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ABSTRACT 

We have studied the performance of a geometric phase gate with a quantized driving field numerically, and 
developed an analytical approximation that yields some preliminary insight on the way the nl~hlt becomes 
entangled with the driving field. 
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1. INTRODUCTION 

It was first suggested by Zanardi and ~ a s e t t i , '  that the Berry phase (non-abelian h o l o n ~ m ~ ) ~ - ~  might in principle 
provide a novel way for implementing universal quantum computation. They showed that by encoding quantum 
information in one of the eigenspaces of a degenerate Harniltonian H one can in principle achieve the full 
quantum computational power by using holonomies only. It was then thought that since Berry's phase is a 
purely geometrical effect, it is resilient to certain errors and may provide a possibility for performing intrinsically 
fault-tolerant quantum gate operations. In a paper by Ekert et.al,5 a detailed theory behind the implementation 
of geometric computation was developed and an implementation of a conditional phase gate in NMR was shown 
by Jones et.al.6 This attracted the attention of the research community and various studies were performed 
to study the r o b ~ s t n e s s ~ - ' ~  of geometric gates and the implementation of these gates in other systenls such as 
ion-trap, solid state and Josephson qubits.lO-l4 

In this paper we study an adiabatic geometric phase gate when the control system is treated as a two mode 
quantized coherent field. The motivation for this work is to study and understand the implications of the quantum 
nature of the control on the adiabatic gate operation. Following the approach of,7 in Section 2 we describe tlie 
adiabatic geometric phase gate when the control is a two mode classical coherent field followed by a :.I dz l  v-bere 
the field is quantized. Since there exists no trivial solution of the Schrijdinger equation for either model, we have 
used numerical methods to solve these equations. In Section 3 we describe a quasi-classical approxim&ion and 
compare it to the numerical results. Using this approximation we derive analytical solutions of the quantized 
model. Finally, we discuss the entanglement of the gate and the purity of the state as a function of time with 

' 

various possible initial states of the qubit. 

2. ADIABATIC GEOMETRIC PHASE GATE 

The main difference of quantum logic gates over the gates used for classical computers is that their  pera at ion 
(quantum gates) is unitary and hence reversible. Reversibility means, that the initial state of the qubit can be 
transformed to the final state and back to the initial state without deleting or resetting the qubit and hence 
(in principle) without dissipating any heat. A potential obstacle for successful operation of these gates is the 
entanglement of the control system that turns on/off the gate with the qubit on which the gate operatiori 1s 
performed. 

Etecently it has been proposed, that if gates are adiabatic in nature, then their operation on the clubit will 
lead to the qubit acquiring a phase which is geometric in nature and hence is insensitive to certain forms of noise. 
By now, various studies have been performed for understanding the degree of sensitiveness of these phases. Sin? 
adiabatic gates take longer time to operate than the dynamic gates they may be more likely to get entangled 
with the control field. In this work we have found the time period for which this entanglement ca.11 t.2 ~vojded. 
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We consider a two-reservoir model of quantum error correction with a hot bath causing errors in the qubits 
and a cold bath cooling the ancilla qubits to a fiducial state. We consider error correction protocols both with 
and without measurement of the ancilla state. The error correction acts as a kind of refrigeration process to 
maintain the data qubits in a low entropy state by periomcally moving the entropy to the ancilla qubits and then 
to the cold reservoir. We quantify the performance of the error correction as a function of the reservoir 
temperatures and cooling rate by means of the fidelity and the residual entropy of the data qubits. We also make 
a comparison with the continuous quantum error correction model of Sarovar and Milburn [Phys. Rev. A 72, 
0 12306 (2005)l. 
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I. INTRODUCTION 

It is clear by now that the operation of a large-scale quan- 
tum computer will require some form of protection of the 
data qubits from decoherence arising from interaction with 
their environment and imperfect control fields which are ap- 
plied to cany out quantum logic gates. There are three meth- 
ods known to provide such protection--quantum error cor- 
recting codes [I-81, decoherence-free subspaces [9-131, and 
dynamical suppression of decoherence [14]. 

In this paper, we focus on the role of ancilla preparation in 
a quantum error correction protocol. We consider a situation 
where the ancilla qubits are reset to a fiducial state by cou- 
pling them to a cold reservoir. We model the source of errors 
as a hot reservoir coupling to both the data and ancilla qu- 
bits. This system can be viewed as a kind of refrigerator 
where the data qubits are preserved in a low entropy state via 
the error correction protocol with the excess entropy being 
dumped into the cold reservoir when the ancilla qubits are 
reset. The performance of the code then depends critically 
upon the rate at which this cycle can be performed. The 
resetting of the ancilla qubits also requires an energy input of 
at least k,T log 2 per bit of information erased where T is the 
temperature of the environment into which the information is 
lost [15,16]. This defines a minimum energy cost for running 
the error correction protocol which is different from that con- 
sidered by one of the authors in Ref. [17]. 

In a real system it may not be practical to control the 
coupling of the ancilla qubits to a cold reservoir at will. It 
may be necessary to use an active cooling method which 
could be similar to that analyzed in [18]. Nevertheless, we 
model the cooling of the ancilla qubits as a coupling to a 
thermal reservoir in this paper. 

The paper is laid out as follows. The physical system is 
described in Sec. I1 along with the master equation describ- 
ing the coupling to the reservoirs. The error correction pro- 
tocol with measurement is analyzed in Sec. IIl. In Sec. N we 
describe error correction without measurement and make a 

comparison with the continuous error correction described in 
[19] followed by a discussion and conclusions in Sec. V. 

11. THE PHYSICAL SYSTEM 

We model a physical implementation of the three-bit rep- 
etition code protecting against bit-flip errors consisting of six 
individually addressable qubits, perhaps contained in an ion 
trap or array of ion microtraps. For simplicity we assume that 
the logical 10) and 11) states are degenerate and coherent 
transitions are achieved by two-photon Raman pulses. 

The accumulation of bit-flip errors in the qubits is mod- 
eled by a coupling to a hot thermal reservoir. Ln practice, 
errors arise due to a noisy environment and imperfect control 
fields applied to the qubits. Here we simply replace these 
specific sources of errors with a coupling to a thermal reser- 
voir with an effective temperature. The important parameter 
is the heating rate yh at which each qubit accumulates errors. 
For qubits with degenerate logical states 10) and 11). such a 
coupling g v e s  rise to a completely mixed steady state. 
Quantum error correction slows the rate at which errors ac- 
cumulate. 

The interaction Hamiltonian for the system is 

where oi, is a Pauli pseudospin operator acting on the ith 
qubit, H, is the Hadamard operator acting on the ith qubit, 
and Pij is the two-qubit phase shift operator 

represented in the computational subspace of qubits i and j. 
This type of operator can be realized, for example, by apply- 
ing a state-dependent force on a pair of ions in separalt: mi- 
crotraps [20-221. We make the simplifying assumption that 
the pushing gate can be carried out between any pair of qu- 
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We study the performance of an adiabatic geometric phase gate with a quantized driving field numerically 
and develop an analytical approximation that shows how the qubit becomes entangled with the driving field. 
Th~s results in a scaling of the gate error probability versus the energy in the control field that has the same 
form as that found for dynamic, nonadiabatic gates, but with a prefactor that would typically be several orders 
of maptude larger, because of the adiabaticity constraint. In the approximation we have used, whch should 
be valid for suficiently large control fields, the main source of decoherence (and hence error) is the "whch 
path" information canied by the photons that would be radiated by the driven qubit. 

DOI: 10.1103/PhysRevA.74.052337 PACS number(s): 03.67.L~. 42.50.Ct 

It was first suggested by Zanardi and Rasetti [l], that the 
Berry phase (non-Abelian holonomy) [2-41 might, in prin- 
ciple, provide a novel way for implementing universal quan- 
tum computation. They showed that by encoding quantum 
information in a degenerate eigenspace of the Hamiltonian H 
one can in principle achieve the full quantum computational 
power by using holonomies only. It was then thought that 
since Berry's phase is a purely geometrical effect, it would 
be resilient to certain errors and might provide a way to 
perform intrinsically fault-tolerant quantum gate operations. 
A detailed theory behind the implementation of geometric 
computation was developed in ~ e f .  [5], and an implementa- 
tion of a conditional phase gate in NMR was shown in Ref. 
[6] .  Since then, various studies of the robustness of geomet- 
ric gates under different kinds of noise have been performed 
[7-101. Many examples of possible implementations of geo- 
metric gates in other systems may also be found in the 
literature [lo-1 31. 

In this paper, we wish to study the performance of an 
adiabatic, geometric phase gate, of the type discussed in 
Refs. [5,7,8], when the control field is quantized. This is part 
of a general program to study the limitations to quantum 
logic that arise from the quantum nature of the control sys- 
tems such as electromagnetic fields [14]. A result that covers 
many types of gates that violate a certain conservation law 
was rigorously proved recently in [15], but the particular 
kind of phase gate to be considered here is not directly cov- 
ered by that result, since the transformation operator (essen- 
tially, uz) commutes with the relevant conserved quantity. 
Constraints having the same form, however, can also be 
shown to arise, in ordinary "dynamical" gates, from the fluc- 
tuations in either the phase or the intensity of the control 
fields [16], or from the entanglement of the qubit with the 
field [17]; hence the present work can be regarded as a study 
of the sensitivity of adiabatic geometric gates to these kinds 
of effects. 

Our model is very different from the previous studies of 
geometric gates with quantized fields reported in Refs. 

*Electronic address: jgeabana@uark.edu 

[18,19]. In those papers, a geometric gate was applied to a 
joint system of a qubit and one or two quantized field modes, 
by assuming that their joint Hamiltonian was varied by some 
(unspecified) external means. In this sense, therefore, what 
we would call the "control" field here was not really quan- 
tized in those schemes. In contrast, in the treatment that fol- 
lows the qubit-quantum field system is taken to be entirely 
self-contained; there are no external parameters to be varied, 
and the evolution of the system is solely due to the fact that 
the field is assumed to be initially prepared in a multimode 
coherent state, whose Fourier amplitudes are chosen so as to 
yield the right timedependent Rabi vector, to steer the qubit 
along the desired path on the Bloch sphere. 

An important consequence of our approach is that the 
assumed qubit-field interaction naturally works in both direc- 
tions: the same coupling that allows the field to influence the 
evolution of the qubit also allows the qubit to radiate into the 
available field modes. As we shall show below, this intro- 
duces an important source of decoherence that was not 
considered in previous studies. 

The paper is structured as follows. In Sec. II, we give a 
very brief overview of the operation of the phase gate in Ref. 
[S] with a classical field. In Sec. III we discuss the quantized- 
field case. We first introduce the relevant Hamiltonian and 
show results of numerical calculations with two and three 
quantum modes, and then develop an analytical approxima- 
tion that allows us to derive a general result valid for a con- 
trol field with an arbitrary (but still adiabatic) time depen- 
dence. Section IV is devoted to a discussion of this result and 
also contains our conclusions. 

11. SEMICLASSlCAL SYSTEM 

For a qubit with basis states (0) and Il), and with the 
convention uz= 10)(01- 11)(1), we write the Harniltonian for 
time evolution, in an appropriate interaction picture, as 

a " - W  W ,  
H=- a, + - (cos q5ux + sin +a,). 

2 2 
(1) 

Here wl  represents the (real) amplitude of the external con- 
trol field (for instance, a magnetic rf field, in an NMR ex- 
periment); 4 is its phase, and w is its frequency, whereas hw,  
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We show that if an electromagnetic energy pulse in a multimode coherent state with average photon number 
ii is used to carry out the same quantum logical operation on a set of N atoms, either simultaneously or 
sequentially, the overall error probability in the worst-case scenario (i.e., maximized over all the possible initial 
atomic states) scales as ~ l l i i .  This means that in order to keep the error probability bounded by NE, with E 

- llii, one needs to use Nii photons or, equivalently, N separate "minimumenergy" pulses: in this sense the 
pulses cannot, in general, be shared. The origin of this phenomenon is found in atom-field entanglement. These 
results may have important consequences for quantum logic and, in particular, for large-scale quantum 
computation. 

DOI: 10.1103/PhysRevA.74.060301 PACS number(s): 03.67.L~. 03.65.Ta. 42.50.Ct. 42.50.D~ 

There is by now a substantial amount of evidence [1,2] 
that an elementary quantum logical operation on a qubit re- 
quires a minimum amount of energy which is inversely pro- 
portional to the acceptable error probability E. This has been 
most extensively studied for atomic systems interacting with 
an electromagnetic-pulse control field [3-61 with the generic 
result that the enor  probability scales as the inverse of the 
number of photons in the (quantized) pulse. 

A question that has not so far been addressed is whether 
this minimum energy must truly be dedicated to each qubit 
and each operation or whether it could be shared by two or 
more qubits on which one wanted to perform a given opera- 
tion, either sequentially or simultaneously. Intuitively, one 
would expect the latter to be the case: if a pulse of light 
containing, say, lo5 photons has just interacted with an atom 

would expect for N independent processes, but as ~ ~ l i i .  This 
means that in order to keep the maximum error probability 
bounded by NE, with E- l l i i ,  one needs to use a total of NIE 
photons-that is to say, the energy equivalent to N separate 
"minimum-energy pulses." 

The most general proof of this result makes use of the 
methods of [6,10] and applies to a system of N atoms inter- 
acting with an arbitrary set of quantized field modes via a 
Hamiltonian of the form 

that may at most add or subtract one photon to the field, one 
would not expect this very small change to make a substan- Here the gk are coupling constants and the Uk,; are arbitrary 

tial difference if the same pulse is used later to act on another mode functions. evaluated at the positions (indexed by i )  of 

atom, *Iso, it is a fact (and this point will be elaborated on the atoms. We use the convention ui~Ie)~=Ie)~. 

later) that, for an atom or ion in free space, the most impor- where (e); = is the excited state of the ith two-level atom. 

tant consequence of field quantization is spontaneous emis- The model (1) is extremely general, and it can easily be 

sion [7-91; from this perspective, all that should matter is to further generalized to cover multilevel atoms and Raman- 

have a sufficiently large electric field at the location of the type processes (see [6] for details); in particular, it includes 

atom, so as to complete the operation before it can decay, SPo"ta"eo's emission i m ~ l i c i t l ~ ~  by the Presence of ¶"an- 

and there appears to be no reason why two or more atoms vacuum modes. 

should not be able to share this field, for a sufficiently long The key property of the Hamiltonian (1) is that it has a 

or wide pulse, without an appreciable increase in the error conserved quantity: namely, 

rate. 
In contrast to these very reasonable expectations, we 

1 
~ = ~ , + ~ ~ = - x u , ~ + x a : a ~ ,  

2 I = ,  k 
(2) 

show here that a minimum-energy pulse cannot, in general, 
be shared as described above: specifically, the result to be where L~ is an atomic operator and L2 a field operator, sup- 
proven is that if the same (multimode coherent-state) pulse, pose we want to use the ~ ~ ~ i l ~ ~ ~ i ~  (1) to implement a 
with average photon number ii, is used to carry out the same c e ~ n  quantum logical operation so that, after a time 
quantum logical operation on a set of N identical atoms, (omitted below for simplicity), the evolution operator u 
either simultaneOusl~ or sequentially, the overall error prob- is as close as possible to some desired uidca,, We can get 
ability in the worst-case scenario (i.e., maximized over all an idea of how successful the procedure is by loolung at 
the possible initial atomic states) scales, not as Nlii, as one how an atomic operator A is transformed and, specifically, 

at the difference D =  u ~ A u - u ~ ~ , , , A u , ~ ~ ~ .  If we choose 
A so that it commutes with L1, the methods of [6] 

*Electronic address: jgeabana@uark.edu can be used to show that one must have (D2)2u(0) '  
'~lectronic address: ozawa@math.is.tohoku.ac.jp 2 I([L,, u~~,&u~~, : I )~~Iu(L)~ ,  where u(.) stands for the 
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We explore the possibility of using pairs of quantum dots coupled by the dipole-dipole interaction as 
effective three- or four-level systems whose transmission for an optical beam at some frequency may be 
switched on or off using a second optical beam (electromagnetically induced transparency). We conclude that 
the characteristic interaction strengh and decay rates should allow for a demonstration of this effect in 
molecular beam epitaxy-grown bilayer InAslGaAs quantum dot structures. 

DOI: 10.1103/PhysRevB.74.165330 PACS number(s): 78.67.Hc, 71.35.Gg. 42.50.G~ 

I. INTRODUCTION dots, and can be represented by a term in the Hamiltonian of 
the form 

There has been recently much interest in the study of 
systems of pairs of coupled quantum dots,'-' where the cou- VD = iid' lee)(ee(. 
pling can be due to either tunneling or the electric dipole 

(2) 
- - 

interaction between excitons. In quantum wells, it has been 
shown both theoretically and experimentally that the cou- 
pling resulting from tunneling can be used for optical 
switching,' via a mechanism similar to Fano interference. In 
this paper, we point out that for quantum dots coupled by the 
dipole i n t e r a c t i ~ n ~ . ~ - ' ~  one may obtain effective three- or 
four-level systems where the techniques of electromagneti- 
cally induced transparency (EIT) could also be used for op- 
tical switching (see Ref. 5 for a proposal of coherent popu- 
lation transfer, an effect closely related to EIT, in tunneling- 
coupled quantum dots, and Ref. 11 for a demonstration of 
EIT in a single quantum well via biexciton coherence; a the- 
oretical treatment of EIT in a single quantum dot may be 
found in Ref. 12). 

In the' remainder of this Introduction we discuss the order 
of magnitude of the expected level splittings and the various 
level arrangements that may result.-In the next section we 
develop a simple analytical model showing the basic features 
of the switching scheme, and in the section following that we 
compare this model with more complete numerical calcula- 
tions. 

The dipole moment of a dot of size a may be taken to be 
of the order of eu and the dipole-dipole interaction energy 
between two dots separated by a distance r is then of the 
order of e 2 a 2 / 4 ~ ~ o r 3 .  As an example, if a = 4  nm and r 
=20 nm, this energy is of the order of 2.9 meV. 

Two mechanisms for dipole-dipole coupling have been 
discussed in the literature (see Ref. 7 for more details). The 
first, Forster energy transfer, involves the exchange of a vir- 
tual photon between dots separated by a distance smaller 
than the wavelength of light. This can be represented by a 
term in the Hamiltonian of the form 

where leg) (Ige)) represents the state in which there is an 
exciton in the first (second) dot, and hd is a constant of the 
order of magnitude discussed in the previous paragraph. 

The second mechanism involves a direct, static (Cou- 
lomb) interaction between the dipole moments of the excited 

The result of this term is to make the energy of the biexciton 
state lee) different from just the sum of the single exciton 
states leg) and (ge). 

As we shall show below, either term (1) or (2) can, under 
the appropriate circumstances, result in a level structure use- 
ful for optical switching. For clarity, we show this first ana- 
lpca l ly  considering each term separately, and the simple 
(but not very realistic) situation in which the single exciton 
states are degenerate in the absence of the interaction. In a 
more realistic scenario, the two dots will have different sizes 
and the states leg) and (ge) will not be degenerate even in the 
absence of the dipole-dipole interaction, but here again the 
addition of either term (1) or (2) results in a level structure in 
which optical switching is possible. The main requirement in 
all these cases is that the strength of the coupling, d or d' (in 
frequency units) be larger than the level widths y, as we shall 
see below analytically, and also numerically explore later. 

11. BASIC HAMILTONIAN AND COUPLING 
APPROACHES 

A. Switching for identical dots 

We adopt the following basic Hamiltonian, involving the 
lowering operators u,=)gi)(eil, i=a,b,  for each dot (Ig) 
stands for the ground state and Je) for the excited state), their 
Hermitian conjugates ut,  and two external fields represented 
by the Rabi frequencies 0, (for "probe") and a, (for "cou- 
pling"), in a suitable interaction picture: 

+ iid(u,u; + uiub)  + iid' lee)(eel. (3) 

Here the two dots have been assumed to be identical and to 
couple identically to the two fields, an assumption that will 
be relaxed later on. The detunings are therefore defined rela- 
tive to the energy fiwo of the single exciton state(s): A,, 
- -wP-wo, A,=wC-wg. 
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We present a theoretical treatment of the surprisingly large damping observed recently in one-dimensional 
Bose-Einstein atomic condensates in optical lattices. We show that timedependent Hartree-Fock-Bogoliubov 
(HFB) calculations can describe qualitatively the main features of the damping observed over a range of lattice 
depths. We also derive a formula of the fluctuation-dissipation type for the damping, based on a picture in 
which the coherent motion of the condensate atoms is disrupted as they try to flow through the random local 
potential created by the irregular motion of noncondensate atoms. When parameters for the characteristic 
strength and correlation times of the fluctuations, obtained from the HFB calculations, are substituted in the 
damping formula, we find very good agreement with the experimentally observed damping, as long as the 
lattice is shallow enough for the fraction of atoms in the Mott insulator phase to be negligible. We also include, 
for completeness, the results of other calculations based on the Gutzwiller ansatz, which appear to work better 
for the deeper lattices. 

