i .  'l'hesc ol>ssrrvations providc thr r l~re  10 tlw e~nt rn l  rtnirlt 
of t.hia liapcr; the stability analyris Ibr a r~or~lirlcar crrvity exl~il,its e sytn1nt.tr). tthzt 

es~ablishn it one-to-one ct~rrcsportdrr~r;c I x t w e ~ n  op~ieul l~istabili~y irt a cavil); tuned near 
rr,u,nane:c ir~td rnu l~ in~cdt  scll~osc:iliaiin~t in a cavity tulred twtweeu resotlances. ?IIC theory or 
absorptive a r ~ d  tii,pcrsivc bistahility call then be iranskrrcd iu a whole to the dc~cription o f  

corm6pondin.g multimodr instabiliiirs i r ~  a cavity tuned hctrveetl rcwnances. 
For simplicity I mnsidcrr the plane-wicve theory ol' abrorptive bistahility fix a fwo-lcvrl 

I ~ o r n r ~ r r r r r ~ ~ ~ s l y  brmdrrurl medinm in .I ring cavil);, ant1 give detailed rcstcl~s only b r  r t ~ r  
mean-ficltl limir. My central concludons are, howc\-cr, quire general. 'They hold ht. dispersive 
histability. for a gaussian-mnde ~hrory, and h r p n d  thr mmn-firld limi~. C)n the othrr hand, 
I hey d o  11~11 hold (at Ic;wt no1 witl~ont f{irillific~~ivr~:~ in a s t ~ ~ n t l i r ~ n ~ i i v ~  cavity, i l l  t l~ougl~  i t  musr 
i.w rscognizrc.tl that muhimode irstalilitics hnve I H : ~  prvdictcd then: ;rlsc, :Cas;~grtlndr: ct el. 
1980; Firth rg81). 

'I'hr gcncral auhiiity ilnnlysis Ibr a ring cavity coniaining $1 two-1t~ve:l hc~a~c~get~t.ously 
bn~ader~ed :ik)l.bt:r. gives the I'ollo~ving characteristic equation I'or eigenvalueu h governing tllr 
linearircd dynamics (Carn~icl~arl  1p83i : 
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Optical Bistability and Multimode Instabilities 

H. J .  Carmichael 
Department of Physics, University of Arkansas, Fayetteville, Arkansas 7 2 W  

(Received 18 January 1984) 

A simple relationship transforms the theory of optical bistability into a theory of mul- 
tirnode instability and self-oscillation in a ring cavity excited between cavity resonances. 

PACS numbers: 42.50.+q, 42.65.-k, 42.80.-f 

It is now understood that optical bistability, as 
originally conceived, represents only the simplest 
amongst a variety of instabilities which can occur in 
an optical cavity containing a passive nonlinear 
medium. In particular, multimode instabilities, 
leading to various forms of self-oscillation, are pos- 
sible. Bonifacio and ~ u g i a t o '  first recognized this 
possibility on the basis of a multimode stability 
analysis for the mean-field theory of absorptive bi- 
stability in a ring cavity. ~ug ia to '  extended this 
analysis to dispersive bistability. 1keda3 'added the 
stimulus which focused attention on these instabili- 
ties when he found period doubling and chaos in a 
model for dispersive bistability in a ring cavity, 
treating cavity dynamics as a nonlinear mapping of 
the complex field amplitude on successive round 
trips. 

Several authors have n ~ t e d ~ - ~  that, in a high- 
finesse cavity, Ikeda's instability most readily oc- 
curs with the injected field tuned midway between 
cavity resonances. The fundamental period of os- 
cillation, at twice the cavity round-trip time, is just 
the beat frequency between the injected field and 
the adjacent cavity modes. My intention in this 
Letter is to show that a very general symmetry un- 
derlies this observation. This symmetry identifies a 
whole class of multimode instabilities in a cavity 
tuned between resonances as counterparts to con- 
ventional optical bistability. For a short medium- 
response time, or a long cavity, where cavity 
dynamics are described by a nonlinear map, a one- 
to-one correspondence exists between bistable and 
oscillatory systems. The theory of both absorptive 
and dispersive bistability can then be transferred 
wholesale to the description of corresponding oscil- 
latory instabilities. Moreover, the ensuing oscilla- 
tions take place between states on the S-shaped bi- 
stability curves. 

1 consider the plane-wave theory of optical bista- 
bility in a ring cavity containing a homogeneously 
broadened two-level medium. The cavity is excited 
by a field with frequency w L  propagating in the pos- 
itive z direction. The medium has a resonant fre- 
quency a,, and fills the cavity from z = 0  to z = L .  