D01: 10.1 103/PhysRevA.73.013605 PACS number(s): 03.75.Kk, 03.75.Lm 

I. INTRODUCTION 

The transport properties of atomic Bose-Einstein conden- 
sates have recently been the subject of much interest. In a 
pure harmonic trap, the dipole mode of the motion-where 
the cloud of atoms oscillates back and forth without altering 
its shape-is known to be stable. On the other hand, if an 
optical lattice is used to create a one-dimensional array of 
potential wells and barriers, one may find, even in a single- 
particle picture, a damping of the oscillations due to the non- 
quadratic nature of the resulting dispersion relation [l-61. 
When interactions between atoms are included, at the mean- 
field level, one finds dynamical instabilities [7] that may re- 
sult in a very large damping [8,9]. All these effects are, how- 
ever, only expected to be substantial when the 
quasimomentum of the cloud of atoms is sufficiently large 
(typically, of the order of d . 1 1 ,  where 1 1 2  is the lattice 
spacing). 

In recent experiments with '"Rb atoms [lO,11], confined 
to move in one-dimensional "tubes," a surprisingly large 
damping of the dipole mode was observed, fo r  very weak 
optical lattices and very small cloud displacements. We note 
that no (or very little) damping was observed for the same 
system in the absence of the tight transverse confinement 
[12,13]. In the experiments [lo], the oscillation frequency in 
the harmonic trap oo/27r was about 60 Hz, whereas the pho- 
ton recoil energy ~ ~ = h ~ / ( 2 n t h ~ )  corresponded lo a fre- 
quency ERlh=3.47 kHz. Under these conditions, for a shal- 
low lattice, the maximum displacement of the condensate in  
the experiment (7 to 8 lattice sites) should not result in a 
momentum larger than about O . l ( d l h ) ,  which is well 

*Email address: jgeabana@uark.edu 

within the quadratic part of the lattice dispersion curve. Like- 
wise, the quasimomentum spread arising from the finite size 
of the cloud itself was also quite small (of the order of 
2 d 1 1 3 A .  since the Thomas-Fermi radius of the cloud is 
about 131). 

Since these results were first presented (and, in some 
cases, predating them), a number of theoretical treatments 
have been put forward that, directly or indirectly, address 
various relevant aspects of the underlying dynamics, from 
different perspectives. It has been shown, for instance 
[14-161, that the momentum cutoff for the dynamical insta- 
bility may be substantially lowered for commensurate lat- 
tices, and, probably inore relevant for the experimental situ- 
ation, that the boundary between regular and irregular 
motion becomes "smeared out" due to quantum fluctuations. 
Numerical calculations based on a truncated Wigner repre- 
sentation [17] have also shown that the fraction of atoins 
with momenta in the unstable region can indeed cause damp- 
ing of the center of mass motion of the whole system. As we 
shall show below, this fraction is, in fact, a non-negligible 
number, for the experimental parameters, even for relatively 
shallow lattices, because of the large depletion caused by the 
very tight transverse confinement. 

In a recent series of papers [6,18], several of us have 
characterized the damping mechanisms that may dominate, 
for these systems, in different parameter ranges. Perhaps the 
most important conclusion of these papers is that the very 
deep lattices (lattice potential V larger than about 5E,) can 
be described very well by an extended fermionization model, 
in which most atoms localize in a Mott-insulator state with 
unit filling of the lattice, and the remaining atoms are free to 
move above the Mott state with a renormalized kinetic en- 
ergy. Both the atoms in the Mott state and the remaining 
atoms are treated as effective noninteracting fermions whose 
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Abstract 
A formalism is introduced to describe a number of physical processes that 
may break down the coherence of a matter wave over a characteristic length 
scale I. In a secondquantized description, an appropriate master equation 
for a set of bosonic 'modes' (such as atoms in a lattice, in a tight-binding 
approximation) is derived. Two kinds of 'localizing processes' are discussed 
in some detail and shown to lead to master equations of this general form: 
spontaneous emission, and modulation by external random potentials. Some 
of the dynamical consequences of these processes are considered: in particular, 
it is shown that they generically lead to a damping of the motion of the matter- 
wave currents, and may also cause a 'flattening' of the density distribution of 
a trapped condensate at rest. 

1. Introduction 

Experiments in which the wavefunction of a material particle (or system of particles) becomes 
delocalized, in a coherent way, over a relatively large region of space have become increasingly 
common in recent years,.eventually giving rise to the entire subdiscipline of matter-wave 
physics. The purpose of this paper is to characterize, and study some of the consequences 
of a number of physical processes that may break this long-range coherence, in particular, 
for large numbers of particles described in a secondquantized formalism. These (assumed 
random) events will be referred to here as 'localizing events' because, even though they do 
not necessarily pinpoint the actual position of the particle (as long as they go unobserved), the 
breakdown of coherence over a scale I results in a density operator that can be consistently 
interpreted as describing in ensemble of particles localized in regions of space of a size -1, 
centred at some unknown point(s) xo, with the xo ranging over the region occupied by the 
original coherent wavefunction. 
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We study the performance of the 3-qubit decoherence-free subsystem and the Cqubit 
decoherence-free subspace in the presence of partially correlated noise. We characterize 
their performance in terms of the average and worst-case fidelity, as a function of the ratio 
of the interqubit distance to the correlation length of the noise, and find that, in general, 
more symmetric arrangements (triangles or squares) lead to better performance. Overall, 
we find the 3-qubit code to perform better than the Cqubit code by about a factor of 2 
in the average infidelity. We observe that this is related to the greater robustness of this 
code against uncorrelated (independent) errors. 

Keywords: Quantum computation, decoherence-free subspaces 

Communicated by: R Cleve & A Imamoglu 

1. Introduct ion 

By now various schemes have been proposed to deal with the problem of decoherence in quan- 
tum computers [I]. Some of these schemes are: (1) Quantum error-correcting codes (QECCs) 
[2, 3j, concatenated for fault tolerance; (2) DFS (decoherence free subsystem/subspace) 
[4, 5, 61; (3) dynamical decoupling methods 171. In the DFS scheme (see [8] for an exten- 
sive review), the information is stored in a subsystem/subspace which decouples from the 
environment due to symmetry between the system and the environment and therefore en- 
coded information stays protected for a long period of time. Originally it was thought that 
these systems would be good candidates for quantum memory; later it was found that fault- 
tolerant computations [9, 101 can also be done on the DFS. Hence, these systems provide a 
good solution to the problem of decoherence as long as symmetry conditions can be obtained 
physically and maintained for a long period of time. But the symmetry conditions are strin- 
gent and difficult to obtain physically for large scale computations. In spite of this, DFSs have 
been considered as a good approach towards finding a solution to  the problem of decoherence. 

The smallest DF subsystem in which a qubit can be encoded is a three-qubit system [6,11], 
whereas the smallest subspace is a four-qubit system. Therefore, the subsystem is a better 
candidate over the subspace in terms of lesser number of qubits requirement. In this work 
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Abstract: We investigate steady state entanglement in an open quantum 
system, specifically a single atom in a driven optical cavity with cavity 
loss and spontaneous emission. The system reaches a steady pure state 
when driven very weakly. Under these conditions, there is an optimal 
value for atom-field coupling to maximize entanglement, as larger coupling 
favors a loss port due to the cavity enhanced spontaneous emission. We 
address ways to implement measurements of entanglement witnesses 
and find that normalized cross-correlation functions are indicators of the 
entanglement in the system. The magnitude of the equal time intensity-field 
cross correlation between the transmitted field of the cavity and the fluo- 
rescence intensity is proportional to the concurrence for weak driving fields. 
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ABSTRACT 
We explore the entanglement between a single atom and a single, resonant field mode of a driven optical cavit.y, 
focusi~ig on the strorig driving regime. We show that, in the absence of spontaneous emission, there are special 
initial conditions that lead to approximately disentangled trajectories, whereas spontaneous ernissiol~ results in 
coherent superpositions of such trajectories that may lead to (transient) near-maximally entangled atoxn-fidd 
states. We also discuss the possibility of using a special "asymmetric" field correlation function to track the time 
evolution of this entanglement. 

Keywords:  cavity quantum electrodynamics, entanglement, quantum optics, fluctuations 

1. INTRODUCTION 
The capability to manipulate, with high precision, individual quant,um systems is one of t,he most salient features 
of the current state of experimental physics, in many different fields. In quantum optics, in particular, it is 110 

longer orlt of t,he question to envision optical micr~cavit~ies containing a fixed, small nrimber of atoms, held 
stationary i r ~  space and interacting for long times with the cavity field, with couplilig constants comparable to , 

or larger than the decoherence rates due to cavity losses or spontaneous emission. Indeed, such systems ,Ire 
currently being proposed for quantum information processir~g i r ~  various forrns. An attractive feature of cav~ties 
is that they are a natural place to convert atom qubits into photori qubits1~2-the former being best suited for 
memory purposes, the latter for transporting information from one location to another. 

Motivated by these current experimental prospects, as well as by the potential applications, we have invcsti- 
gated the atom-field entallglernent in one of the simplest of all cavity qunntum electrodyr~axnics (QED) syste~ns, 
namely, a single atom in a resonant single-mode driven cavity. Some aspects of this work are very similar to 
the work done a long time ago by one of us3 on the closed version of this system, the Jaynes-Cummings moclel, 
which has inspired a recent experimental dem~ns t ra t ion ,~  involving Rydberg atoms and superconducting c a ~ \ ~ -  
ities. The key difference is that in the case under consideration here the cavity is driven by an external field, 
and consequently the system is intrinsically open, with photon losses occurring, a t  a minimum, at the location 
of the coupling mirror. I t  is thus somewhat remarkable to find that, as we shall show below, in the absence of .' 
spontaneous emission, approximately separable (disentangled) trajectories also exist, and are relatively long-Iii-ec-l 
in this system. 

We are also interested in exploiting the open nature of the system in order to collect information about 
it. Hence, we wish to explore the connections between t,he correlation functions of traditional quanLull 
(including some recent additions to thls family5) and such quantities as the entanglement and purity of I hc 
field-at,om system. 

The particular syst,em we shall describe here has been studied from many different per~pect~ives by many 
authors, through the years, and we shall not at,t,empt t,o provide here an exha~lst~ive overview. Primarily, we shall . I. . 
rely, t.o a certain extent, on the work of Alsing, Carmichael, and co- worker^.^ We note that some very interesting . ; 
previous studies of this syst,em have assumed a regime somewhat different from the one we are considering here. ' ' ' 
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Abstract 
We explore the connections between the constraints on the precision of 
quantum logical operations that arise from a conservation law, and those 
arising from quantum field fluctuations. We show that the 
conservation-law-based constraints apply in a number of situations of 
experimental interest, such a s  Raman excitations, and atoms in free space 
interacting with the multimode vacuum. W e  also show that, for these 
systems, and for states with a sufficiently large photon number, the 
conservation-law-based constraint represents an ultimate limit closely 
related to  the fluctuations in the quantum field phase. 

Keywords: quantum computation, conservation laws, quantum field 
fluctuations 

1. Introduction 

It was pointed out in [ l ]  that, when trying to do quantum logic 
with a quantized field, three possible kinds of errors could 
arise: errors due to qubitaeld entanglement (a point also 
made in [2]), to field phase fluctuations, and to field amplitude 
fluctuations. The last two are easy to separate from each other, 
but it is not immediately clear how they relate to the first. 

Almost simultaneously, and quite independently, it was 
also pointed out [3] that the existence of a conservation law, 
which holds for many of these quantized-field systems, would 
also constrain the accuracy achievable in some quantum logical 
gates. It is natural to ask how this result may relate to those 
derived in [I.] by very different methods, and this is, broadly 
speaking, the purpose of the present paper. 

The remainder of this introductory section is devoted to 
some preliminary observations, followed by a brief summary 
of the rest of the paper's sections and results. 

It seems that the conservation-law-induced quantum 
limit (which we shall abbreviate as CQL from now on, 
for consistency with [4]) is most directly related to the 
entanglement error: if the conservation law is of the form 

(f) iu ,  + at, = const (1 

then it is impossible, starting from a factorized state that is 
an eigenstate of o,, to produce a pure eigenstate of o,-that 
is, to accomplish a transformation like 10) + (10) + I l ) ) / A  
without getting entangled with the field. Intuitively, it is clear 
that if the transition from 10) to 11) requires the absorption of a 
photon, then the state of the field associated with the state 11) 
in the above superposition will, in general, be mfferent from 
the state associated with 10). Nonetheless, the actual amount 
of entanglement depends on the field state and the coupling 
assumed, and the question has proved to be somewhat subtle 
(in particular, for coherent field states, which are not changed 
by the loss of one photon). We refer readers to the work of 
Silberfarb and Deutsch [5] on this question, and also to the 
papers [64] for other related aspects of the controversy. (We 
will comment later on another issue that was clarified in [6,8], 
namely, the relationship between the constraints in [I] and 
those posed by spontaneous emission for an atom in free space.) 

There is still the question of how this relates to phase 
andlor amplitude fluctuations. The form of the CQL is (in a 
way that we shall make precise later; see section 2) 

14644266/05/100326+07$30.00 0 2005 IOP Publishing Ltd Printed in the UK S336 
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We present a variation on the Szilard one-atom engine "paradox," in which an adiabatic 
(in the quantum-mechanical sense) splitting of the container removes the need for a 
demon or measurement. We show that the solution depends on an interesting difference 
between the energetic cost of raising partitions in quantum and classical containers. 

Keywords: Szilard demon; second law. 

1. Introduction 

The Szilard one-atom (or one-molecule) engine [l] is a sort of Maxwell demon that 
apparently offers a way to get around the second law of thermodynamics. Very 
briefly, the paradox goes like this: one has a single atom in a container of length 
L. At some point, one places a partition in the middle of the container. This does 
not change the energy of the particle (and hence its temperature T) ;  however, the 
"pressure" it exerts on the walls is doubled, since the volume is halved. 

One then allows the partition to move slowly, so the atom can do work on it 
isothermally (the container is placed in thermal contact with a reservoir at tem- 
perature T) .  By the time the partition has moved all the way to the end of the 
container, the system is back to  the initial state, and an amount of heat, extracted 
from the thermal reservoir, has been entirely converted into work. 

The problem has a long history, which is covered in detail in the book by Leff and 
Rex [2]. The solution, as in the case of the original Maxwell demon, is that in order 
for the engine to  operate properly someone (a "Szilard demon") needs to ascertain 
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Recent experiments on quantum behavior in microfabricated solid-state systems suggest tantalizing connec- 
tions to quantum optics. Several of these experiments address the prototypical problem of cavity quantum 
electrodynamics: a two-level system coupled to a quantum hannonic oscillator. Such devices may allow the 
exploration of parameter regimes outside the near-resonance and weak-coupling assumptions of the ubiquitous 
rotating-wave approximation (RWA), necessitating other theoretical approaches. One such approach is an 
adiabatic approximation in the limit that the oscillator frequency is much larger than the characteristic fre- 
quency of the two-level system. A derivation of the approximation is presented, together with a discussion of 
its applicability in a system consisting of a Cooper-pair box coupled to a nanomechanical resonator. Within this 
approximation the time evolution of the two-level-system occupation probability is calculated using both 
thermal- and coherent-state initial conditions for the oscillator, focusing particularly on collapse and revival 
phenomena. For thermal-state initial conditions parameter regimes are found in which collapse and revival 
regions may be clearly distinguished, unlike the erratic evolution of the thermal-state RWA model. Coherenl- 
state initial conditions lead to complex behavior, which exhibits sensitive dependence on the coupling strength 
and the initial amplitude of the oscillator state. One feature of the regime considered here is that closed-form 
evaluation of the time evolution may be canied out in the weakcoupling limit, which provides insight into the 
differences between the thermal- and coherent-state models. Finally, potential experimental observations in 
solid-state systems, particularly the Cooper-pair box-nanomechanical resonator system, are discussed and 
found to be promising. 

DOI: 10.1 103/PhysRevB.72.195410 PACS number(s): 42.50.Md, 42.50.H~. 85.25.Cp, 85.85.+j 

One of the simplest fully quantum-mechanical systems 
consists of a harmonic oscillator coupled to a two-level 
(spinlike) system. Introduced in 1963 by Jaynes and 
Curnmings,' this model has yet to be completely solved de- 
spite its apparent simplicity. The approach taken by the origi- 
nal authors, known as the rotating-wave approximation 
(RWA), relies upon the assumptions of near resonance and 
weak coupling between the two systems. The RWA is widely 
used because it is readily solvable and describes quite accu- 
rately the standard physical realization of such a system: an 
atom coupled to a field mode of an electromagnetic cavity. In 
this experimental situation, the coupling strength between 
the atom and field is largely determined by the intrinsic di- 
pole moment of the atom; for all experiments to date, the 
coupling strength A is very small compared to the atomic 
transition frequency w (Alw - lo-'- 10").~.~ The near- 
resonance condition is necessary to ensure the validity of the 
two-level description of the atom. Thus the RWA is a natural, 
and excellent, approximation in such a system. 

Quantum-limited solid-state devices offer an alternative to 
the traditional atom-cavity implementation of the spin- 
oscillator system. Recent experiments have shown clear 
spectroscopic evidence that a Cooper-pair box (CPB), or Jo- 
sephson charge qubit, coupled to a superconducting trans- 
mission line behaves much like an atom in a cavity. The 
dipole coupling between the two systems is h / w =  3-4 

orders of magnitude larger than that achieved in atomic 
~ ~ s t e m s . ~ ~ '  Capacitive or inductive couplings offer the possi- 
bility of still larger coupling strengths than those possible 
with dipole coupling, even at large detunings between the 
fundamental frequencies of the oscillator and the two-level 
system. Some results from a flux-based, inductively coupled 
system give preliminary evidence for coupled quantum be- 
havior and entanglement between the two-level system and 
the o~ci l la tor .~ Another intriguing possibility involves capaci- 
tively coupling a CPB (Refs. 7-9) or a Josephson phase 
qubitI0 to a nanomechanical resonator (NR). All of these 
systems are capable of accessing coupling strengths and de- 
tunings outside the regime in which the RWA is valid, requir- 
ing different theoretical approaches to the problem. For ex- 
ample, Ref. 10 details a perturbative treatment which is valid 
for moderately strong coupling ( h I w s 0 . 3 )  at zero detuning. 

In this paper we discuss an approximation which is able to 
treat strong coupling and large detuning. It is valid when the 
splitting frequency of the two-level system is much smaller 
than the frequency of the oscillator and holds well even for 
coupling strengths up to or larger than the oscillator fre- 
quency. The approximation is used to examine the time evo- 
lution of the two-level system when the harmonic oscillator 
begins in a thermal state or a coherent state. Several effects 
of the coupling to the oscillator are distinguished, including 
enhanced apparent decoherence rates, frequency modifica- 
tion, and collapse and revivals of Rabi oscillations. We focus 
particularly on collapses and revivals in this model. 
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We are facing a slowing down ofthe evolution of microprocessor 
performance. This is part o f a  more general slowing down which 
is indicated by, among others, the fact that IBM has recently given 
up its PC market. By applying the principles ofphysics, we discuss 
some characteristic features of the current situation and consider if 
some exotic new technologies such as nanoelectmnics or quantum 
computing would be able to save w fmm this slowdown. 

Keywords-Energy, error rate, miniaturization, Moore's law, 
quantum computing, quantum information. 

Miniaturization is important for increasing the bandwidth 
(clock frequency) and complexity of microprocessors. Both 
factors have direct relation to the performance. In 1965, 
Moore observed that integrated circuit complexity evolved 
exponentially [I], [2], which meant that the performance 
also grew exponentially in time. As a consequence of 
this observation, a scaling algorithm was developed in 
the 1970s, stating that device feature (characteristic) sizes 
would decrease by a factor of 0.7 every three years. The 
silicon industry has been following Moore's law, though the 
exponents had to be reiterated a few times. The chip size 
has been kept constant; thus, the number of transistors scale 
inversely with the square of the characteristic device size. 
The International Roadmap of Semiconductors defines the 
DRAM half-pitch as the characteristic size of rniniaturiza- 
tion. Today, Intel's Pentium's characteristic sizes are around 
90 nm. 

Moore's law had probably not much to do with physics, 
but it was rather dictated by the growth of semiconductor in- 
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dustry. In a way, it has been a self-preserving rule because 
the planning of technological development has made strong 
efforts to keep to the exponential evolution of miniaturiza- 
tion. Because this evolution was related to increasing profit, 
the perspectives of exponentially growing profit have been 
very attractive to investors. Therefore, there is a strong bias 
around Moore's law in many articles in the media because 
doubts about the validity of the "law" can negatively influ- 
ence share prices. However, we are confident that at the end 
of Moore's law, physics apparently has a great role, although 
economy is also playing a decisive role at the actual break 
of such law. If we disregard negative profit and keep on in- 
vesting enough money, the "law" could still be followed for 
some time. However, that time will not be too long. 

Concerning fundamental physical principles, statistical 
physics is at hand to pose limits on Moore's law and on 
the performance of processors. In 2002, it was predicted 
[3] by one of us that, eventually, the synergic effects of the 
increasing thermal noise, heat dissipation and bandwidth 
during miniaturization would manifest themselves in either 
a high bit-error rate or chip overheating. In his presentations, 
R. Cavin, the Vice President of Semiconductor Research 
Corporation, has basically anived at similar conclusions 
while approaching the problem from other angles [4]. Based 
on recent trends, an estimation was made [3] and this 
noise-based break of Moore's law was predicted to take 
place around 30-40 nm, which was expected to be reached 
around 2008-20 10. 

Surprisingly, a break of Moore's law took place much ear- 
lier, at the summer of 2004, when Intel failed to move from 
90 to 60 nm. In the media, reports were talking about heat,  
bit-errors, and leakage current problems. The ultimate solu- 
tion was that INTEL abandoned the increasing of the clock 
frequency and the miniaturization for the moment and moves 
toward dual-core processors. This situation is an apparent 
break of Moore's law already at 90 nm, and only the future 
can show it if it is a temporary break or the ultimate one. We 
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For an atom in an externally driven cavity, we show that special initial states lead to near-disentangled 
atom-field evolution, and superpositions of these can lead to near maximally entangled states. Somewhat 
counterintutively, we find that (moderate) spontaneous emission in this system actually leads to a transient 
increase in entanglement beyond the steady-state value. We also show that a particular field correlation 
function could be used, in an experimental setting, to track the time evolution of this entanglement. 
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In a recent, beautiful experiment, Auffeves and co- 
workers [I]  have verified the prediction [2] that, for a 
two-level atom interacting with a single mode of the elec- 
tromagnetic field, in a coherent state with a moderately 
large number of photons, the natural evolution of the 
system leads to an entangled, "Schrijdinger catw-like state 
in which two different states of the atom are correlated 
with two distinguishable states of the field. Interestingly, 
the possibility of preparing such entangled superpositions 
in the above system (which is described by the so-called 
Jaynes-Cummings model, or JCM) arises from the exis- 
tence of special trajectories along which the joint evolution 
of field and atom is to a good approximation unentangled, 
i.e., factorizable. It is the coherent superposition of such 
trajectories that results in an entangled state. 

The purpose of this Letter is to show that a similar 
situation arises in a related system of interest, namely, a 
single atom in an externally driven optical cavity. Optical 
cavities with atoms have been proposed for quantum in- 
formation processing [3]. These systems intrinsically con- 
vert matter qubits into light qubits, the natural means of 
information exchange, and so the generation and charac- 
terization of large atom-field entanglement in this system is 
of importance as a (small) first step towards such applica- 
tions. Furthermore, the present model has a number of 
distinctive features that make it of fundamental interest. 
Unlike the JCM, it is an open system, yet, as we shall see, 
approximately factorizable trajectories exist in the absence 
of spontaneous emission. Additionally, and somewhat sur- 
prisingly, we find that the inclusion of spontaneous ernis- 
sion actually helps to create transient entangled states that 
are typically more entangled than the steady state. We also 
show that there is a particular field correlation function that 
might be used to keep track, in "real time," of the physical 
processes responsible for the evolution of this entangled 
state. (There seems to be a growing interest in exploring 
the connections between "quantum opticsv-style correla- 
tion functions and entanglement; see, e.g., [4], and refer- 
ences therein.) 

Although this system has been studied before in great 
detail (see, e.g., [5,6]), the transient regime we are inter- 
ested in here has escaped attention in most of these pre- 
vious studies, because they make use of a "secular 
approximation" on the Rabi frequency that results in an 
atom-field state that is explicitly disentangled at all times. 
An important exception is [7], where the splitting of the 
field states in phase space, that plays an essential role in 
what follows, was explicitly discussed and illustrated (see, 
in particular, Fig. 10.8 of [7] and compare it to Eq. (7) 
below), although the question of entanglement was not 
quantitatively addressed there. (But see [8] for a very 
recent discussion.) 

The starting point for our analysis is the following 
master equation for the joint atom-field density operator p :  

Here, g is the atom-cavity field coupling constant, at and a 
are creation and annihilation operators, u- and u+ are the 
atom's raising and lowering operators, & is the amplitude 
of the external, driving field, K is the cavity loss rate, and y 
is the spontaneous emission rate. 

It was first shown in [9] that, in the absence of sponta- 
neous emission, approximately unentangled, quasi-pure- 
state trajectories for this system are obtained whenever 
the initial joint atom-field state is of the form 

where ( e )  and Ig) are the atomic excited and ground states, 
respectively, and Iroe-'dll) is a field coherent state of 
arbitrary amplitude ro and phase 40. Trajectories starting 
from these special states remain approximately factoriz- 
able and quasipure for fairly long times, in spite of the 
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Quantum error correction against correlated noise 
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We consider quantum error correction against correlated noise using simple and concatenated Calderbank- 
Shor-Steane codes as well as n-qubit repetition codes. We characterize the performance of various codes by 
means of the fidelity following the error correction of a single logical qubit in a quantum register. For 
concatenated codes we find a threshold in the single-qubit error rate below which the encoded qubit is perfectly 
protected. The threshold depends on the correlation strength of the noise and goes to zero for perfect coi.rela- 
tion. Finally, we concatenate the traditional error correcting codes with a decoherence free subspace and 
evaluate the performance over the whole range from uncorrelated noise to perfectly correlated noise. 

DOI: 10.1103/PhysRevA.69.062313 

I. INTRODUCTION 

It is clear by now that the operation of a large-scale quan- 
tum computer will require some form of protection from 
decoherence arising from the interaction with a noisy envi- 
ronment, imperfect logical gates, and noisy control fields. 
There are three methods known to provide such protcction- 
quantum error correcting codes [I-81. decoherence free sub- 
spaces [9-131, and dynamical suppression of decoherence 
[14]. The quantum error correcting codes have been devel- 
oped under the assumption that errors affect different qubits 
independently. On the other hand, decoherence free sub- 
spaces arise due to the symmetric coupling of the environ- 
ment to all the qubits when errors are perfectly correlated. In 
a ph) sical realization of a quantum information proccssor the 
sources of noise will generally have a finite correlation 
length and time leading to partially correlated errors affect- 
ing qubits at different locations and different times In this 
paper we focus on spatially correlated errors and investigate 
the performance of error correcting codes and decoherence 
free subspaces in both simple and concatenated forms for 
arbitrary correlations of the environment. 

This work is a preliminary characterization of the effects 
of correlated noise using the simplest possible model for the 
en\ ironment and quantum information processor. In particu- 
lar. we restrict our attention to a single logical qubit in a 
quantum register. Furthermore, we assume that the process 
of syndrome extraction and error correction proceeds 
perfectly-i.e., without introducing any additional errors. 
The environment is modeled as a set of fluctuating classical 
fields. Despite these simplifications we are able to assess the 
effect of partially correlated errors on the performance of 
error correcting codes and decoherence free subspaces. Our 
resul ts-an enhanced probability for mu1 tiple-qu bit errors- 
call be applied in the context of a fault-tolerant error correc- 
tion protocol in a straightforward manner, providing a lower 
bound on the enhancement of  the failure probability due to 
the correlations. 

The layout of the paper is as folIows. In Sec. I1 we inves- 
tlgate severaI error correcting codes in their simple (uncon- 
catenated) form. We consider concatenation of the three-bit 
repetition code, the [[7,1,3]] Hamming code, and the 
[23. 1,711 Golay code in Sec. 111, where the notation ([n,k.dl 
indicates k loglcal qubits encoded into n physical qubits us- 

PACS number(s): 03.67.Pp, 03.67.L~ 

ing a distance d code. In Sec. IV we consider concatenating 
a decoherence free subspace with the three-bit repetition 
code and we conclude in Sec. V. 

11. SIMPLE CALDERBANK-SHOR-STEAR'E CODES 

A. Physical model 

In order to explore the effects of correlated noise in quan- 
tum error correction we consider the simplest possible ex- 
ample. We consider a quantum register consisting of a single 
logical qubit in an arbitrary state encoded into n physical 
qubits by means of an error correcting code. We assume that 
the encoding proceeds perfectly. The physical qubits interact 
with a noisy environment through the interaction Hamil- 
tonian 

where the fields E,(r)=El(r)exp[iq5(r)] are a set of Gaussian 
random variables characterized by the correlations 
(&:(r)&,(f+ 7)). In order to analyze repetition codes we re- 
strict the phase of the noise to &l(r)=O while for general 
Calderbank-Shor-Steane (CSS) codes we do not restrict the 
phase. 

The use of classical noise fields simplifies the calculations 
but should not be viewed as a fundamental limitation of our 
treatment. It is quite likely that in a physical implementation 
of a quantum computer there will be external electric or mag- 
netic fields used as control fields which would essentially be 
classical in nature. Any fluctuations of these fields would be 
well represented in our treatment. In addition, a quantum 
computer will always be subject to a bath of electromagnetic 
fields modes in either a thermal state or the vacuum state. In 
Appendix A we show that our results are unchanged for an 
erhironment of quantized field modes. 

B. Calculation of the fidelity 

We characterize the performance of the various error cor- 
recting codes by means of the fidelity of the density operator 
representing the quantum register after a single application 
of error correction. The fidelity is defined as 
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Quantum error correction for various forms of noise 
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ABSTRACT 

by a discussion of the performance of conver~tional QECCs in the presence of correlated noise. 

Keywords: Quantum error correction, correlated noise, quantum computation 

1. INTRODUCTION 

1.1. Quantum error correcting codes 

computations, extending beyond the natural decoherence times of the computer's quantum bits (or "qu 
It was not immediately obvious that quantum error correction would be possible at all. Unlike in cl 

superpositions, and in effect terminate the quantum computation. 

short order by the pioneering authors and a handful of others, and today the principles are clearly unders 
and have even been demonstrated experimentally in a limited way. Several good r e v i e ~ s ~ > ~  of the subject 

The first important realization was that the most general kind of noise affecting a single qubit could b 
viewed as a superposition of just a few basic errors, represented by the three Pauli matrices o,, a, and o,. In 
the "computational basis" of the two states lo), / I ) ) ,  these matrices have the form 

0 -i 1 0  
o .=( ;  ;). o y = ( i  ) 0 2 = ( ,  -,) 

Since these three niatrices, together with the identity. form a basis of the space of all 2 x 2 matrices, it follows 

indirect measurement (the second crucial ingredient) would then project the system into one particular erro 
space, where the appropriate error would be diagnosed so that the error-free state could be restored. 

IVhen acting on a single qubit, n~hose most general state is of the form 

+ )  = a ( 0 )  + $11) 

the operator o, ("bit flip") produces all) + 1 0 ) .  whereas the operator o, ("phase flip") produces a l O )  - P/1): 
and oy yields the equivalerlt uf a joint bit and phase flip. Clearly, all these operations cannot in general be 
distinguished perfectly from just luuking at the one affected qubit, since, in general, the 'resulting states are 
not orthogonal. and it is ~vell kno~vn that orlly orthogonal quantum states can be distinguished unanlbiguously. 

E-mail addresses: jgeabanaO~~ark.edu: jpclerneQuark.edt~ 
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By considering the energy requirements of quantum and classical computers we propose 
a criterion to separate the classical from the quantum regime and show that the classical 
scaling laws are much more favorable for conventional, general purpose computation. 

Keywords: Energy efficiency; information versus energy dissipation; microprocessors; 
CMOS; quantum computing. 

It is sometimes suggested, especially in the popular press, that quantum computers 
[1,2] might be, in some sense, the natural successors of today's conventional digital 
computers, as the current trends in miniaturization reach the atomic level. While 
it is true that there are a few special tasks (notably, integer factoring [3,4]) which 
a quantum computer could, exploiting some unique quantum mechanical effects, 
perform much faster than a classical computer, this does not address the question 
of whether it would actually make any sense to push conventional computers into 
the quantum domain, for anything other than these very special purpose tasks. 

The energy dissipation and its relation to error-free operation has recently been 
identified as one of the most important problems in classical microprocessors [5]. 
Accordingly, in this note, we address the above issue by comparing the ultimate en- 
ergy requirements of quantum and classical computers, based on our recent studies 
on classical [5] and quantum [6] systems, respectively. It was shown in [6] that the 
minimum error E, that is to be expected when an elementary logical operation is 
performed on a quantum computer satisfies 
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Energy requirements for quantum computation 
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ABSTRACT I 
A lower bourld 011 the nrnount of energy needed to carry out an elementary logical operation on a qubit systcm, 
with a giver1 accuracy arid iri a given tirne, has been recently postulated. This paper is an attempt to formal~ze 
this bound and explore the coriditions under which it  may be expected to hold. For a specific, important case 
(namely, when the control system is a quantized electromagnetic field) it is shown how one can extend this result , 
to  a generally stronger constraint on the minimum energy density required, per pulse. ~ 
Keywords:  quantum computation, quantum noise, uncertainty principle 1 

1. INTRODUCTION - I 
I t  has become of interest lately to  explore the constraints that, the quantum nature of tohe cont,rol degrees of 
freedom might impose on the practical operation of quantum logical gates.1-" A very general result derived 
recently by Ozawa4 is that any quantum gate that changes the energy or angular momentum state of a qubit will 
require a minumum number of ancillary bosons of the order of l/e, if it is to  have a failure probability smaller ' 

than c. If the bosor~s are excitations of a qunlitum harrnonic oscillator (such as, e.g., photoris) of frequency u, 
this becomes a rniriimum energy requirement 

hw 
Eman - 

c i l l  

in agreernent with previous which focused on the effect of the quariturn llature of the electrornagne~ic 
field on the performance of logical gates. 

Ozawa's result has very wide applicability, but it must be kept iri mind that it is relatively straightforward 
(and it rnay be, in fact, advantageous for other practical reasoris) to  encode a logical qubit ilr degenerate sta.tcs 
of systems of a few qubits, which are mutually interconvertible without any energy or angular momentum c u ~ t .  
for instance, the encoding in a 3qubit  decoherence-free uses as the logical zero the state = 

2-'/2(101) - 110))10) of three physical qubits, and as the logical one the state Il)L = 6-'/2(1100) + 1010) - 21001)). 
These two states have the same quantum numbers for total angular momentum and energy; in fact, tilL, ' - a i l i ;  

represent the two different ways to get a state with 1 = 112 and m = - 112 in a system of three spin-112 partic!cs. 
For such an encoding, conservation of total energy or angular momentr~m alone does not appear to restrict t,be 
possible logical operations. 

I have recently shown7 that in many cases, regardless of whether a conservation law is broken or not by the . 
action of the logical gate, there is a minimum requirement on the energy of the "control" system, or degrec of . " 

freedom, of the form (1) if t,he system is an oscillat.or, or more generdly of the form 

if the gate is to  be carried out in a time T with failure probability less than c. My analysis covers gales 
mediated by external electromagnetic fields, or by controlled collisions between particles, assuming that the 
fields or particles are in minimum uncertainty "coherent states." There are, nonetheless, some questions still 
open, regarding the full generality of the result, and, for instance, whether placing the control degree of freedom 
in a nonclassical state (such as a squeezed state) might lower the bounds or not. In this paper I shall a.tt,empt. 

? 
t o  express the constraint (2) as a formd postulate, and exhibit a number of worked out examples and idem fbr 
how a general proof might proceed. I will also show how for a large class of syst,ems (atom-like qubit.s interacting . 



PHYSICAL REVIEW A 68, 046303 (2003) 

Reply I1 to "Comment on 'Some implications of the quantum nature of laser fields 
for quantum computations' " 

Julio Gea-~anacloche* 
Department of Physics. Universiy of Arkansas, FayetteviNe, Arkansas 72701, USA 

(Received 3 April 2003; published 14 October 2003) 

I show that there is no contradiction between the results in my original paper [Phys. Rev. A 65: 022308 
(2002)l and Itano's claims in the previous Comment. The error probabilities I calculated from quantum field 
fluctuations can equivalently be obtained by considering the probability of spontaneous emission by the atom 
into the field modes that make up the laser pulse. 

DOI: 10.1103/PhysRevA.68.046303 PACS number(s): 03.67.Lx, 42.50.Ct 

Itano's criticism, in the preceding Comment [I], of what 
he calls a "reversed micromaser" model, confuses, to some 
extent, two separate issues. One is the question whether it is 
legitimate to use time-dependent pulses (in Itano's words, 
"boxes moving at the speed of lightw) as generalized modes 
for canonical field quantization. The other is whether it is 
legitimate to ignore the atom's interaction with all the other 
modes (which are "empty," that is, in the vacuum state). 

The first question involves a formalism that goes back at 
least to a classic paper by Blow et al. [2]. There seem to be 
some issues [3] regarding some subtle aspects of this formal- 
ism. but I, not being an expert on the subject, am quite sat- 
isfied with Silberfarb and Deutsch's assurances that my 
"conclusions are correct." All the more since (a) 1 have ac- 
tually redone the calculation of the error probability due to 
the quantized laser field using their formalism [4], and ob- 
tained results of the same order of magnitude as in my origi- 

nal paper [5], that is, of the order of 1ln: where ;is the 
average number of photons in the laser pulse; and (b) inde- 
pendent corroboration of this result can also be found in Ref. 
[6] (of which I only became aware after submitting [5]), by 
Barnes and Warren, where they carry out a lengthy calcula- 
tion based on a multimode-coherent-state treatment of the 
laser pulse. "conventionally" quantized. The error probabil- 
ity for a controlled-NOT (CNOT) gate in their model is of the 
order of magnitude of the square of the parameter c in their 

Eq. (16): and this is readily seen to be of the order of l l n a s  
well. 

I can only conclude that, even if the "effective single 
mode'' approach is not quite exact, it must be a good ap- 
proximation, for practical purposes, for the special case I am 

- 
interested in: namely, a field in a coherent state with large n, 
and short times, at most half a Rabi period. Indeed. as I 
already pointed out in my original paper, under these condi- 
tions it turns out that one can equally well use a semiclassical 
approximation [Eq. (7) of Ref. [5]] that only takes into ac- 
count the fluctuations of the incident field, and ignores the 
reaction, back on the atom, of the field that the atom itself 
may have modified; this is a clear indication that none of the 
spurious "Jaynes-CummingsE-type effects that Itano worries 
about in Ref. [I] (such as reabsorption of an emitted photon) 
contribute significantly on this time scale. 

*Electronic address- jgeabana@uark.edu 

Let me turn, then, to the second question, as 1 see it. It is, 
of course, a fact that an atom in free space will typically 
couple to many empty (vacuum) modes at least as strongly 
as it would to a paraxial laser beam. The particular kind o j  
decoherence introduced by the presence of all these vacuuni 
modes is just spontaneous emission, which in Ref. [5] I 
chose to ignore; not, of course, because I did not think it 
would take place, but because it is already a well-known 
effect and I wanted to focus, instead, on the decoherence due 
to the quantum nature of the laser field, which I took to be a 
separate source of error. 

Here, however, Itano, with his "Mollow's picture." does 
make a very good point: the absolute size of the quantum 
fluctuations in a coherent state is? in a certain sense, the same 
as in the vacuum state, so it should not really make a differ- 
ence, from the point of view of the "quantum noise" and 
attendant decoherence experienced by the atom, whether the 
laser field is actually there or not; at least, as long as one 
neglects the field's "back reaction." an approximation 
which, as pointed out above, is actually consistent with the 
results in Ref. [5]. Therefore, the error which I attributed in 
Ref. [5] to the laser field's quantum fluctuations must be 
"essentially" (i.e., in order of magnitude) the same as the 
probability of spontaneous emission into the modes osigi- 
nally occupied by the laser$eld, in the time needed to per- 
form the gate [7]. 