Propagation through the medium is described by 
the Maxwell-Bloch equations 

and the cavity imposes the boundary condition 

Here Ei is the incident field amplitude after 
transmission at the input mirror, E is the cavity 
field. amplitude, F P  is the polarization amplitude, 
and D is the inversion; N  is the atomic density, p  is 
the atomic dipole moment, T I  and T 2  are atomic re- 
laxation times, and A = T 2 ( 0 ,  - W L )  is the atomic 
detuning; T is the cavity round-trip time, R  is the 
round-trip reflection loss, and 0 = T ( w e  - W L  ) 
[ - .rr S 0 < .rr I is the phase detuning of the in- 
cident field from the nearest cavity resonance, with 
frequency o,. 

To simplify what are otherwise rather long and 
tedious expressions, I will restrict my discussion to 
absorptive systems-A = 0-and the mean-field 
limit-aL << I ,  ( 1 - R )  << 1 ,  with C = a L / 4 ( 1  
- R ) ,  where a-  N C L 2 0 L  TJeoEc is the resonant ab- 
sorption coefficient. Neither of these restrictions is 
necessary, however. The results which follow can 
readily be generalized. 

For the mean-field limit the steady-state solution 
to Eqs. ( 1 )  is found with E = E , , + z O ( I - R ) ,  
where E,, is independent of z. With the incident 
field tuned to a cavity resonance ( 8  = 0 )  Eq. ( 2 )  re- 
quires that the cavity field amplitude satisfy 

where X =  ( 2 ~ / t i ) ( ~ ~ ~ ~ ) ' ~ ~ ~ , ,  and Y = ( 1 - R ) - '  
x ( 2 ~ 1 l i  ( T 1 T 2 ) 1 1 ' ~ , .  With the incident field tuned 
midway between cavity resonances (61 = - a) the 
second term in Eq. ( 2 )  changes sign, and 

X = Y ' ,  ( 4 )  
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Analytic Solutions for Two-Photon Absorption in Counterpropagating Beams 
in the Cubic Approximation 
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Exact stationary-state solutions of the cubic (unsaturated) nonlinearity model oC degen- 
erate two-photon absorption by counterpropagating beams are found, and are used to 
describe power limiting and multiple optical bistability within a Fabry-Perot etalon. . 

0. Introduction 

The behaviour of an electromagnetic wave travelling 
within a two-photon absorbing medium is signifi- 
cantly different from that associated with a single- 
photon absorbing medium. In particular an unsatu- 
rated two-photon absorber modelled by the two- 
photon Bloch equations in the paraxial and slowly- 
varying amplitude approximations, where the me- 
dium is detuned from the field frequency by an 
amount 6, is described [I, 21 by a stationary com- 
plex field E(z) exp(i+(z)) such that the intensity I(z) 
=lE(z)I2 and phase 4(z) satisfy 

where a is the two-photon absorption coefficient. 
The solution of ( la)  is the hyperbolic profile 

In terms of the field-amplitude dependence of the 
polarisation density, (1 a) describes a cubic nonlinear 
effect. The plane-wave intensity profile (2) differs 
from the linear-absorption profile in being bounded 
above by (1+d2)/az at every point within the me- 
dium as l(O)-+oo (note that Sl(z)/?l(O)+O in the 
same limit). This feature has been shown to have an 
important eflect upon transmission characteristics in 
the theory of two-photon optical bistability in a ring 

cavity 131, and also suggests an application for a 
two-photon device as a power limiter [4]. The 
feasibility of constructing a power limiter which uti- 
lises both nonlinear absorptive and refractive effects 
has arisen in consequence of certain recerr. r:)-.7peqic 
and room-temperature experiments with semicon- 
ductors 151. 
In this paper we present analytic solutions 'for the 
stationary field distribution for counterpropagating 
waves in an unsaturated two-photon abs~rber,  and 
use our results to formulate a theory of two-photon 
optical bistability within a folded Fabry-Perot (FP) 
cavity driven by a ctv laser. We will treat two exam- 
ples of cubic coupling between forwards nnd back- 
wards wave amplitudes, corresponding to: (a) a ho- 
mogeneously-broadened medium, where the absorp- 
tion of both counterpropagating and copropagating 
photon pairs is included, and (b) a Doppler-broad- 
ened medium where the absorption of counterpropa- 
gating photon pairs dominates. In the former case . 
transmission characteristics for a bistable FP cavlty 
are power-limited with an upper bound as in a bi- 
stable ring cavity, while in the tatter case this feature 
is absent. However, in the latter case there je a damp- 
ing of the nonlinear effects associated with higher- 
order cavity resonances [20] due to the increase 
in round-trip absorption with increasing cavity in. 
tensity. The various physical mechanisms for cubic 
nonlinearities other than two-photon absorption will 