Let me show that this is, indeed, the case. for an atom in 
free space interacting with a laser field given b!. a paraxial 
Gaussian beam, with waist wo at the atom's location. Such a 
beam diffracts into a far-field half-opening angle 6, 
=h/.rrwo [ S ] .  If the total spontaneous emission rate is y and 
things are properly lined up: 1 find (by integrating a dipolar 
radiation pattern over the appropriate solid angle) that the 
total spontaneous emission rate into a forward cone of open- 
ing angle 2 Bo is given by 

in the paraxial regime ( A < M ~ ~ ) .  If the gate takes a time T, 
one expects y '  to cause an error probability p of the order of 
y ' ~ .  Suppose, for definiteness. that the "gate" in question 
requires a .rr pulse; then. if R R  is the field's Rabi frequenc?. 
one must have ll,<r=n. Using standard [9] expressions l'or 
y and R ,  ( y =  w%d'13.rrco~c3. where d is the atomic tran- 
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We present a detailed study of the method recently proposed by Yang and Gea-Banacloche [Phys. Rev. A 64. 
032309 (2000:)] to protect a maximally entangled state of n atomic qubits against spontaneous-emission- 
induced decoherence. We compare this to an approach based on nonradiative states, in the case where the 
number of thermal photons in the environment is nonzero. 

D01: 10.1103~PhysRevA.67.014307 PACS number@): 03.67.Lx, 03.65.Y~: 42.50.L~ 

I. INTRODUCTION AND SUMMARY 

In a recent paper [I], C. P. Yang and one of us introduced 
a scheme that allows one to extract a maximally entangled, 
Greenberger-Horne-Zeilinger (GHZ)-type state of n - k qu- 
bits from a GHZ state of n qubits, when errors are known to 
have occurred at the locations of k qubits. The method is 
based on pairing up each qubit with another one i n  such a 
way that each pair undergoes collective decoherence. 

It was suggested in Ref. [ I ]  that, in some cases-most 
notably, for atomic qubits subjected to spontaneous 
emission--one might also use this method to preserve some 
amount of entanglement, even when it is not known apriori 
whether a particular pair has decohered or not. This variant 
approach would require observing (indirectly) the states of 
all the pairs at regular time intervals A t .  If a pair "fails" the 
test, it can be factored out of the joint state; if it passes, the 
state is still generally an n-particle entangled state, only not 
maximally entangled anymore. 

The purpose of this addendum is, first, to present some 
further analytical results for the spontaneous emission case, 
and. second, to compare the method to a conceptually sim- 
pler solution, also using qubit pairs, which consists of encod- 
ing the logical 0 and 1 states of each pair in the nonradiative 
states 100) and 2 -'"(I 10) - 101)). Clearly, when the number 
- 

n,h of thermal photons in the environment is zero, these 
states provide perfect protection against spontaneous emis- - 
sion. It was suggested in Ref. [ I ] ,  however, thal when nlh 
# O  the method of Ref. [ l ]  might be better, because it can 
handle, in principle, the absorption of a single photon from 
the environment. Here we show, numerically, that this is in- 
deed the case. Surprisingly, we also show analytically, that, 

- 

when nIh=O, it does not actually make a difference whether 
one checks the state of the qubits very often or not; numeri- 
cal results suggest that this is also (approximately) the case - 

11. EVOLUTION OF AN ENCODED GHZ STATE 
UNDER SPONTANEOUS EMISSION AND 

REPEATED OBSERVATION 

A. The nyl,=O case 

We shall consider a maximally entangled state of n qubits 
of the form 

(although, in principle, the method can be applied to an) 
state of the form ~ 1 0 0 .  .0)+/3111.. . 1)) .  The idea pro- 
posed in Ref. [ l ]  is to pair each one of the n qubits in Eq. (1) 
up with another qubit, and encode state (1) as the following 
state of the resulting n pairs: 

In the case of atomic qubits, if the two qubits of each pair are 
closer than a wavelength, the evolution of each pair state 
under spontaneous emission, assuming that there are no ther- 
mal photons in the environment. is given by 

when nth # 0.  where I $') =(I 10) 2 101))lfi are the special symmetric 
This paper is - as follows: in Set. I1-k we ad- (superradiant) and antisymmetric (nonradiative) states, [€,,) 

dress the case with nlh=O, where many results can be de- and are zero photons and one-photon states of the envi- 
rived analytically. In Sec. I1 B we explore numerically the ronment, and S and 0 are given by S = E - ~ '  and 0 - 
case n,,,# 0 .  Section 111 has some further discussion and con- = p. 
cl usions. To check on the state of the system without destroying the 

entanglement, we do a controlled-NOT operation C,, ,  on all 
the pairs, with the primed qubit as the control and the 

*Electronic address: jgeabana@uark.edu unprimed one as the target, and then measure the slate of the 
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A lower bound on the amount of energy needed to carry out an elementary logical operation on a 
quantum computer, with a given accuracy and in a given time, is derived The bound arises from the 
requirement that the controls used to manipulate the qubits, which ultimately are themselves quan- 
tum mechanical systems, must nonetheless be classical to a sufficiently good approximation; it is 
expected to hold under a wide variety of conditions, and independently of the nature of the physical 
systems used to encode the qubits. This could have important consequences for very large-scale 
quantum computations. 
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It has been known since the early days of quantum 
mechanics that an  essential condition to the observation 
of quantum coherence and interference is that the appa- 
ratus used to manipulate the quantum system must be 
sufficiently "large" to be accurately described as a clas- 
sical (not quantum) object. For instance, if the screen on 
which a double slit is mounted is so light that it recoils 
appreciably as the particles pass through it, the interfer- 
ence pattern will be blurred [I]. Since quantum computers 
rely, in a fundamental manner, on being able to preserve 
the coherence in a superposition of many quantum states, 
it follows from this principle that, in any quantum com- 
puter one might envision, the apparatus used to manipu- 
late each individual qubit must be, in some sense, much 
"larger" than the qubit itself. 

The goal of this paper is to make the above requirement 
quantitatively precise. Specifically, it will be shown that, 
if a quantum logical operation needs to be carried out in a 
time T with a failure probability smaller than E ,  it will, 
under most "normal" circumstances (a qualification to be 
made more precise in what follows), require a minimum 
energy of the order of 

If, on the other hand, the logical operation makes use of 
an auxiliary oscillator (such as, e.g., an electromagnetic 
field) of frequency w (with w > 2r /T) ,  the correspond- 
ing lower limit becomes 

The particular result (2) was derived in [2] for atomic 
systems manipulated by laser pulses; it amounts to the 
requirement that the average number of quanta in the 
field, i i ,  must be greater than E (see also, in this connec- 
tion, the related work in [3]). A similar result has been 
derived recently by Ozawa [4] from a consideration of the 
constraints imposed by conservation laws on the set of 
realizable logical gates. It will be argued below that the 
results (1) and (2) are quite general, and would hold for all 
proposed quantum computer systems, under the circum- 

stances most likely to occur in practice, independently of 
whether the logical gates involved satisfy a conservation 
law or not [5]. 

A simple form of the argument based on conservation 
laws is that, if the computational basis states (0) and 11) 
are nondegenerate eigenstates of some conserved quantity 
(such as energy or angular momentum), then even a 
simple operation such as a Hadamard transform (which 
turns 10) into (10) + 11))lfi and 11) into ((0) - 11))lfi) 
becomes impossible to perform without getting the qubit 
entangled with some other system which must provide 
the missing part of the conserved quantity. For instance, 
for an atom interacting with a field of n photons, one 
would have lO)ln)-+ (1O)In) - Il)ln - I))/&, as shown 
in [2], for this simple example the quantum nature of the 
field results in a "failure probability" which in the best 
case scales as l l i i .  This is also, essentially, Ozawa's re- 
sult in [4]. 

The reason why it is necessary to look beyond simple 
conservation laws is that it is relatively straightforward to 
find encodings of a logical qubit in degenerate states of 
systems of a few qubits, which would be mutually inter- 
convertible without any energy or angular momentum 
cost: for instance, the encoding in a 3-qubit decoher- 
ence-free subsystem [6] uses as the logical zero the state 
lo), = 2-'12(101) - 110))10) of three physical qubits, and 
as the logical one the state (I), = 6-'12(1100) + 1010) - 
21001)). These two states have the same quantum num- 
bers for total angular momentum and energy; in fact, they 
simply represent the two different ways to get a state with 
1 = 112 and m = -112 in a system of three spin-112 
particles. For such an encoding, conservation of total 
energy or angular momentum alone does not appear to 
restrict the possible logical operations. 

Nonetheless, it may be shown that the constraint (1) or 
(2) applies in general, under some reasonable assump- 
tions, even for quantum logical operations which for- 
mally conserve energy. To see this, consider one such 
two-qubit operation, the conditional sign-flip gate, which 
leaves the states 100). 101) and 110) unchanged but turns 
111) into -111). In principle, this can be achieved by 
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CEL gyroscope with injected squeezed vacuum 
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Abstract. It is shown that the injection of a squeezed vacuum into a 
correlated emission ring laser gyroscope enhances the sensitivity of the device. 
In particular, it is demonstrated that if the phase of the injected squeezed 
vacuum is chosen appropriately, then the output is squeezed in the phase 
quadrature. This may lead to complete suppression of the shot noise in the 
signal. 

1. Introduction 
The  enhancement of the sensitivity of the laser gyroscope is a long-standing 

goal in laser physics. I t  has been known for some time that the spontaneous 
emission noise in such a device can be completely suppresed via correlated 
spontaneous emission, in the so-called correlated emission laser (CEL) [I], leading 
to shot-noise-limited operation [2, 31. In  the present work, it is demonstrated how 
the injection of a squeezed vacuum into the ring laser cavity may enhance the 
sensitivity even further. In  the case of perfectly squeezed vacuum, complete 
suppression of the shot-noise is predicted. 

T h e  setup is depicted in figure 1. The  clockwise and counterclockwise 
propagating laser modes, 1 and 2, are coupled through the modulated gain medium 
as first proposed in [2], leading to complete suppression of spontaneous emission 
noise in the difference phases of the two modes. T h e  additional elements, O1 and 
O2 are commercially available optical isolators for the injection of squeezed light 
through the output mirror into the two modes. Their action can be summarized as 
follows. They transmit polarization perpendicular to the plane of the drawing and 
reflect and rotate polarization in the plane of the drawing. Finally, the left side of 
the setup is for the detection of the signal in the '-' arm (detector D) and for 
monitoring the sum phase in the '+' arm (detector S) after the beamsplitter (BS). 

Correlated spontaneous emission affects that part of the phase noise that 
originates from the gain reservoir. Complete quenching of this noise leads to 
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Fiber Solitons--Quantum Interferometry 
and  Entanglement 
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The study of quantum properties of soliton 
pulses in fibcrs spans the full range from basic re- 
search toapplications. Newdmlopments in high 
precision quantum interferometry and quantum 
communications will be reported as well as novel 
aspects of the range limit due to losses. 
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Quantum communication holds a promise for 
absolutely secure transmission of secret essages 

and faithful transfer of unknown quantum states. 
Photonicchannels appear to bevery attractive for 
physical implementation of quantum communi- 
cation. However, due to losses and decoherence in 
the channel, the communication fidelity de- 
creases exponentially with the channel length. We 
describe a scheme that allows to implement ro- 
bust quantum comrnunicdtion over long lossy 
channels. The scheme involves laser manipula- 
tion olatomicenscrnbles, beam splitters,andrin- 
gle-photon detectors with moderate efficiencies. 
and therefore well fits the statusof the current or- 
penmental technology. W e  show that the com- 
munication efficiency scale polynomially with 
the channel length thereby facilitating scalability 
to very long distances. 

Some Quantum Optlcr Perspectives on  
Decoherence In Quantum Computers 

lulio Gea-Banaclochs Deparrmcnf of Physics, 
University ofArbnsar, Faycncvills AR 72701, 
h a i l :  jgeabona&ar&.edu 

When the quantum nature of the optical field 
used todrive a qubit is taken into account, entan- 
glement betwnn the qubit and the field becomes 
a possible source of error which has been the sub- 
ject of some attention lately.' For instance, it is in- 
tuitively clear that, if a transition from the qubit 
state 10) to the state 1 I) requires the absor tion 
o l a  photon, the transition from the sa te  PO) to 
the coherent supcrposition 10) + I I) cannot be 
done 'cleanlym-that i r  without entanglement- 
with a quantized field; rather,if the initial state of 
the field is 1 yr), one will always end up in a ju- 
perposition state of the form 10) 1 W) + I ]).I y-), 
where 1 v_) is a field state having, on average, one 
photon less than 1 w). 

Although many other sources of noise wiU 
typirally be much more important. this kind of 
error may actually have consequences for very 
large-scale quantum computations, as I have 
shown in a recent paper? and will briefly review 
in this presentation: lor instance, it appears that 
schemer in which only local gates are possible 
cannot really be considered lor very large-scale 
computations, because of the extremely high 
power requirements resulting from the constraint 
that the minimum number of photons per pulse 
must be large enough for the field to be suffi- 
ciently classical. Also, the constraints on the laser 
coherence propedes needed, if single-photon 
gates are used, arc, for sufficiently challenging 
computations, at the current state of the art of 
laser stabilization. 

AS a way to get around the entanglement 
problem, one might consider using an encoding 
in which the logical "zerowand "one"states are ac- 
tually the following nates of two physical qubits: 

Now it wouldseem possible togo from 103  to 
the coherent superposition 10,) + ( 1 3  without 
leaving a trace in-i.e., becoming entangled 
with-the field. A possible arrangement, based 
on parring atoms through cavities, which accom- 

plishes this in principle. and can also be uxd to 
perform some quantum logical operations on 
these encodcd states, will be presented here; how- 
ever, it will also be shown that, even for this 
scheme, the quantum nature of the fields ends up 
introducing unavoidable errors and uncertain- 
ties, which again can become a substantial con 
straint under certain circumstances. 
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Frequency Tunable Source of Entangled 
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Entanglement of two spatiaUy separated optical 
fields has proven an important tool for funda- 
mental tests in quantum mechanics as well as for 
applications in quantum information processing. 
A source of this type of entanglement has been 
used to demonstrate the optical malo of the 8 Einstein-Podolsky-Roxn (EPR) paradox as well 
as unconditional quanNm teleportation.' 

We have constructed such a source of entan- 
gled optical fields from an OPO below threshold 
where. as opposed to previous experiments, we 
generate the entanglement between signal and 
idler fields separated in frequency by 800 MHz. 
This separation corresponds to twice the free 
spectral range of the OPO. 

To spatially separate the signal and idler fields 
we have constructed a symmetric 'filtern-cavity 
wit11 a bandwidth that exceeds the OPO barld- 
width by an order of magnitude. The symmetry 
and large bandwidth of the filter-cavity garanlues 
minimal loss of the correlations between the sig- 
nal and idler beam once we lock the cavity to the 
signal resonance. 

After separation on the filter-cavity the fields 
are propagated on to two separate homodyne d e ~  
lectors where the signal-quadrature Q,(B,) and 
idler-quadrature Qi(Bi) are recorded. By choosing 
the local oscillator phase 8 we can observe the op- 
tical analog ofposition X(8 = 0) and momentum 
P(8 = d2). Theory predicts that under ideal con- - 

ditionr, the fluctuations of theobservables X, -X, 
and P, + Pi vanish. To compare our experimental 
data with theory we plot the fluctuations of the 
observable Q,(B,) - Qi(Oi) in fig. 1 (trace a). Here 
the idler quadrature is fixed while we scan the sig- 
nal qusdrature. Also in fig. 1 we display thesinglr 
and two beamstandard quantum lirn~t (SQL) ob- & 
tained hy blocking the OPO-output either alone E; 
(trace b) or along with the signal (trace c). Our --' 

5- 
data show a noise reduction of 4 dB beyond the 
two beam SQL clearly demonstrating the entan- 
glement between the signal and idler fields. Based 
on ref. [ 5 )  the observed degree of entanglement is lb 

Rh 
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A method is proposed to hide messages in arbitrary quantum data files. The mes- 
sages may act as "watermarks," to secure the authenticity andlor integrity of the 
data. With the help of classical secret keys, they can be made unreadable by other 
parties and to reveal whether thay have been tampered with. The basic idea is to 
encode the data using a quantum error-correcting code and hide the message as 
(correctible) errors: deliberately inserted, which can be read out from the error 
syndrome. Also discussed briefly is a "reverse encoding," which would involve 
putting the actual data in the error syndrome, and letting the encoded qubit itself 
carry the message. O 2002 American Institute of Physics. 
[DOI: 10.106311 .I4950731 

I. INTRODUCTION 

Steganography is a branch of cryptography concerned with embedding "invisible" messages 
in data files. The message, which is revealed by some appropriate decoding operation: may contain 
information regarding the owner of the file or its date of creation, for instance. Such techniques 
have become of particular interest in reccnt years because of the proliferation of means available 
to copy, legally or illegally, all sorts of data, such as images, audio, or video files.' 

Although quantum information processing is still, in practice, a long way from the day where 
sizable files of "quantum data" will be moved from one location to another, it may already be of  
interest to begin to explore the possibilities inherent in a quantum sort of steganography, and the 
ways in which this would differ from its classical counterpart. This article is intended to serve as 
a (small) first step in this direction. 

It should be clear from the outset, of course, that copyright protection in its most literal sense 
could never be an issue for quantum information, since, by the celebrated no-cloning theorem, it 
is inherently impossible to copy. Nonetheless, there are other useful purposes that could be served 
by a hidden message embedded in a quantum data file. It could function as a "watermark," for 
instance, allowing one to identify the file's owner or creator, either as protection against theft or 
reassurance to the party receiving the data that they come, in fact, from the right source. Also. as 
will be shown below, the watermark could be embedded in such a way as to provide the receiving 
party with information that the file has been corrupted, either by errors upon transmission or by 
tampering by a third party. Another potential use might be in a distributed quantum computing 
environment, where packets of information are processed at some location and then sent to other 
processors: a message could be embedded in the data to tell the receiving processor what it is 
supposed to do with it. Again, corruption of the data could be detected at the receiving end by 
these means. 

A large component of all of the above is, clearly, the question of data authentication, in the 
broadest sense of making sure both that the data have come from the right source and that they 
have not been tampered with or otherwise corrupted. A number of ideas have recently been put 
forth regarding this general issue. Buhrman et aL2 have studied ways to associate a quantum 
fingerprint with a classical data string; a variation on this idea, due to Gottesman and ~ h u a n ~ , '  
would allow one to attach a quantum signature to a classical message, which would serve to 

' Electronic mail: jgeabana@uark.edu 
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Some implications of the quantum nature of laser fields for quantum computations 
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The quantum nature of the Iaser fields used in many proposed schemes for the manipulation of quantum 
information may have important consequences for some very large scale quantum computations. Some of these 
consequences are explored here, focusing especially on phase errors and their effecls on error-correction 
schemes. Depending on the way the IogicaI gates are performed, constraints are found on either the required 
number of photons per coherence time put out by the laser source, or the source's power 

DO]: 10.1 103IPhysRevA.65.022308 PACS number(s): 03.67.Lx, 89.70.+c, 42.50.L~ 

I. INTRODLJCTION AND MOTIVATION 

Many schemes proposed for the manipulation of quantum 
information, on a wide variety of physical qubits. rely to 
some extent or another on laser pulses. While the fields of 
these pulses may typically be regarded as being classical to 
an excellent approximation, they are, in fact, quantum sys- 
tems themselves, and as such they are subjected, in principle, 
to limitations such as the uncertainty principle and the pos- 
sibility to become entangled with the physical qubits. The 
possible impact of these limitations on quantum computing 
has recently been the subject of some attention [ I  -31. 

This paper focuses on the constraints arising fiom the 
requirement that the error rates due to the quantum nature of 
the field be sufficiently small for error-correction mcthods to 
work, something that is clearly necessary in order to carry 
out very large scale computations. It will be shown that this 
requirement leads to some nontrivial constraints on the kinds 
of lasers andfor logical gates to be used, and perhaps also on 
the kinds of computer architecture and the error-correcting 
codes themselves. 

The paper is arranged as follows. In Sec. I1 a simple deri- 
vation of the errors that the quantum nature of the field may 
introduce in a typical one-qubit gate is presented. Section I11 
focuses on phase errors and their potential impacl on error 
correction using concatenated codes, when "onc-photon" 
transitions are used for the logical gates. Section IV deals 
with the case in which effective "two-photon" (far-detuned, 
stimulated Raman) transitions are used instead. Section V 
presents some conclusions and final comments. 

11. ERRORS ARISING FROM QUANTUM PHASE AND 
AMPLITUDE UNCERTAINTIES 

As a simple example of the kinds of errors that may be 
introduced by the quantum nature of the optical fields, con- 
sider the problem of performing a Hadamard transform, in 
which the logical state 10) goes to ( l o ) + )  1 ) ) I f l  and the 
state 11) goes to (10) - 11))/fl .  Assume that the qubit is a 
two-level system coupled to a (resonant) classical electro- 
magnetic field E(r)eJo'  via a Hamiltonian (in the interaction 
picture) 

(In what follows this type of Harniltonian will be taken as 
characteristic of "one-photon type" transitions.) I t  is eas) to 
see that the desired transformation is accomplished b), an) 
pulse E(r) of the form ~ ( t )  = Eo( t )e l#  with Eo real and 4 
= 0, such that 

(this is known as a d 2  pulse). If the pulse phase is q 5 f  0. 
then the transformation accomplished is 10)+()0)  
+ e - ' ~ I 1 ) ) 1 f l ,  11)+(10)-e'4j1))/fl  instead. Of course. 
the phase of the pulse itself is arbitrary. but when one con- 
siders a sequence of pulses all acting on the same qubit, their 
relative phases matter; hence in what follows the "phase" of 
a pulse will be taken to be the phase relative to that of the 
first pulse to act on the qubit. In general, one has, starting 
from the state lo), 

Consider now what happens when the field is quantized. 
In general, a pulse would have to be described as a multi- 
mode field: which is somewhat cumbersome (this is the ap- 
proach folIowed by the authors of [I]). Here a simpler as- 
sumption will be made of a single-mode field (see [3] for a 
justification); one can then think of the time dependence of 
the pulse as being contained in the coupling "constant" g. 
The appropriate Hamiltonian is 

where a and a t  are annihilation and creation operators, re- 
spectively. Assuming, for simplicity, that the interaction is 
switched on and off abruptly at the times 1 = 0  and t= T. 
respectively, that the initial state of the qubit is 10). and that 
the initial state of the field is given b)~ ZC,ln) in the photon 
number basis {In)}. one finds, for the state of the system at 
the time T. 

1050-294712002/65(2)1022308(6)1$20.00 65 022308-1 02002 The American Physical Society 
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This paper addresses the question of what happens to a particle in a box that is initially in the ground 
state. when the box is split into two slightly unequal halves. If the splitting is done sufficiently 
slowly. it is found that the particle always ends up in the bigger half of the box, regardless of ho\+ 
small the difference in sizes of the two halves may be. Approxiniate analytical expressions that 
describe the process are derived, and an optical analogy is presented. O 2002 Anzerlcon Assocrarro~? of 

Ph~,sics Teachers 
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I. INTRODUCTION 

In a recent paper, ~ a r d y '  has recast what may be Ein- 
stein's first recorded objection to quantum mechanics2 in 
terms of the following thought experiment. Imagine a par- 
ticle in a box whose wave function looks like that in Fig. 
I (a). Then suppose that we divide the box into hvo halves by 
a partition, after which the wave function may look as in Fig. 
l(b). Then the two halves are taken apart as two separate 
boxes, as in Fig. I(c). Is the particle really in one, and only 
one, of the two boxes; and if that is the case. what can it 
possibly mean to have a wave function in an empt! box? 

In point of fact, Einstein's original argument2 in\ olved the 
splitting. by diffraction, of a traveling wave pachct. Hard) 
has sharpened and simplified the argument, and, as a result, 
has created a startling paradox which a layperson cdn appre- 
ciate: but, as I shall show below, the physical situation cor- 
responding to his "thought experiment" turns out to be 
rather different from the one considered by Einstein. so much 
so that, when experimental errors are taken into account. it 
may actually be impossible to accomplish the desired wave 
function splitting in practice. 

This is not the case for the splitting (by diffraction or other 
means) of a traveling wave packet which Einstein originally 
envisioned, and which has, indeed, been verified. by now, 
countless times in experiments involving photons. electrons, 
neutrons, and even whole atoms. In some of these experi- 
ments, the splitting is done at the one-particle-at-a-time 
level, and if the two halves of the wave packet are recom- 
bined, interference is observed, which depends on the differ- 
ence in the phases accrued along both paths. This depen- 
dence on both paths surely means that both hal\es of the 
wave packet correspond to something "real," yet. when suit- 
able detectors are placed in the two output ports of the beam 
splitter. the particle is always found to be in one beam or the 
other. and never in both.3 There is no question that these 
enipirical facts raise serious difficulties for a "local-realist" 
view of the world, such as the one Einstein defended. 

One could, in principle, use such wave packet splitting. 
along with previous information about how fast the wave 
packets are traveling and how big they are, to confine each of 
them to a separate box by surrounding them (while in flight) 
with appropriate walls. Hence, in principle, the seemingly 
absurd situation of having a wave function in two boxes, 
even though only one actually contains a particle, might be 
realized experimentally (although it would, no doubt: be an 
extremely challenging experiment). I shall have a few more 

comments to make about this possibility in Sec. IV. None- 
theless, there is a fundamental technical difference betmeen 
this possibility and the one envisioned by Hardy (at least. the 
way I shall interpret the latter): namely, all the wave packet 
splitting experiments have split slates in the energy con- 
tinuum. Hardy's thought experiment, by contrast, requires 
the splitting of a wave function corresponding to a discrete 
energy state, separated from other available states by a finite 
energy gap. 

Such a splitting of a standing wave in a constrained geom- 
etry into two identical, fully separated halves has not. as far 
as 1 know, been attempted experimentally. at least not at the 
single particle level. Experiments involving the splitting of 
Bose-Einstein condensates ha\*e been reported recentl! (see 
Ref. 4, and references therein), ho\re\ er, and even though the 
complications introduced by the interaction between the at- 
oms make detailed theoretical predictions difficult for these 
 system^,^ there are interesting similarities with the situation 
envisioned here, as 1 will discuss in Sec. 1V. 

11. ASYMMETRIC SPLITTING OF A BOUND STATE 

Clearly, the formalism of quantum mechanics may be co- 
erced into yielding the prediction shown in Fig. 1. For in- 
stance, we can start with the ground state of a particle in an 
infinite potential well (extending from x = - a12 to x = a12). 
and slowly grow a partition in the middle of the well with the 
form of a perfectly symmetric potential bump such as 

where a gives the rate at which the barrier grows and c 

a a .  After a sufficiently long time, one finds the situation 
sketched in Fig. l(b). 

In the real world. however. the splitting will almost cer- 
tainly not be perfectly symmetric about the,middle of the 
well. Suppose that instead of (1). we have 

at, - E < x < E +  6 
V(x3t)= 

0, elsewhere, 

with 6< .~ .  What is the result then? 
One might think that a sufficiently small asymmetr! 

would have a negligible effect, but this turns out not to be the 
case. Figure 2 shows a sequence of probability distributions 
obtained from numerical integration of the time-dependent 
Schrodinger equation with the potential in Eq. (2). uith a 
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Abstract 
W e  present a method to protect the entangled states of distant particles 
against decoherence due to local (but collective) phase errors, and local 
exchange-type interactions, by pairing u p  the entangled particles. The  
method is based on a four-qubit code which forms a decoherence-free 
subspace for collective phase errors and exchange errors affecting the qubits 
in pairs. We also show how the scheme can be generalized to  protect certain 
entangled states of more than two particles. 

Keywords: Entanglement, exchange interaction, collective decoherence, 
decoherence-free subspaces 

Entangled states of spatially separated particles could play 
a number of useful roles in quantum communications (e.g., 
teleportation) and quantum information processing [I-101. 
For applications requiring relatively long storage times, it will 
almost certainly become necessary to protect the entanglement 
of the two distant qubits against various forms of decoherence. 

If one has an entangled state of the form, for instance, 

aIO1) +8110) (1) 

then the most straightforward way to preservethe entanglement 
is to use additional qubits at each of the two spatially separated 
locations to encode the state of the corresponding qubit. That 
is, one replaces equation (1) by 

where loL) and IIL) are the logical zero and one states in 
some quantum code appropriate to the kind of decoherence 
expected to act, predominantly, on each of the local qubits. 
Thus, if a general error affecting independent qubits is regarded 
as the most likely thing to happen, loL) and IIL) could be 
the logical zero and one of the well-known fivequbit [ l l ]  or 
sevenqubit codes [12]. If, on the other hand, one still expects 
independent errors but only (or predominantly) of one type 
(e.g., phase errors acting independently on individual qubits), 
the smallest code that can correct one such error requires only 
three qubits [13-151. To correct more (individual) errors, these 
codes can be concatenated, and the usual threshold results will 
apply. 

When the decoherence-inducing environment has a higher 
symmetry, for instance, under the conditions of collective 
decoherence [16-201, smaller codes are possible: a logical 
qubit can be stabilized against the most general lund of 
collective decoherence by using just a threequbit code [20- 
221, and against collective phase decoherence by using just a 
two-qubit code 1231. The logical zero and one for this latter 
code are, as is well known, loL) = (01) and IIL) = 110). 
Collective decoherence codes, unlike the ones for independent 
errors, typically have infinite distance, that is, they protect the 
qubit against the particular interaction considered to all orders 
in time. This, however, would in practice be offset by the 
fact that the symmetry needed for collective decoherence will 
never be exact, so further error correction will generally be 
necessary (by concatenating the collective decoherence code, 
with a conventional code, for instance). 

The simple code loL) = 101) and IIL) = (10) protects the 
encoded qubits against collective phase errors but not against 
other possible interactions such as, for instance, the exchange 
interaction (this is obvious from the fact that exchanging the 
qubits turns loL) into IIL), and vice versa). This is typically a 
weak interaction, but it might become strong if the qubits are 
kept very close together, which is precisely one of the ways 
to try to ensure that collective decoherence will hold. There 
are also other direct forms of mutual interactions between 
qubits that can become important in that limit: for instance, a 
dipole-dipole interaction involving the scalar product S1. S2 = 
S1,Sh + S l y S Z y  + SlzS2z .  This one is essentially equivalent to 
the exchange interaction (plus the identity) [24]. For a more 
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We present a method to protect the entanglement in a maximally entangled n-qubit state of the Greenberger- 
Home-Zeilinger or "Scluodinger cat" form against decoherence, by pairing up each qubit with another one in 
such a way that each pair of qubits undergoes collective decoherence. Under these conditions, if t pairs 
experience an error, we show how one can still, in general, extract a maximally entangled state of the 
remaining n-f pairs. Two versions of the method are considered: one of them applies when the locations of 
the decohered qubits are known, and it might be useful, for instance, in secret-sharing protocols. Another 
version, which is free from this restriction, provides only partial protection (the resulting state is, generally, not 
a maximally entangled state), but could nonetheless be useful for the important special case in which the source 
of error is spontaneous emission. 

DOT: 10.1 103PhysRevA.64.032309 PACS number(s): 03.67.Lx, 89.70.+c, 89.20.Ff 

I. INTRODUCTION AND MOTIVATION 

Multiqubit entangled states of the form 

[which, in the case la1 = lpl= I/&, are commonly known as 
"cat states," or Greenberger-Horne-Zeilinger (GHZ) states 
[I]] are of great interest in the foundations of quantum me- 
chanics and measurement theory, and may prove to be useful 
in quantum information processing [2], communication [3], 
error correction protocols [4], and high-precision spectros- 
copy [5]. There have been substantial improvements in re- 
cent times in our capability to produce such states in the 
laboratory [6,7], and (approximate) realizations of the state 
(1) with up to three photons [8] or up to four atoms [9] have 
recently been reported. 

It is well known that states of the form (I)  are extremely 
fragile, because as soon as one qubit becomes entangled with 
the environment, the entire state's coherence is lost. For in- 
stance, suppose that the n qubits in Eq. (1) are atoms: with 
10) the ground state and I I )  the excited state, and consider 
the effect of spontaneous decay of the first qubit. If 10,) and 
I I ,) are the environment states with 0 photons and 1 photon, 
respectively. then state (1) becomes 

and tracing out the environment results in the density opera- 
tor 

which shows explicitly that the other n- l qubits are in an 
incoherent superposition state, which is not entangled at all. 

In this article we wish to present a scheme to partially 
protect a state of the form (1) in such a way that if, say, 1 
qubits are affected by some kind of error, one can still re- 
cover the remaining n-1 in an entangled state of the same 
"cat" form as Eq. (1) with the same coefficients. The method 
in\,olves pairing up each qubit with an auxiliary qubit in such 

a way that they both see the same environment, and condi- 
tions for collective decoherence apply to each one of the 
pairs [ I  0- 141. 

We note, that, in principle. extending the entanglement of 
a state like Eq. (1) with n -  l qubits to n qubits is as simple 
as adding a qubit in the 10) state and carrying out a CNOT 

operation with the control being any of the other qubits, 

So, always in principle, our method would allom one to re- 
store the original entangled state of n qubits by replacing the 
t qubits that have "gone bad" with fresh qubits. and carr) ing 
out the operation in Eq. (4). In practice, however, things ma) 
not be so simple; in particular, in some applications (such as 
quantum secret sharing [2]) the entangled qubits may be at 
different locations in space, and the operation of Eq. (4) may 
require the implementation of a "remote CNOT." which can- 
not be done without previous entanglement in the first place. 
In what follows, therefore, we focus merely on the problem 
of removing the "bad" qubits without destroy~ng the en- 
tanglement of the remaining ones (we s h o ~  expl~citly in the 
next section that this can be ach ie~ed  using only local opera- 
tions and classical communication, if the n qubits are at dif- 
ferent spatial locations). The details of the experimental 
setup will then, in general, determine whether our method 
can be used to maintain n-qubit entanglement (by bringing in 
fresh qubits to replace the bad ones) or whether it should be 
viewed as merely providing the user with some amount of' 
redundancy (i.e., the possibility of starting out with more 
qubits than one actually expects to need, with the freedom to 
discard a few that may go bad along the way, rather than 
having to recreate the initial multiparticle-entangled state 
from scratch every time a qubit fails). 

Although our scheme relies on collective decoherence. 
which has been extensively discussed in the context of quan- 
tum error correction [lo-161, and looks superficiall!, like an 
error-correcting code, the particular application we envision 
here is not a conventional error-correcting code 01. noiseless 
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Abstract 
We show how an arbitrary qubit rotation can be  teleported, albeit 
probabilistically, using one e-bit of entanglement and one classical bit. We 
use this to present a scheme for implementing quantum secret sharing. The 
scheme operates essentially b y  sending a 'secret' rotated qubit of 
information to several users, who need to cooperate in order to recover the 
original qubit. 

Keywords: Quantum teleportation, entanglement applications, quantum 
cryptography 

1. Introduction 

Hiding information may be one of the most useful applications 
of the growing science of quantum information, beginning with 
the classical quantumcryptography workof Bennett eta1 [I. 21. 
Since that work, many other cryptographic problems have been 
addressed in a quantum context. We may cite, as especially 
relevant to this paper, the work of Hillery et a1 [3] (see also [4]) 
and Cleve et a1 [5] on quantum secret sharing, and the very 
recent work b y Terhal et a1 [6]. One of the problems considered 
in [3] and [4] was how one party (Alice) could send a qubit of 
(quantum) information to two agents, Bob andcharlie, in such 
a way that they would have to cooperate in order to recover the 
original message. Cleve et a1 addressed the general problem of 
hiding the state of a (d-dimensional, with d arbitrary) quantum 
system, by encoding it into n shares, in such a way that k shares 
would be necessary to recover the secret, and k - 1 shares would 
contain no information whatever (a (k, n) threshold scheme). 

In this paper, we present a scheme which allows n potential 
receivers of a qubit of quantum information to manipulate, 
from a distance, its state (albeit without learning anything 
about it), in such a way that the original information becomes 
'hidden' (either completely or only partly, depending on the 
qubit's initial state); then the qubit may be sent to one of 
them, and all of them must collaborate, by exchanging classical 
information, in order to recover the full original state. If even 
one of them does not collaborate, the best they can do is to 
leave the qubit in a random rotated state. 

Our method makes use of a maximally entangled (GHZ) 
state which Alice (the sender) shares with all the receivers. 
We show here that such a state allows the receivers to remotely 

'rotate' Alice's qubit; specifically, we show that an arbitrary 
rotation about the ' y '  axis can be performed remotely, albeit 
probabilistically, at the cost of only one e-bit of entanglement 
and one bit of classical communication. It should be noted 
that Huelga et a1 [7] first showed that the teleportation of 
an arbitrary unitary operation requires a minimum of two 
e-bits and two classical bits, and more recently [8] they have 
also established the existence of restricted sets of operations 
which require fewer resources in order to be teleported, 
either probabilistically or deterministically. Our result can be 
regarded as an additional example of this kind. 

The paper is organized as follows. The method for 
the teleportation of multiple rotations using a GHZ state is 
presented in the following section (section 2). The possible 
applications to secret sharing, including some considerations 
about the security of the scheme, are presented in section 3. 
Section 4 contains a brief discussion and conclusions. 

2. Teleportation of rotations 

Suppose Alice holds a two-state particle (i.e. qubit), which 
is labelled by a and in an arbitrary unknown pure state 
[Y + 8 We will show how n distant users can apply 
an arbitrary rotation to Alice's 'message' qubit a through their 
local operations and classical communications. The 'rotation' 
we have in mind is a formal rotation, by an angle 8, in the 
two-dimensional Hilbert space of the qubit (see equation (4) 
below); it is, however, easy to show that the same operation 
corresponds, in Bloch-sphere terms, to a rotation by an angle 
28 around the y axis, that is, to the action of the operator 
exp(-iuy8). 
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Abstract. The evolution of a two-state system driven by a sequence of 
imperfect n pulses (with random phase or amplitude errors) is calculated. The 
resulting decreased fidelity is used to derive a plausible limit on the perform- 
ance of 'bang-bang' control methods for the suppression of decoherence. 

1. Introduction and model 
A number of dynamical methods for the suppression of decoherence in 

quantum systems have recently been proposed [ l d ] .  While some of these are 
quite sophisticated, the simplest such approach, sometimes called 'bang-bang' 
control [I ,  21, is a rather straightforward idea which could, in principle, be applied 
to any two-state system interacting with an environment which has a jinite (non- 
zero) correlation time 7,. (See [7] for a recent proof-of-principle experimental 
demonstration.) The idea is to 'flip' rapidly (faster than 7,) the state of the system, 
back and forth, in such a way that the environment's unwanted influence on the 
system is constantly being undone by the environment itself. 

For instance, for a system to environment coupling which involves only the 
operator a, (pure phase decoherence), due to a term such as 

in the Hamiltonian (where the boson operators bk represent modes of the 
environment), a sequence of very short 1~ pulses, which rotate the system's 
pseudo-spin by 180" around the x axis and hence change the sign of a,, would 
result in an evolution in which the sign of (1) changes from one instant to the next, 
and its effect therefore averages to zero. 

The purpose of this paper is to consider the constraints which imperfections in 
the 1~ pulses place on the successful implementation of such a dynamical decou- 
pling strategy. The approach is simply to consider the evolution of a two-state 
system subject to a series of imperfect n pulses, and to calculate the total error (as 
measured by the state's fidelity) introduced, on average, after N such pulses. The 
average considered here is over all possible initial states of the system, as well as 
over the distribution of the random errors in the n pulses. 

As implied in the above paragraph, the errors are assumed to be non- 
systematic. If systematic errors are expected, there are a variety of techniques 
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We show a way to correct collective error through a three-qubit quantum code. The encoding and decoding 
(i.e., error recovery) operations for such a code, which protects one qubit of quantum information perfectly 
(with infinite "distance") against collective decoherence, are presented. The code is actually a manifestation of 
a noiseless subsystem first reported by Knill, Laflamme, and Viola [Phys. Rev. Lett. 84, 2525 (2000)], and 
provides a good illustration of the relationship between noiseless subsystems and error-correcting codes al- 
ready noted by these authors. We also show in detail how this code can be used to preserve an arbitrary joint 
state (including entangled states) of two qubits, by pairing each of them with two other qubits, even in the case 
in which the two resulting clusters interact in nonequivalent ways with a colnmon environment. 

DOI: 10.1 103PhysRevA.63.0223 1 1 PACS number(s): 03.67.Lx, 03.65.Ta 

I. INTRODUCTION 

Noiseless (or "decoherence-free") subsystems are one of 
the most recent developments in the theory of quantum error 
correction. They were defined in full generality by Knill 
er al. [ l ]  (also see De Filippo [2]). Viola el a1 discussed 
their dynamical generation [3], while Zanardi [4] and Kempe 
el al. [5] elaborated upon the connections between noiseless 
subsystems and other well-known approaches to the preser- 
vation of quantum information, such as quantum errbr cor- 
recting codes (QECC's) [6-191 and decoherence-free sub- 
spaces [20-231. 