Journal of the Optical Society of America A - v 1, Issue 12, 1271-1271, 1984 

1271 1984 Annual Meeting. Opticd Society of America 1271 

several interesting nonlinear optical devices. For a thin medium, we Deparlmenl of Physics, The Unioersity 01 Tuns UL A,, . tv - ,  .4urtrn, 
have calculated the far-field transmitted intensity distribution as a Texas 78712.-Self-pulsing due to the single-mode instability flu 
function of the laser beam waist, radius of curvature, nonlinear re- been observed in optical bistability. Our bistable system consis~s of , 

fraction index, geometrical configuration, and the feedback from an a confocal ring interferometer, excited by a cw dye h e r ,  through 
external mirror.' We have determined the rangesof values of these which ten highly collimated beams of optically pumped sodium atoms 
parameters for which the system will act a s  adifferential gain device, pass. T h b  providss, to our knowledge, the closest experirqental re- 
a power limiter, and a bistable switch. Without the feedback, the alization of the canonical theoretical model of optical bistability with 
system will allow transistor action using opto-optical modulation. two-level atoms in a ring cavity. For values of the coopqrativity pa- 
Experimentally, wehave demonstrated these results using a thin film rameter C greater than 90, and with small atomic and large cavity 
of nematic liquid-crystal fiIm in conjunction with a low-power cw detunings of opposite sign (e.g., A = 1,6 = -lo), self-pulsing is ob- 
laser. A separate study using nanosecond h e r  pulses demonatrates served on the u r n  branch. It occurs within the bistable ragion and 
that the nematic could function as microsecond devices with moderate above it and also appears when the detunings are large enough that 
driving laser power (kilowatts). Experimentally obsewed swikhing there is no bistability. Observation of the cavity transmigsip~ in time 
curves and other nonfinetv outputbnput characteristics are in good or on an rfspectrum analyzer, while remaining at  a fixed point on the 
agreement with theory. (12 min.) output versus input curve, shows a nearly sinusoidal oscillution at a 

frequency ranging from 20 to 60 MHz. Preliminary results for the 
1. C. Khoo, P. Y. Ym, T. H. Liu, S. Shepard. md J. Y. Hou, Phys. Rev. A 29, range of existence of the instability, the and 

2758 (1984). 
depth of self-pulsing, and the development of the instability from 
anomalous behavior (kinks) on the upper branch are described and 

WT2. Optical Bitabil i ty and Multimode Instabklities in  a comDared with the oredictions of theow. (12 min.) . - 
~ t a n d i n g i ~ a v e  cavity. H .  J .  CARMICHAEL, Deportment of 
Physics, UniPersity Ar-os, Foyette"i[[e, Arkmas 7270z.-It work supported in psrt by the National Science Foundation and by the 

Venlute Research Unit of Britisb Petroleum North America, hc .  
has recentlv been shown' that the stability analvsis for a ring cevity 
exhibits a sWmmetry that transforms optic& bis&hility in a resonant 
cavity into a multimode oscillatory instability in a cavity tuned 
midway between resonances. This correspondence unifies a number 
of seemingly different instabiiitias. 1 show that a similar relatiomhip 
organizes instabilities in a standing-wave cavity. I analyze the sta- 
bility of a standing-wave cavity containing a two-level homogeneous 
broadened medium. In the limit of a medium response much faster 
than the cavity round-trip time and a medium length much shorter 
than the cavity length a great variety of multimode instabilities are 
possible depending on the position of the medium. If 112 is the dia- 
tance from the input mirror b the medium and Ll2 is the cavity 
length, multimode instability exists over the range of intracavity tield 
amplitude X defined by the turning points in optical bistability 
whenever 1/L ie a rational number. When 1/L is expressed as the 
ratio of two odd integen corresponding instabilities exist in a reaoeant 
cavity-leading to bmtability-and in a cavity tuned between reso- 
nances-leading to self-meillation This correspondence results from 
a symmetry analogous to that in a ring cavity.' (12 rnin.) 