While this work was going on at a high level of abstrac- 
tion, we independently "discovered" a three-qubit QECC 
which can protect a quantum bit of information against col- 
lective decoherence with "infinite distance." Upon closer 
examination, we found that this is, in fact, the same as the 
three-qubit noiseless subsystem already mentioned by Knill 
et al. in Ref. [I] and discussed by Kempe el al. [5]. We 
believe, nonetheless, that a presentation of our work in our 
original terms: which involve the familiar language of quan- 
tum error correction, including explicit protocols and circuits 
for encoding and decoding, may still be worthwhile for sev- 
eral reasons: it may attract the attention of the wider com- 
munity, perhaps not entirely conversant with the relatively 
sophisticated mathematical techniques used by the above au- 
thors, to the existence of a potentially useful and very eco- 
nomical code, along with a detailed prescription on how to 
use it; and it may also help to "popularize" the very inter- 
esting concept of noiseless (or "decoherence-free") sub- 
systems, by working out in detail an example in which the 
meanings behind some of the abstract concepts used earlier 
can be clearly apprehended. 

In addition, we show a possible application of this three- 
qubit code to protect arbitrary unknown states of two spa- 
tially separated qubits. While previous work focused on the 
application of the noiseless subsystem concept to memory 
for quantum-computing applications, our initial motivation, 
which we will describe here in detail, is the possible use of 

this scheme to protect information already encoded in two 
physical qubits, by pairing each of them with two other qu- 
bits, We show here that this method works even in the case 
in which the two resulting clusters interact in possibly dif- 
ferent ways with the same environment. One application of 
this result would be, for instance, to preserve a long-distance 
entangled Einstein-Podolsky-Rosen (EPR) state. where one 
of the qubits could be sent through a noisy channel. as long 
as the noise is of the collective decoherence type. 

This paper is organized as follows. In Sec. 11. we present 
an error-correction scheme for protecting a qubit of informa- 
tion by using a three-qubit quantum code. In Sec. 111, we 
discuss how to correct the error for arbitrary unknown states 
of two spatially separated qubits using this code. A conclud- 
ing summary is provided in Sec. 1V. 

11. ERROR CORRECTION WITH THREE-QUBIT CODE 

Here we introduce (or rather "reintroduce") the three- 
qubit, infinite-distance QECC for collective decoherence. 
"Collective decoherence" is the situation in which a set of 
qubits all couple to the environment in the same way. that is. 
the environment cannot distinguish the qubits. The Hamil- 
tonian for the system and the environment is therefore of the 
form 

where E o ,  E, , E.". and El are environment operators, and 
J ~ = ~ x ; ? = ~ ( + ~ ~ ,  ~ y = + C ; = , u , ~ ,  a n d ~ ~ = ~ C j = , u ~ ~  ( h = l  for 
simplicity). This kind of Hamiltonian \*,ill apply, approxi- 
mately, when the three qubits are very close together (com- 
pared to the environment's coherence length). For example. 
for a thermal bath described by a collection of noninteracting 
linear oscillators, in the Schrodinger picture the system and 
bath can be described by the Hamiltonian 
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It is shown that encoding the state of a quantum computer (or other quantum information-processing device) 
for error correction has the effect of making its operating states macroscopically indistinguishable; all the 
more, the more "stable" the code is, that is, the more errors it can correct in each pass. It is also shown that 
for nondegenerate codes the expectation values of macroscopic observables in such encoded states arc identical 
to those that would be obtained for a totally mixed state of maximum entropy, where again the degree of 
indistinguishability increases with the number of errors corrected by h e  code. The results can be used to 
estimate the decoherence rates for systems of qubits under certain forms of interaction with the environment: 
it is found that when the qubits are encoded all coherent superpositions decay, to lowest order, at the same rate, 
which scales more slowly with the number of physical qubits than the decoherence rate for macroscopic 
coherent superpositions ("Schrodinger cats") of the bare qubits. 

PACS number(s): 03.67.Lx, 03.65.Bz, 89.70.+c, 89.80.+h 

1. INTRODUCTION AND SUMMARY 

It has been argued [ I ]  that a large quantum computer 
would be in some respects similar to a "Schrodinger cat." 
that is. a coherent superposition of macroscopic all^^ distinct 
states. The well-known fragility of such superpositions 
against interactions with the environment ("decoherence") 
[2] would make it seem unlikely that a large-scale quantum 
computer could ever be operated for any useful length of 
time. 

In recent years, however, hope for the possibility of large- 
scale quantum computation has come from the remarkable 
development of the theory of quantum error-correction codes 
[3]. The theoretical possibility of fault-tolerant camputation 
means that a quantum computer could in principle be pro- 
tected against decoherence for an arbitrary length of time, 
provided a certain threshold error rate can be achieved. This 
seems to contradict the n a h e  expectations based on a con- 
sideration of a quantum computer as a Schrodinger cat. 

In this article I show that, in fact, a quantum computer in 
which the logical bits have been encoded for error correction 
is not at all like a Schrodinger cat: rather to the contrary, any 
two possible operating states of such a computer would have 
to be macroscopically indistinguishable (to a degree), from 
the point of view of the values of averages of macroscopic 
variables (i.e., quantities such as dipole moments, quadru- 
pole moments, etc.); with the degree of indistinguishability 
increasing as codes capable of correcting more simultaneous 
errors are used, that is, as the computer becomes more 
"slable." Thus,  he apparent contradjrtjon indicated above is 
resolved: Schrodinger cats are unstable, quantum computers 
can be made stable by encoding them, but the states of en- 
coded qubits cannot be used to make Schrodinger cats (at 
least not in the conventional sense; see the following section 
for the precise definition of  "Schrodinger cat" that I shall 
adopt here). 

disordered state (i.e., a state of maximum entropy). This can 
be very useful to calculate a number of quantities of physical 
interest, and I use it here to derive a universal result (inde- 
pendent of the code used and of the initial state of the sys- 
tem) for the decoherence rate of a system of spin-; particles 
in an encoded state, in an external, random magnetic field. 
More generally, this is an intriguing result in that it suggests 
that the kind of quantum information used and manipulated 
by a quantum computer might not even be recognized as 
information at the macroscopic level: at first glance, at any 
rate, the encoded state would appear just like a state that has 
no information at all. 

11. EXPECTATION VALUES OF MACROSCOPIC 
VARIABLES IN ENCODED STATES 

Consider a system of N physical qubits (two-state s!:s- 
tems) divided into NL blocks of N,, qubits each; N ,  is the 
number of "logical" qubits, and N,. the number of physical 
qubits used to encode one logical qubit. The logical zero and 
one loL), I 1,) states of an encoded qubit are special super- 
position states of the N,, qubits making up that particular 
block. A well-known [4] code with N,.=7. often called the 
"seven qubit code," has, for example, 

For nondegenerate quantum codes (the most common (Ib) 
ones) I also derive the somewhat surprising result that the 
state of the encoded qubits looks, again from the ~ o i n t  of Tensor products of N, 10,)'s and ( I  ,.)'s form the basis ol'the 
\ iew of averages of macroscopic variables. like a completely space of states 3-1' available to the system of encoded qubits: 
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Abstract 

The motion of a quantum particle bouncing on a hard surface under the influence of gravity is considered, including 
effects arising from the repulsive barrier's finite height and width. The possible effect of tunnelling resonances is illustrated. 
The analytical approach is based on the WKB approximation and on the study of the phase shift experienced by the 
particle's wavefunction upon reflection at the barrier. The results of 'exact' numerical calculations are also shown. 0 2000 
Elsevier Science B.V. All rights reserved. 

PACS: 03.75.Be; 32.80.Pj; 32.80.Lg 

In a recent publication [I]  I have considered the In the interest of keeping this paper short, the 
motion of a quantum particle bouncing on a hard reader is referred to [ l ]  for many of the details. 
surface under the influence of gravity [2-41 from a Ignoring the Van der Waals force [5] between the 
pedagogical viewpoint, focusing on the derivation of atom and the wall, and all other complications 
the classical limit and pointing out the presence in (spontaneous emission, transverse motion, etc.), the 
this problem, as in many other similar ones, of potential seen by the atom can be approximated by 
collapses and revivals of the expectation value of a 
dynamical variable (in this case, the particle's posi- v(  z, = Voe-"' + mgz. ( I )  
tion). The present paper deals with a somewhat more 
realistic model, by treating the repulsive force near 
the surface as an exponential, rather than an infinite 
potential barrier, and discusses also the way in which 
the collapses and revivals might be affected if reso- 
nant tunnelling of the particle through the barrier is 
possible. The latter may not be the case in the 
simplest realizations of this system, but could happen 
for other very cold particles confined in other ge- 
ometries (e.g., optical lattices). 

The exponential decay of the repulsive potential 
holds both for evanescent wave mirrors and mag- 
netic mirrors (for the former, 8 is the penetration 
depth of the evanescent wave). In [I]  the repulsive 
barrier was taken to be infinite (Vo -+ m) and in- 
finitely sharp ( 8  + 0). 

From now on I shall assume that the time, posi- 
tion and energy variables have been scaled to the 
'gravitational scales' introduced in [I]. That is, z 
will be measured in units of 1, = ( ~ ~ / 2 ~ r n ' ) ' / ' ,  
energy in units of mgl, = (h2mg2/2)1/3, and time 

I This paper is affectionately dedicated to Marlan Scully on the in units of h/(mglg) = (2h/rng2)1/'. reference, 
occasion of his 60th birthday. for a CS atom 1, = 0.226 p,m, mgl, = 3.06 X lo- ' '  

0030-4018/00/$ - see front matter 0 2000 Elsevier Science B.V. All rights reserved 
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It is shown that encoding the state of a quantum computer (or other quantum information-processil~g dev~ce) 
for error correction has the effect of making its operating states macroscopically indistinguishable; all the 
more, the more "stable" the code is, that is, the more errors i t  can correct in each pass. It is also shown that 
for nondegenerate codes the expectation values of macroscopic observables in such encoded states are identical 
to those that would be obtained for a totally mixed state of maximum entropy, where again the degree of 
~ndistinguishability increases with the number of errors corrected by the code. The results can be used to 
estimate the decoherence rates for systems of qubits under certain forms of interaction with the environment: 
i t  is found that when the qubits are encoded all coherent superpositions decay, to lowest order, at the same rate, 
which scales more slowly with the number of physical qubits than the decoherence rate for macroscopic 
coherent superpositions ("Schrodinger cats") of the bare qubits. 

PACS number(s): 03.67.Lx, 03.65.Bz, 89.70.+c, 89.80.+h 

1. INTRODUCTION AND SUMMARY 

I t  has been argued [ I ]  that a large quantum computer 
uould be in some respects similar to a "Schrodinger cat," 
that is, a coherent superposition of macroscopic all^ distinct 
states. The well-known fragility of such superpositions 
against interactions with the environment ("decoherence") 
[2] would make it seem unlikely that a large-scale quantum 
computer could ever be operated for any useful length of 
time. 

In recent years, however, hope for the possibility of large- 
scale quantum computation has come from the remarkable 
development of the theory of quantum error-correction codes 
[j]. The theoretical passibility af fault-talerant computatian 
means that a quantum computer could in principle-be pro- 
tected against decoherence for an arbitrary length of time. 
provided a certain threshold error rate can be achieved. This 
seems to contradict the nai've expectations based on a con- 
sideration of a quantum computer as a Schrodinger cat. 

In this article I show that, in fact, a quantum computer in 
~ h i c h  the logical bits have been encoded for error correction 
is not at all like a Schrodinger cat: rather to the contrary, any 
two possible operating states of such a computer \vould have 
to be macroscopically indistinguishable (to a degree), from 
the point of view of the values of averages of macroscopic 
variables (i.e., quantities such as dipole moments, quadru- 
pole moments, etc.); with the degree of indistinguishability 
increasing as codes capable of correcting more simultaneous 
errors are used, that is, as the computer becomes more 
"stable." Thus, the apparent confradjctjon indicated above is 
resolved: Schrodinger cats are unstable, quantum computers 
can be made stable by encoding them. but the states of en- 
coded qubits cannot be used to make Schrodinger cats (at 
least not in the conventional sense; see the following section 
for the precise definition of "Schrodinger cat" that I shall 
adopt here). 

disordered state (i.e., a state of maximum entropy). This can 
be very useful to calculate a number of quantities of physical 
interest, and I use it here to derive a universal result (inde- 
pendent of the code used and of the initial state of the sys- 
tem) for the decoherence rate of a system of spin-; particles 
in an encoded state, in an external, random magnetic field. 
More generally, this is an intriguing result in that it suggests 
that the kind of quantum information used and manipulated 
by a quantum computer might not even be recognized as 
information at the macroscopic level: at first glance, at any 
rate, the encoded state would appear just like a state that has 
no information at all. 

11. EXPECTATION VALUES OF MACROSCOPIC 
VARIABLES IN ENCODED STATES 

Consider a system of N physical qubits (two-state sys- 
tems) divided into ATL blocks of A', qubits each; N L  is the 
number of "logical" qubits, and N ,  the number of physical 
qubits used to encode one logical qubit. The logical zero and 
one lo,.), (1,) states of an encoded qubit are special super- 
position states of the A',, qubits making up that particular 
block. A well-known [4] code with A1,=7, often called the 
"seven qubit code," has, for example, 

For nondegenerate quantum codes (the most common ( lb)  
ones) I also derive the somewhat surprising result that the 
state of the encoded qubits looks, again from the point of Tensor products of NL 10,,)'s and 11 ,)'s form the basis ol'the 
 vie^ of averages of macroscopic variables, like a completely space of states 3-1' available to the system of encoded qubits: 
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Error correction for mutually interacting qubits 
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For a simple model of mutually interacting qubits it is shown how the errors induced by mutual interactions 
can be eliminated using concatenated coding. The model is solved exactly for arbitrary interaction strength. for 
two well-known codes, one and two levels deep: this allows one to see under which circu~nstances error 
amplitudes add coherently or incoherently. For deeper concatenation, approximate results are derived that 
make it possible to calculate an approximate "threshold" value for the product of interaction strength and free 
evolution time, below which the failure probability for an encoded qubit decreases exponentially with the depth 
of the encoding. The results suggest that concatenated coding could fully handle the errors arising from mutual 
interactions, at no extra cost, in terms of resources needed, than what wouId be required to deal with random 
environmental errors. 

PACS number(s): 03.67.Lx, 89.70.+c, 89.80.+h 

I. INTRODUCTION AND MODEL 

In previous papers [1:2] 1 have discussed how unwanted 
mutual interactions between qubits can be a source of error 
in a quantum computer (or quantum memory regis~er) and 
studied some of the characteristic features of this type of 
error. It was found in [l] that, if the characteristic interaction 
energy is h8, the fidelity 3 of the register decreases with 
time t and with the total number of qubits N as 

Equation (1) suggests that (6 t )2  can be interpreted as a sort 
of failure probability per qubit. In [2] it was shown that the 
general scaling (1) with t holds even when the register is 
being acted on by "gates" such as one might use in the 
course of a quantum computation: that is. the error accumu- 
lates quasicoherently in time, and there is no "quantum Zeno 
effect" associated with normal gate operation. (This sug- 
gests, in particular, that it is not necessary to simulate a full 
computation to estimate the magnitude of this effect; instead, 
it should be enough to calculate the survival probability of an 
appropriate initial state of the register under the action of the 
appropriate Hamiltonian [3].) 

Mutual interactions are Hamiltonian and hence, in prin- 
ciple, reversible, and there exists, in fact, a variety of special 
techniques for eliminating, or greatly reducing, these errors: 
in particular, techniques similar to, and inspired by, the use 
of refocusing pulses in magnetic resonance [4,5]. Nonethe- 
less. it is worthwhile to look at the question of how well 
these errors could be eliminated by the use of ordinary error- 
correction methods based on quantum error-correcting codes 
[6,7], and in particular on concatenated coding, if only be- 
cause one would like to be able to make an informed choice 
between various available methods. Moreover, although 
pulse methods could in principle be used to deal with certain 
kinds of environmental noise. it seems very likely that, in 
large-scale implementations of quantum computers, error- 
correcting codes will have to be used, in any event, to deal 
with at least some of these random environmental errors. 

Assuming, then, that these codes would already be in place. 
it is natural to ask how much one could get from them. 

While there is no question that the present theory of qum- 
tum error-correction codes covers mutually interacting qubits 
as a special case, this is not a case that is often explicitly 
discussed, and, in particular, it is not immediately clear 
whether in order to obtain a threshold estimate for these 
kinds of errors one should add them coherently (adding error 
amplitudes) or incoherently (adding error probabilities). This 
is one of the issues explored in this paper, for the two best  
known quantum error-correcting codes: the five-qubit and 
seven-qubit codes, and their concatenated forms. The conclu- 
sion, at least for the kind of interaction Hamiltonian as- 
sumed, is that these codes could fully handle the errors aris- 
ing from mutual interactions, almost certainly at no extra 
cost in terms of resources needed (e.g., depth of concatena- 
tion). This is an encouraging result that may not have been 
immediately obvious before. 

The interaction to be considered here is one that results in 
pure phase shifts, conditioned on the relative stale of neigh- 
boring qubits, according to a Hamiltonian 

Examples of physical systems leading to interaclions of this 
form have been discussed in previous publications [1.2]; in 
[2] it has also been shown that, for instance. changing a; to 
a, (bit errors instead or phase errors) does not modify sub- 
stantially the scaling (1). 

In order to simplify the calcula~ion, the (unrealiaic) as- 
sumption is made that the qubits are divided inlo phlsical 
blocks, each of length N ,  , which do not interact with each 
other; that is, the interaction Hamiltonian is applied sepa- 
rately to each such block. The blocks are intended to repre- 
sent the "logical" qubits in a computer encoded for error 
correction. When the code is concatenated. the decoupling 
assumption is applied at the lowest (deepest) level: For In- 
stance, for a code concatenaled once. a logical qubil is made 
of N , X  N ,  physical qubits. and il is assumed thal the 1, 
lowest-level blocks do not interacl with each other. While 
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Qubit-qubit interaction in quantum computers. 11. Adder algorithm with diagonal 
and off-diagonal interactions 

Julio Gea-Banacloche 
Department of Phj~sics, University of Arkansas, Fayetfeville, Arkansas 72701 

(Received 23 December 1998) 

The effect of off-diagonal interactions between quantum bits is studied in a simple quantum conlputer 
algorithm designed to calculate the sum of two n-hit nwnhers. Scaling laws are derived numerically for the 
dependence of the error on the number n of bits, the strength of the interaction, and the calculation time. The 
case of diagonal interactions, previously studied in the context of the quantum Fourier transform algorithm, is 
also considered. No substantial differences are found between the off-diagonal and diagonal fonns of the 
interaction: in both cases, the errors accumulate almost coherently, despite the fact that the system's free 
evolution is constantly being interrupted by the logical gates, which scramble the coefficients of the wave 
Funclion. Some comments on the possibility of using "field-insensitive" atomic states in ion-chain quantum 
computers are also given. [S1050-2947(99)04907-01 

PACS number(s): 03.67.Lx, 89.70.+c, 89.80.+h 

1. INTRODUCTION 

Unwanted interactions between the quantum bits. or "qu- 
bits," that make up a quantum computer [I], could be, in 
principle. as damaging as interactions with the environment 
[2]. In a recent paper [3] I have considered, as an explicit 
example of this, the influence of magnetic dipole-dipole in- 
teractions on a chain of ions [4] when it is used as a quantum 
computer running the quantum Fourier transform (QFT) al- 
gorithm [5]. Although magnetic dipole interactions between 
atoms are typically very weak, their cumulative effect can be 
large for atoms separated by distances of the order of a few 
microns. This is because, as seen in [3], the error introduced 
appears to accumulate with time in an almost coherent fash- 
ion: that is, the magnitude of the error (phase error, in the 
case studied in [3]) grows linearly with time, in spite of the 
fact that the coherent evolution of the system is being con- 
stantly interrupted from the outside by the logical gates ap- 
plied to it. 

The results in [3], however, were obtained under some 
restricted assumptions and hence leave open a few questions. 
First, the qubit-qubit interaction was treated as being diago- 
nal in the computational basis, which means that only phase 
errors were considered, and it is not immediately obvious 
whether "bit" errors (as would be induced by off-diagonal 
terms) would also have the property of quasicoherent accu- 
mulation. Also, it is not immediately obvious what would 
happen if one were to use for the computational basis so- 
called "field-free," or "field-insensitive" states. that is, 
states in which the diagonal elements of the dipole- 
interaction operator are zero (or can be set to zero after 
renormalization). Finally, the QFT, although an essential part 
of Shor's factorization algorithm, is not the most time- 
consuming part (in fact, it takes a negligible amount of time, 
in the limit of many qubits N, since it requires of the order of 
,2" operations. whereas the full algorithm requires of the 
order of N~ operations), and is also a somewhat atypical 
example of a quantum computing algorithm. in that it does 
not involve any CNOT or Toffoli gates. Thus, there is some 

possibility that the results of [3] (regarding, for instance, the. 
scaling of the error with the number of operations) may not 
be broadly applicable to other quantum computing algo- 
rithms. 

This paper addresses all of the issues raised in the preced- 
ing paragraph. The effect of interaction between qubits is 
explored in a simple adder algorithm, typical of the sort of 
building block necessary for doing arithmetic on a quantum 
computer. Diagonal and off-diagonal forms of the interaction 
are considered, and the possibility of using '-field- 
insensitive" states is explicitly addressed. Although still 
framed, for the most part, in terms of chains of ions and 
magnetic-dipole interactions, the forms used for the interac- 
tion Hamiltonian here are sufficiently general that many of 
the conclusions of this paper would probably hold. with suit- 
able modifications, Ibr more general kinds of quantum com- 
puting hardware, wherever unwanted qubit-qubit interactions 
might play an important role. 

The paper is organized as follows: Section I1 deals with 
the magnetic dipole-dipole interaction in a chain of atoms, 
and introduces the main simplifications and assumptions 
used to derive the simple model forms of the interaction 
Hamiltonian to be used in the remainder of the paper. Sec- 
tion 111 describes briefly the adder algorithm and the proce- 
dure used for the numerical calculation. and presents the re- 
sults, including numerically calculated scaling laws. Finally. 
Sec. IV attempts to give an idea of the magnitude of the 
effect for a chain of ions, by showing the slowdown that 
would result from the requirement to keep the ions suffi- 
ciently far apart to prevent unwanted interactions. This last 
section reprises arguments presented earlier this year in [6]. 
although some of the conclusions (or, rather. the assump- 
tions) of [6] need to be modified in ways discussed here. 

11. MAGNETIC DIPOLE INTERACTION 
IN AN ION CHAIN 

The first proposal [4] to build a quantum computer out of 
a chain of cold ions in an rf trap envisioned using the ground 
state and a metastable excited state as the two computing 
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The dynamics of a quantum wave packet bouncing on a hard surface under the influence of gravity 
are studied. This is a system that might be realized experimentally with cold atoms dropped onto an 
"atomic mirror." The classical limit is discussed and interesting departures from classical behavior 
are pointed out and explained. O 1999 Amerrcan Associafron of Physics Teachers. 

I. INTRODUCTION 

The solution of Schrodinger's equation for a particle 
bouncing on a perfectly reflecting surface under the influence 
of gravity, that is, of a particle in the potential 

is an intermediate-difficulty problem (exactly solvable using 
special functions) which is discussed in a number of 
 textbook^.'^^ ~ a k u r a i ?  for instance, uses it as an example of 
a system where the Wentzel-Kramens-Brillouin approxima- 
tion gives an excellent approximation to the spectrum. The 
problem has also been treated in a number of pedagogical 
articles over the years in the pages of the American Journal 
of Physics: see, for instance, Refs. 3-5. It was given the 
name .'The quantum bouncer" by Gibbs; who also dis- 
cussed a two-dimensional extension, to a particle rolling 
down an inclined plane. (A more complicated kind of 
"quantum bouncer" is obtained when the mirror at the bot- 
tom is allowed to move; such a system may exhibit chaos in 
the classical limit, as discussed in Ref. 6.) 

In recent years, the development of techniques to cool and 
manipulate atoms with high precision has made the simple 
quantum bouncer experimentally realizable.' The reflecting 
surface is provided by a piece of  glass "coated" with the 
evanescent field of a laser undergoing total internal reflection 
on the other sides (a magnetic mirror can also be used).' The 
atoms are dropped onto this surface from a small height, 
typically a few millimeters. A number of interesting preci- 
sion measurements can be carried out in this way, including 
a determination of the van der Waals force between the atom 
and the glass.'0 Although for most of these experiments the 
atoms energies are such that they behave essentially as clas- 
sical particles, there is at least one experiment in which the 
(quantum) interference between parts bf the wave packet re- 
flected at different times was observed." This may be re- 
garded as a sort of first step toward a "matter wave cavity." 

This paper presents a study of the dynamics of a bouncing 
wave packet, initially Gaussian in shape, in the potential (1). 
Apart from its relevance to possible future experiments of 
the type described above, the problem is very interesting 
from a pedagogical standpoint, as it showcases some of the 
differences between classical and quantum dynamics. The 
classical motion is periodic (since no energy dissipation is 
assumed to take place), repeating itself indefinitely, but the 
quantum motion is aperiodic, and exhibits interesting col- 
lapses and revivals of the oscillations, similar to those ob- 
served in many other quantum systems. In spite of this, there 
is a clear correspondence between the classical and quantum 

limits, and the use of a quasiclassical perspective allows one 
to derive some very useful results for the quantum problem 
as well. 

The results reported here run the gamut from exact ana- 
lytical expressions. to approximate ones, to fully numerical 
calculations. Impossible to present here, but available to any- 
body interested, is a movie that was generated showing the 
time evolution of the wave packet for some of  the parameters 
discussed in the text. It can be downloaded from the follov.- 
ing URL: http://www.uark.edu/misc!julio/bouncing_ball/ 
bouncing-ball.html. 

11. SOLUTION OF THE TIME-INDEPENDENT 
PROBLEMSCALING 

The time-dependent Schrodinger equation for the potential 
(1) reads 

with the boundary condition 

*(O,t) = 0 

at z = 0. The solution will proceed via the usual expansion in 
the basis of energy eigenfunctions: 

where the coefficients C, are determined from the initial 
condition *(z,O), and the eigenfunctions $,(s) are the so- 
lutions of 

with the boundary condition 

$n(O)=O. ( 6 )  

To better exhibit the solution of (S), it is convenient to 
rescale the position and energy variables as follows: Intro- 
ducing the characteristic "gravitational length" I ,  defincd as 

let z' = = / I ,  and E' = El(mg1,). or 

In these variables, Eq. (4) becomes 
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Comment on "Optical coherence: A convenient fiction" 

Julio Gea-Banacloche 
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(Received 8 September 1997) 

I t  is argued here that in a large cIass of lasers there exist mechanisms by which large coherent fields could 
be generated, and hence there seems to be no compelling reason to regard optical coherence as a "fiction." 
Some brief comments on the use of a "pointer basis" to resolve statistical mixtures are also presented. 
[SlOSO-2947(98)01511-XI 

PACS number(s): 42.50.Ct, 42.50.Lc, 03.65.Bz, 11.30.-j 

In a recent, thought-provoking article, Mdlmer [I] has 
argued that the usual methods for generating optical fields (in 
particular, lasers) should not really lead to optical coher- 
ences, that is, to fields that have a precise amplitude and 
phase. He bases his reasoning on the lack of electronic, man- 
made oscillators at optical frequencies: without an external 
coherent field to drive the atoms at the optical frequency, he 
argues, no atomic coherences (nonvanishing atomic dipole 
moments) could be generated, and therefore the field radiated 
by the atoms would also have vanishing coherences (i.e., a 
vanishing expectation value for the amplitude operator a). 

The purpose of this Comment is to suggest that. in fact, 
the way the radiating systems are excited in man! lasers- 
e.g., in a gas laser, by electronic collisions-provides a 
mechanism that may generate microscopic coherences. The 
basic classical analogy is that hitting an atom, sa j ,  with a 
fast-moving electron should be similar to hitting a bell: just 
as the bell will vibrate and generate a sound wa\e with a 
precise phase, so would the electronic charge distribution of 
the atom oscillate with a nonvanishing amplitude and radiate 
a field with a precise phase. 

To see that the analogy carries through when the radiating 
system is described quantum mechanically, consider, for 
simplicity, a harmonic oscillator struck at the time to by an 
impulsive force: 

The Heisenberg equations of motion are readily solved, with 
the result that, starting from the ground state, 

i t . ,  we do have a microscopic coherence (nonvanishing di- 
pole moment). Clearly, even though the math is more com- 
plicated, the same physics will apply in the case of an atom 
(or more precisely, an atomic electron) struck by an impul- 

sive force; only, in that case, the nonvanishing dipole mo- 
ment will have components oscillating at many different 
atomic transition frequencies: including optical frequencies. 
These will, in turn, generate microscopic, coherent fields at 
those frequencies. 

Of course, in a realistic model of a laser the excitation 
process would be much more complicated. including fast de- 
cay to the lasing levels from the levels initially populated b! 
the electron impact. This fast relaxation is typically nonradi- 
ative. i.e., it also involves collisions (e.g., among the atoms 
themselves), so the general logic carries through, the point 
being that collisions can generate atomic coherences [2]. It is 
not even necessary to have an impulsive force (i.e., a colli- 
sion time shorter than an optical period) in order to get a 
precise phase. although in general, of course, the shorter the 
collisions the more likely they will be to generate coherences 
in all frequency scales. 

If we assume that most of the spontaneous emission 
comes from these microscopic dipoles, with well-defined (al- 
beit random) phases, we can show formally how a nonvan- 
ishing, macroscopic value for (a) could develop. Let the at- 
oms be excited at a rate r. the coupling coefficient of each 
dipole to the cavity field mode (one-photon Rabi frequencj) 
be g, and the atomic decay rate be y. At the end of a time 
t* y, the amplitude of the cavity field due to spontaneous 
emission (starting from vacuum) \would be of the order 01' 

where the phases 8, are random, so that, over an ensemble of' 
possible realizations, the average value of l(a)I2 would be 
rt(g1 y ) 2 .  This, of course, is the same order of magnitude as 
the average number of photons spontaneously emitted during 
that time into the cavity mode [3], which means that. in an 
individual realization of Eq. (3): the microscopic field gcn- 
erated by spontaneous emission would have an amplitude of 
the order of magnitude of fi and an o\jerall random phase. 

1050-2947/98/58(5)/4244(3)/$15.00 PRA 2 4244 01998 The American P h , ~ s ~ c a l  Soclely 



ATOMIC, MOLECULAR, AND OPTICAL PHYSICS 

THIRD SERIES, VOLUME 57, NUMBER 1 JANUARY 1998 

RAPID COMMUNICATIONS 

The Rapld Communications section 1s rnlended for the accelerated publication of important new results. Since rnanuscripls s u b ~ l i i ~ ~ e d  
lo thrs sectton are given priority treatntent bofh in the editorial office and m production, authors should explaln m therr subrnrttul Iettrr 
why the work justrfies this special handlmg. A Rapid Contmunication should be no longer than 4 printed pages und must be acconipanled 
bv an abstract. Page proofs are sent to authors. 

Qubit-qubit interaction in quantum computers 

Julio Gea-Banacloche 
Un~versily of .lrkansas. Fayelteville, Arkansas 7270 / 

(Received 1 I August 1997) 

Limitations to the performance of a quantum computer arising from direct interaction between qubits are 
considered, and the basic scaling laws (with the computation time and the number of qubits) are established for 
the specific example of the quantum Fourier transform algorithm. These results should be relevant for several 
of the currently proposed quantum computer systems, where the dominant interaction is of the magnetic 
dipole-dipole type, in the limit of many qubits and long computation times. [S1050-2947(98)50601-41 

PACS number(s): 89.70.+c, 03.65.Bz, 89 80 +h 

It is now quite likely that there will be quantum comput- 
ers with perhaps as many as ten "quantum bits," or "qu- 
bits," in operation in the very near future (see recent reviews 
in [1,2]). To be able to scale them up beyond this point will 
require, among other things, a careful study of all the pos- 
sible sources of error and of how these scale up as well. The 
purpose of this Rapid Communication is to draw attention to 
one such source, namely, the direct interaction between qu- 
bits, and to exhibit how its influence scales with both the size 
of the computer and the computation time; this is illustrated 
for the specific task of calculating the quantum version of the 
fast-Fourier transform, or Fourier transform" 
(QFT). 

Interaction between qubits is different from other sources 
of "coherent" error in a quantum computer in that it is not a 
single-qubit effect; rather, in the most general case, it leads 
to phase factors that are configuration dependent; that is. 
they depend on the state of all the qubits. This might make it 
particularly difficult to undo the error (even though the pro- 
cess is deterministic and thus, in principle, reversible). In 
fact. one should expect this particular error to  lors sen when 
conventional (single-qubit) error correction measures are 
implemented, since these require an increase in both the 
number of qubits and the computation time. 

As a simple illustration, consider just two qubits with 
states 10) and 11): and configuration energies Ei, ( i , j  
=0.1). An initially factorizable state such as f(10) 
+ 1 1  ) )(lo) + 1 1  )) evolves into f (e-'Ew"h 100) 

+ - ~ E O I ~ / ~  ~ 0 1 ) + ~ - ~ ~ ~ 1 o ~ ~ f i  ( l ~ ) + e - ' ~ l l ' ~ ~ l l l ) ) .  The purity of 

the state of the first qubit decreases as ~ r ( ~ : ) = $  
+ a cos[(Eoo+ E l l  - El,-Eol)l/h].  The argument of the co- 
sine is zero in the absence of interaction, or if the configu- 
ration energies are otherwise additive as in El, = E, + E, . 
Otherwise, the state will almost certainly become entangled. 
The rate at which purity is destroyed is. for short times, 
quadratic in 1 and in a difference of configuration energies. 1 
shall show below that these features seem to be quite gen- 
eral. 

In the ion-trap quantum computers originally proposed by 
Cirac and Zoller [3], and studied elsewhere [4,5], the qubit 
basis states would have nonvanishing quadrupole moments 
and the first term in the interaction between qubits that dis- 
tinguishes between their internal states in a nonadditive way 
would be the quadrupole-quadrupole term, which decreases 
as r,'. These systems, however, do not appear to be the 
most promising candidates for quantum computers because 
of their relatively short radiative lives. Other schemes have 
been proposed using the hyperfine split of the ground state of 
trapped ions (as in the quantum logic gate demonstrated in 
[6]), or simply Zeeman sublevels of the ground state. For 
these systems there would be a magnetic dipole-dipole inter- 
action between neighboring qubits, as the electron's spin 
state is different in each of the two states (0) and [I).  A 
magnetic dipole-dipole interaction would also occur natu- 
rally in the recently proposed NMR systems [7] (in fact. the 
NMR systems rely on the spin-spin interaction for their op- 
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Qubit-qubit interaction in quantum computers: errors and 
scaling laws 

Julio Gea-Banacloche 

Department of Physics, University of Arkansas, Fayetteville, Arkansas 72701, U.S,A. 

ABSTRACT 

This paper explores the limitations that interaction between the physical qubits making up a quantum computer may 
impose on the computer's performance. For computers using atoms as qubits, magnetic dipole-dipole interactions 
are likely to be dominant; various types of errors which they might introduce are considered here. The strength of 
the interaction may be reduced by increasing the distance between qubits, which in general will make tlie computer 
slower. For ion-chain based quantum computers the slowing down due to this effect is found to be gerrerally more 
severe (scaling as a higher power of the number of qubits) than that due to other causes. In particular, this effect 
alone would be enough to make these systems unacceptably slow for large-scale computation, whether they use the 
centef of mass motion as the 'busn (to store and exchange information between ions) or whether they do this via an 
optical cavity mode. 

Keywords: quantum computing, ion traps, cavity QED 

1. INTRODUCTION 

The need to minimize the interaction of a quantum computer with its environment has been repeatedly ~oinded 
out in the l i terat~re.l-~ To ensure reliable performance, however, it would be just as important to minimize any 
unwanted interactions of the qubits amongst themselves. 

In a recent article4 I have drawn attention to the possible negative impact of a particular type ~f gubit-qubit 
interaction-magnetic dipole interaction-in a proposed type of quantum computers, namely, a chain of ions which 
uses as the computing states two Zeeman sublevels of the ions' ground state. I considered the influence of yubit-quhit 
interaction on the performance of a quantum Fourier transform algorithm, focusing on only one type of error, namely, 
the accumulated phase shifts resulting fkom the interaction. 

In this presentation I first point out that the magnetic dipole-dipole interaction would occur most rlaturally in 
all the proposed realizations of quantum computers using atoms as qubits; next, I identify the various types of errors 
that may result from this interaction; and lastly, I discuss the way the computation time would have to scale with 
the number of ions if these errors are to be kept at an acceptable level. I do not explicitly consider here the potential 
impact or the associated overhead of the currently-proposed error correction schemes: except to borrow irn estimate 
for the maximum gate error acceptable for fault-tolerant computation. The important question of whether error- 
correction codes can actually lead to improved estimates for the scaliig laws presented here will Le  ckj?r-ased in a 
future publication. 

2. MAGNETIC DIPOLE-DIPOLE INTERPLCTION BETWEEN IONS 
The interaction between two magnetic dipoles is described by the Hamiltonian 

where n is a unit vector pointing from the first dipole to the second. For an ion with a single valence electron, the 
magnetic moment operator ji is given by 

y = -?(L + 2s) (2) 

where p~ = eti/2rn, is the Bohr magneton. The typical strength of this interaction can be characterized by 
equivalent fkequency 6 d&ed as 

9 
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Attcnding the Einstein Conference, Carbondale. Illinois, March 1979: Asim Barut, on the lelt. 
in the company of Prof. and Mrs. Paul Dirac along with unidentified friends. Photo furnished 
by courtesy of Mrs. Pierrette Barut. 

Emergence of Classical Radiation Fields through 
Decoherence in the Scully-Lamb Laser Model 

Julio Gea-Banacloche' 

Rc.t.c,i~.c.cl April 2X. 1997: rc,rr.vetl ScyJrmrrhar. 26.  I997 
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irr.si,yhr 11s ro 11.1r.r /his 1.r so. 

1 .  INTRODUCTION 

In the quantum-mechanical description of an electromagnetic field.' I '  each 
mode is treated as an independent harmonic oscillator. Of thc infinite num- 
ber of possible states for such an oscillator, only a small subset can be 
regarded as being more or less analogous to a classical radiation field. 
When the source of the field can be described as a classical current, the 
(quantum) field emitted is found to be in a coherent state,"' the best 
known of these quasiclassical states (1 use here the term quasiclassical to 
refer to a state of the field with a well-defined phase and amplitude). At the 
other end of the spectrum, spontaneous emission of radiation by nuclei 
produces individual, very high-energy photons in what are essentially 
"number statesW--eigenstates of a generalized number operator. In the 
intermcdiatc region where the optical frequencies lie, the sources of radia- 
tion are quantum mechanical in nature (molecules or atoms with discrete 
energy levels), but usually they radiate incoherently and in large numbers, 
and the states of the quantum field that result ("thermal states") are essen- 
tially indistinguishable from classical thermal fields. An extremely important 
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Reply to "Comment on 'Quantum suppression of chaos in the spin-boson model' " 

G. A. ~ i n n e ~ *  and J. Gea-Banacloche 
Department of Physics, University ofArkansas, Fayetteville, Arkansas 72701 

(Received 25 February 1997) 

We dispute the claim by Bonci e/  al. [Phys. Rev. E 56, 2325 (1997)] that we have misidentified a chaol~c 
tralectory, and point out that their new results actually support the main conclusions of our original article. 
[S 1063-65 lX(97)01508-01 

PACS number(s): 05.45. +b 

In the preceding Comment the authors attempt to look 
independently at the problem studied by us in a recent pub- 
lication [I]. They make a number of  points, the most impor- 
tant of which is that, in their opinion, we have mistakenly 
identified as chaotic a trajectory that has, in fact, a vanish- 
ingly small Ly apunov exponent. 

We did state in our paper [l] that we had found nonvan- 
ishing Lyapunov exponents for trajectories in the neighbor- 
hood of the (+) branch, and we stand by that claim. Since 
we have not been able to compare our algorithm to the one 
used by Bonci e l  al., we cannot say precisely why we do and 
they do not. As we explained in our paper, the chaos is 
confined to the neighborhood of the unstable periodic orbit, 
and it seems that the truly chaotic trajectories lie in a very 
narrow region of phase space around this orbit. This makes 
the calculation of Lyapunov exponents for these orbits a little 
tricky. If the numerical integration routine takes too large a 
step in the wrong direction it may leave the chaotic region 
entirely and the Lyapunov exponent will then approach zero 
P I .  

In particular, the trajectory that starts from the Autler- 
Townes (AT) initial conditions that we quote in our paper 
( x =  0.483, yo=O, zo=  -0.876) may or may not be chaotic 
itself-two different algorithms we have tried yield different 
results. We need to point out, however, that these are not 
exactly the same as the initial conditions for the trajectory 
we show and study in our paper [Figs. ](a) and I(b) of [I]]. 
Our approach was typicaIly to take the AT initial conditions 
as a starting point in our search for the periodic orbits, which 
are always to be found nearby. The initial conditions for the 
periodic orbit shown in Fig. I (a) of [l] are s o m e ~ ~ h e r e  in the 
range xo=0.4738-+0.0002, yo=O, zo=  - m. For n 
= 81 we find consistently chaotic trajectories in this neigh- 
borhood. 