H. J. Carmichael, Phya Rev. Lett. 52,1292 (1984). 

WT3. What Is the Best Meaaure of Cavity Loss in Optical Bi- 
stability?* A. T. ROSENBERGER. L A .  OROZCO, AND H. J. KIMBLE, 
Department of Physics, The Unioersity of Texas a t  Austin, Amtin. 
Tezas 78712.-In order to calculate the cooperativity parameter C, 
one needs to know the cavity las ;  it can be measured in several ways. 
Both steady-state measurements, such as the peak transmission and 
finease of the cavity, and trarrcrient measurements, such ae the cavity's 
response to an input switched on or off, may be made. These mea- 
surements may give various values of the cavity loss, differing by a 
factor of 2 or more. The reasons for this are discussed, with the 
confocal cavity treated in detail (these results also apply, e.g.. to the 
scanning spectrum analyzer). Experimental results for confocal 
standing-wave and ring mvities are presented as examplea of the 
above and are interpreted in terms of a simple model taking mirror 
aberrations andsurface figure into account. I t  will be seen that the 
cavity has one time constant that dominates the decay and another 

: that  governs the filling of the cavity. In general, the relaxation re- 
sponse to a perturbation from steady state depends on the aize of the 
Perturbation This is interpreted in the context of the stateequation 
of optical bistability, switching times, and self-pulsing, and an answer 

. to the tiue question is given, at least for the steady-state case. (12 
. rnin.) 

Work supported in part by the Joint Services Eleclronica Program. 

' wT4. Observation of the Single-Mode Instability is Optical 
- Bktability.* L. A OROZCO, A T. ROSENBERGER. AND H. J. KIMBLE, 
. . 

WT5. Graiiug and Prism Input Couplers as Bistable Iptegrated 
Optical Elements. W. LUKOSZ, Swiss Federcrl fnctit15fc of Terh- 
nology, Professurf* Optik, ETH, 8093 Ziirich, Switzer.31td. --'I? 
propose a novel class of intrinsic dispersive and absorptive bistable 
elementa, VU., gating or prism couplers on nonlinear planar wave- 
guides. For sufficiently high input powers P, the paver P' of the 
guided wave becomm a bivalued function of P. The incoupling ef- 
ficiency P'IP has a resonance peak as a function of the effective re- 
fractive index N of the guided mode. The index N, in tcuu, depends 
on the incoupled power P through (i) a nonlinearity of the refractive 
index of waveguide or cover, caused by the Kerr effect, saturation of 
absorption, or the tbermo-optic effect or (ii) light- or temperaturc- 
induced desorption of rnoleeules from the waveguide sbri~ce.l Ini- 
tially detuned from resonance by appropriate choice of the angle of 
incidence, the system is driven into resonance with increasing power 
P. This is the origin oftbe mainly dispersive bistability. Absorptive 
bistability results from saturating the strong absorption of .Y thin layer 
covering the waveguide in the coupling area by tbe guided power P'. 
The input couplers function as hybrid bistable elements when a 
feedback sign&derived from the guided power P is used to generate 
a change in N through an electro-optic, thermo-optic, or desorption 
effect. (12 min.) 

K. Tiefenthelet and W. LuLosz, OpL Lett. 9.137 (1984). 

WT6. New Radiation Pressure-Induced Mechano-Optical 
Bistability. W. LUnosz, Swias Federal Institute of Technology, 
Professur ftir Optik, ETH, 8093 Zilrich, Switztrrar*: - ?. P~bry-  
Perot resonator with one mirror moving under the inquence 01 t t ~ h  

radiation pressure has been shown to be bistable.' We propose and 
analyze a new kind of mechano-optical bistability A planar wave- 
guide on a lightweight substrate is suspended toswing as a torsional 
pendulum. A laser beam is coupled into the waveguide by a grating 
or prism input coupler a t  one end and is outmupled a t  the other end 
of the waveguide. The radiation pressure exerts a torque on the 
pendulum that is proportional to the incoupled power. The in- 
coupIing efficiency has a sharp angular resonance. Therefore, the 
system is a sensitive angle-position sensor. The torque turns the 
pendulum and, thus, changes the angle of incidence. When, initially, 
the pendulum is detuned from resonance, sufficiently high laser 
powers drive it into resonance, and histability occurs. For stiU higher 
laser powers the radiation pressure stabilizes the angular position of 
the pendulum, greatly suppressing its oscillations under the influence 
of vibrational and thermal noise. Potential applications of this sta- 
bilization effect are discussed. (12 rnin.) 

Vignes, and A. Wallher, Phys. Rev. 