In any event, our diagnostic of chaos did not rely solely 
on Lyapunov exponents or visual observation of the trajec- 
tories. Our paper [I] shows, for instance. a remarkable 
change in the spectrum [Figs. 2(a) and 2(b) of [I]&-not just 
the apparition of many new lines but of actual broadband 
structures, characteristic of chaos. On the same page of [ I ]  
we give a detailed account of how the periodic orbit becomes 
unstable, based on our Floquet analysis of  a linearized 
model. 

*Present address: USAFAJDFP, U.S. Air Force Academy, Colo- 
rado Sprlngs, CO 80840 

Bonci e l  al. seem to disregard all this evidence and in- 
stead use some ~ o i n c a r e  sections (their Figs. 3 and 4) to 
bolster their claim that nothing unusual happens in the neigh- 
borhood of the (+) branch. We agree that those sections do 
not show anything special, but since an actual inslabilit), 
clearly does take place, all their figures prove is that they are 

FIG. 1. Poincare maps generated by one trajectory In the vlcln- 
ity of the (+) periodic orbit and one trajectory in the vlclnlty of the 
(-) periodic orbit, for ny 100 and 81, respectively. For <= 100. the 
enlargements of what look like single points show the trajectory 
winds over a narrow stable torus around the periodic orbit For n 
=81, the (-) branch is still stable but the (+) branch has become 
unstable: in the Poincare map, the fixed point associated with the 
(+) periodic orbit has become a hyperbolic, holnocllnlc po~nt 
Chaos is generic in the vicinity of such points. 
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QThF7 Fig. 1. Spontaneous emission 
in photonic wire: Emission rate into y 
polarization versus normalized core 
size. 

QThF7 Fig. 2 Spontaneous emission 
in photonic wire: Emission rate into x 
polarization versus normalized core 
size. 

al., however, is made of rectangular 
waveguide with quantum wells as the ac- 
tive medium. In this work, the modifi- 
cation of spontaneous emission in such 
structure is studied. 

To calculate the modification of spon- 
taneous emission, we first calculate the 
propagating modes of a rectangular di- 
elechic waveguide. The analysis is based 
on the method of expanding the electro- 
magnetic field in t e r n  of a series of dr- 
cular harmonics, and the elecMc and 
magnetic fields inside the waveguide 
core are matched to those outside the 
core at appropriate points on the bound- 
ary to yield equations that are then 
solved on a computer for the propagation 
constants and field configurations of the 
various modes. 

Based on the symmetry for the rectan- 
gular shape, we can denote the propa- 
gating modes as odd mode or even 
mode, LC., the solution contains only the 
odd or the even terms of circular har- 
m o ~ ~ ~ . * E a c h  mode can have two differ- 
ent polarizations: x polarization and y 
polarization (see Figs. 1 and 2). 

We calculate the emission rate accord- 
ing to different modes/polaruations, us- 
ing the method Chu and Ho used in cal- 
culating the cylindrical waveguide? 

The first propagating mode is mode 
E,, (x polarization) and the second mode 
is mode E,, ( y polarization). From the cal- 
culated result, we found that these two 
modes give the most contribution to the 
miaocavity laser emission rate from the 
quantum wells. In ow calculation, the 
rectangular waveguide is assumed to 
have an aspect ratio of 2 and the length 
of the longer side is denoted as a. This 
aspect ratio is adopted according to the 
actual structure in Ho's exppriment. Fig- 
ures 1 and 2 plot the emission rate versus 
the side-length a normalized by A/(& - 
n')"'. Where nn is the refractive index for 
the region inside the rectangular core, n 
is the refractive index for the region out- 
side the core. In calculation, we let n, = 
3.4 and n = 1. A is the wavelength in vac- 
uum. From Figs. 1 and 2 we see that at a 
= 0.8. a large amount of emission can be 
channeled into the E,, x-polarized mode, 
and the emission into the Ell y-polarized 
mode can be highly suppressed. For A = 
1.5 m, nn = 3.4, n s 1, a / ( ~ / [ n i  - 
nl)"$ = 0.8 corresponding to OR w, 
which is dose to the dimension of the 
photonic wire laser demonstrated by Ho 
ct al. 

In summary, we showed that with an 
appropriate choice of the rectangular 
waveguide dimensions, the spontaneous 
emission from quantum wells in a pho- 
tonic wire can be highly polarization se- 
lective and a large amount of emission 
can be channeled into the lowest order 
guided mode. This gives rise to a large 
spontaneous emidion coupling factor for 
photonic wire lasers. 
1. J. P. Zhang, D. Y. Chu, S. L. Wu, S. 

T. Ho, W. G. Bi, C. W. Tu, Phys. Rev. 
Lett. 75, 2678 (1995). 

2. D. Y. Chu, S. T. Ho, J. Opt. Soc. Am. 
B 10, 381 (1993). 

Influence of atomic initial condltionr on a 
cavity QED pmblcm 

Julio Gei-Banacloche, T i  Burt, University 
of Arkansas, Drpnrhrnt of Physics, 
Faycttmillr. Arkansas 72701 
We present results for the evolution of 
the atom-field system for a two-level 
atom in a damped and driven cavity, in 
the limit in which atomic spontaneous 
emission is negligible. This may be ap- 
plied to micromaser-type experiments 
with external driving, or it may be taken 
as a framework to which spontaneous 
emission can later be added, by, e.g., a 
quantum trajectory approach. 

A number of results for the system we 

consider have been established earlier by 
Alsing and Carmichael.' We are espe- 
cially interested in the case of relatively 
large inhacavity fields (greater than 10 
photons) and on the possible existence of 
initial conditions for which the quan- 
tized-field system follows closely the 
semiclassical (Maxwell-Bloch) equa- 
tions. These quasiclassical trajectories 
have been established before for a variety 
of related systems, such as the Jaynes- 
Cummings (JC)' and Dicke' models, the 
damped (but not driven) cavity,' and the 
spin-boson H a m d t o ~ a n  (the J C  model 
without the rotating-wave approxima- 
tion).' They provide a powerful tool for 
the study of the quantum dynamics, 
since typically the general evolution will 
be either one of the quasiclassical hajec- 
tones or a coherent superposition of 
them. 

We consider two special sets of initial 
conditions: (1) the cavity field is ini- 
tially in the atodess-cavity steady (co- 
herentbstate determined by the driving 
and damping, and (2) the cavity is in the 
vacuum state when at t = 0 the interac- 
tion with the atom and the driving field 
is turned on simultaneously. For case (I), 
we find that the semiclassical equations 
predict that the phases of the cavity field 
and the atomic dipole will evolve to- 
gether i f  the initial phase of the atomic 
dipole is chosen appropriately; this is the 
kind of situation that generally leads to 
the existence of quasiclassical trajectories 
for the quantum evolution. 

For the initial condition (2) we find 
the somewhat surprising result that the 
semidassical equations predict an instan- 
taneous locking of the phase of the cavity 
field to a value determined by the driving 
field and the initial phase of the atomic 
dipole. This may be quite different from 
the value of the phase for the stationary 
state of the system, which means that the 
steady-state evolution arrived at eventu- 
ally is not static but dynamic (one of the 
limit cycles mentioned by Al s ig  and 
Carmichael). This semiclassical result is 
not, in principle, limited to just a single- 
atom cavity We wffl show how this 
phase lodcing simplifies 'the coupled 
atom-field equations, and will also dis- 
cuss the quantum-field evolution for 
these initial conditions, at least for the 
single-atom case. 

Our main condusions are that there is 
a richness to the semiclassical system that 
goes beyond the stationary states and bi- 
furcations discussed previously, and that 
quasidassical quantum trajectories me 
possible for special choices of initial con- 
ditions. These will be used in future re- 
search as the starting point for a heat- 
ment of the full system, including atomic 
spontaneous emission. 

This research has been supported by 
the NSF. 

1. P. Alsing, H. J .  Carmichael, Quan- 
tum Opt. 3, 13 (1991). 

2. J .  Gea-Banacloche, Phys. Rev. Lett. 
65, 3385 (1990). 

3. S. M. Chumakov, A. B. Klimov, J. J. 
Sanchez-Mondragon, Phys. Rev. A 
49,4972 (1994). 
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Quantum suppression of chaos in the spin-boson model 

G. A. ~ i n n e ~ *  and J. Gea-Banacloche 
Deparlmenf ojPhysics, University of Arkansas, Fayeffeville, Arkansas 72701 

(Received 6 November 1995, revised manuscript received 8 May 1996) 

We identify a transition to chaos in the semiclassical spln-boson model that occurs for relatively large boson 
fields, as one of two periodic orbits becomes unstable. We have studied the quantum dynamics in the vicinity 
of this transition, as characterized by (i) phase-space trajectories followed by quantum expectation values, (ii) 
spectra of such trajectories, (iii) subsystem entropies for the spin and boson systems, and (iv) growth of 
operator variances for the boson system. We find that the transition to chaos in the classical system has no 
apparent effect on any of these variables, in the spin-$ case. This is in disagreement with some claims made in 
earlier studies of this system. [S 1063-65 IX(96)lO 106-91 

PACS number(s): 05.45.+b, 03.65.Sq, 42.65.Sf 

I. 1NTRODUCTION 

The spin-boson Harniltonian 

(where u, are Pauli spin matrices and a t , a  are boson cre- 
ation and annihilation operators) may describe a number of 
physical systems, including a two-level atom coupled to a 
single mode of the quantized radiation field [ I ]  or to its own 
center-of-mass motion in an atomic trap [2]. Taking expec- 
tation values in the Heisenberg equations and making a fac- 
torization assumption (i.e., (u ,a )=(uz) (a ) ,  etc.) yields the 
semiclassical equations 

where a , = ( a + a t ) / 2 ,  a 2 = ( a - a t ) / 2 i :  x=(u,).  y = ( u y ) ,  
and z = (u:). The system (2) has long been known to exhibit 
chaos for certain values of the parameters [3]. A continuing 
question has been whether or not there is any signature of 
this semiclassical chaos in the solutions, especially the dy- 
namics. of the full quantum problem (1) [4-81. This is the 
subject of the present paper. 

The system (I)  is not of the "standard" form of most 
quantum chaos problems, which typically involve particles 
in externally prescribed potentials, but this very difference 
makes it interesting in the context of the hitherto relatively 
little studied "dynamically driven" systems, where new 
phenomena may arise due to, for instance, the nonunitary 

'present address: USAFALIFP, U.S. Air Force Academy, Colo- 
rado Springs, CO 80840. 

nature of each subsystem's evolution [9]. Moreover, the sys- 
tem (1) is the restriction to the j= subspace of the more 
general Hamiltonian 

which describes, in general, a quantum rotor coupled to a 
quantum harmonic oscillator [Eq. (3) may also describe a 
collection of h '=2j  two-level atoms interacting with the ra- 
diation field]. In some limits (if the reaction of the rotor on 
the oscillator andlor the quantum nature of  the latter are neg- 
ligible) this may be like a periodically driven rotor, which is 
an archetypal model for quantum chaos [lo]. 

It has been shown by Graham and Hohnerbach (see [4(b)] 
for details) that a classical Hamiltonian for this problem may 
be written as 

where I, and 4 ,  are canonical action-angle variables and J' 
is a constant, corresponding to the total angular momentum 
[for correspondence with the quantum problem, 
J2 = j(j + 1 ) or, in terms of N equivalent two-level atoms. 
J~ =(iV/2)(h1/2 + l)]. It can be verified immediately that 
the canonical equations of motion & l  = dH,ldI, and 
I, = - dH, Id$, are identical to the equations (2) obtained 
from the factorization assumption in the quantum Heisenberg 
equations of motion. with the correspondence 

In the classical problem (4): J is an arbitrary constant that 
can, in fact. be scaled away by redefining the coupling con- 
stant g and the boson field amplitude, as in / ;  =I ,  IJ. 
I ;=12/J ,  and g i = g f i .  For the quantum Hamiltonian (3). 
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Analytic quantum-trajectory results for a fluorescent atom in 
a lossless cavity 

T C Burt and J Gea-Banacloche 
Department of Physics, University of Arkansas, Fayeneville, AR 72701, USA 

Abstract. We use a quantum-trajectory based method (a generalization of earlier work by 
Mollow) to derive results for the population invers~on and atomic dipole of a single atom 
interacting with a cavity field which IS allowed to decay via fluorescence to outside modes. We 
assume strong coupling to the cavity field (small fluorescence rate), and that the cavity field is 
initially prepared in a 'quasiclassical' state, such as a coherent state wlth a large (> 10) number of 
photons. We show how a quasiclassical. or 'branch~ng' approximation can be introduced under 
these condit~ons which s~mpl~fies considerably the formal solutions obta~ned by the quantum- 
trajectory method and allows one to calculate easily the effect of spontaneous emission on the 
Jaynes-Cumm~ngs revivals and the state preparation effect. Our analytical approximations are 
compared to the numerical integration of the master equation, wlth generally good agreement. 

1. Introduction 

Many of the problems of recent interest in quantum optics involve strongly coupled, or 
weakly dissipative, systems, which have become increasingly realizable experimentally 11 J. 
For such systems, quantum-trajectory [2] based methods may provide not just useful 
numerical simulations, but also good analjtical approximations. This is because the 
untangling of the master equation using conditioned wavefunctions actually generates a 
formal solution to this equation, in the form of a series of 'conditioned density matrices' 

= do' (t) + (t) + ,d2'(t) + . . . . (1) 

The nth term in this series is the density matrix, conditioned on the occurrence of n 
dissipative 'events' (e.g. emission of fluorescent photons) at random times between 0 and t .  
For a weakly dissipative system, the probability of such events will be low to begin with. 
and one may expect that keeping only a feu. terms in (1) will give a good approximation 
for times that are not too long. In short, one may use the series (1) as one would use the 
ordinary Dyson series of time-dependent perturbation theory for a Hamiltonian problem [3]. 

Here we illustrate the application of these ideas to a simple system described by the (on- 
resonance) Jaynes-Cummings model (JCM) [4], with spontaneous emission (fluorescence) 
into vacuum modes as the dissipative mechanism [5]. The JCM describes a two-level atom 
coupled to a single mode of the quantized electromagnetic field (in, e.g. a lossless cavity), 
in the rotating-wave approximation. The fluorescence in our model represents spontaneous 
emission that does not go into the cavity mode. 

We derive the basic formal solution for this problem and then show that, if the initial 
field state is coherent with a relatively large (e.g. > 10) average number of photons, an 
approximate solution is possible of the form obtained by one of us for the ordinary ICM 

some time ago [6]: that is, the wavefunction splits into two approximately factorizable 
branches, with the field remaining approximately in a coherent state along each branch. 

0954-8998/96/010105+I 5S19.50 @ 1996 IOP Publishing Ltd 105 
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Electromagnetically induced transparency in ladder-type inhomogeneously broadened media: 
Theory and experiment 

Julio Gea-Banacloche, Yong-qing Li, Shao-zheng Jin, and Min Xiao 
Department of Physics, Uniuersity of Arkansas, Fayetteuille, Arkansas 72 701 

(Received 10 May 1994) 

We develop a theory of electromagnetically induced transparency in a three-level, ladder-type 
Doppler-broadened medium, paying special attention to the case where the coupling and probe beams 
are counterpropagating and have similar frequencies, so as to reduce the total Doppler width of the 
two-photon process. The theory is easily generalized to deal with the A configuration, where the ideal 
arrangement involves two copropagating beams. We discuss different possible regimes, depending on the 
relative importance of the various broadening mechanisms, and identify ways to optimize the 
absorption-reduction effect. The theory is compared to the results of a recent experiment (on a ladder- 
type system), using the Rb 0 2  line, with generally very good agreement. The maximum absorption 
reduction observed (64.4%) appears to be mostly limited by the relatively large ( -  5 MHz) linewidth of 
the diode lasers used in our experiment. 

PACS numberk): 42.50.Hz, 32.80.Wr, 42.65.K~ 

I. INTRODUCTION 

Electromagnetically induced transparency (EIT) is the 
effect behind some recent proposals for lasing without in- 
version [I] .  A possible level scheme for EIT is shown in 
Fig. ](a). Under normal circumstances, with most of the 
population in the lower level 11 ), the probe beam on res- 
onance with the 11 ) - 12 ) transition would be strongly 
absorbed. When a strong "coupling beam" resonant with 
the ( 2  ) - 13 ) transition is added, however, absorption of 
the probe beam can be greatly reduced ( a ~ t h o u ~ h m o s t  of 
the population is still in the ground state). This possibili- 
ty of controlling the transparency of a medium by using 
another beam of light may have useful applications in 
electro-optical devices and  nonlinear optics, in addition 
to the lasing without inversion applications mentioned 
earlier [2]. Also, systems similar to the one in Fig. l (a)  
have been predicted to exhibit unusual dispersive proper- 

ties which might also lead to useful new devices [3]. 
We present here the theory of a recent experiment [4] 

we carried out on the system of Fig. l(a) (a gas of rubidi- 
um atoms). We believe this experiment to be the first one 
to observe EIT in an inhomogeneously broadened medi- 
um, with cw lasers continuously tunable over a broad 
range of frequencies [ 5 ] .  This makes a detailed, quantita- 
tive comparison to a relatively simple theory possible and 
this is one of the main purposes of this article. As re- 
gards the theoretical treatment itself, its main new 
feature is the explicit inclusion of inhomogeneous 
broadening, which is treated exactly (to lowest order in 
the weak probe field) so that the influence of the various 
broadening mechanisms may be assessed in a variety of 
different regimes and in particular in the "almost 
Doppler-free" configuration of our experiment. Our for- 
mulas for the ladder system can easily be extended to the 
A configuration and we also indicate how to do it here. 

Our paper is organized as follows. In Sec. 11 we 
present the theoretical results and in Sec. 111 a discussion 
of the experiments and detailed comparison to the 
theoretical predictions. Section IV contains some brief 
concluding remarks. Section I1 is further divided into 
several subsections, dealing with the derivation of the 
general, analytical results, their generalization to the A 
level scheme, numerical and analytical study of various 
limits of interest, and a brief summary of the main points. 

11. THEORY 

A. General results for the ladder system 

l 1 >  
Consider the three-level system in Fig. l(a).  Let w 2 ,  be 

the frequency of the 11 ) - 12) transition, w ,  the frequen- 

(a) (b) 
cy of the probe laser, and A,=w,  -a2, its detuning, and 
similarly let 032 be the frequency of the 12 ) - 13 ) transi- 

FIG. 1. (a) Relevant energy levels of neutral rubidium atom. tion, o, the frequency of the "coupling" laser, and 
(b) Dressed-state picture. A , = o ,  - w3,  its detuning. Using standard semiclassical 
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Measurement of Dispersive Properties of Electromagnetically Induced 
Transparency in Rubidium Atoms 

Min Xiao, Yong-qing Li, Shao-zheng Jin, and Julio Gea-Banacloche 
Department of Physics, Univer.rity of Arkansas, Fayetteville, Arkansas 72701 

(Received 7 March 1994; revised manuscript received I June 1994) 

The dispersive properties of the atomic transition in the rubidium D2 line ( 5 S 1 / 2 - 5 P 3 / ~ )  at 780.0 nm 
are measured with a Mach-Zehnder interferometer when an additional coupling field at 775.8 nm 
is applied to an upper transition (5P3/2-5D5,2).  This ladder-type system is observed to exhibit 
electromagnetically induced transparency together with a rapidly varying refractive index. A reduction 
in group velocity for the probe beam (v,  = c/13.2) is inferred from the measured dispersion curve with 
52.5% suppressed absorption on resonance. 

PACS numbers: 42.50.H~. 32.70.-n. 42.25.B~. 42.65.An 

Electromagnetically induced transparency (EIT) is a 
modification of the absorption profile of an atomic tran- 
sition when the upper level is coupled coherently to a 
third level by a strong laser field. Under the right circum- 
stances, the absorption of a weak probe beam at the reso- 
nance frequency can then be  substantially reduced. There 
exists by now a large amount of literature on this subject 
[I-51. A number of experiments have also been carried 
out [2]. In addition to the possible applications of the 
reduced absorption effect [3] (including lasing without in- 
version), the dispersion properties of these systems have 
also been predicted to be of interest: Harris, Field, and 
Kasapi have predicted a reduction in the group velocity of 
a pulsed probe beam [4] due to the rapidly varying refrac- 
tive index near line center. Scully and Fleischhauer have 
considered the possibility of using the enhanced index of 
refraction without absorption in a novel atomic 'magne- 
tometer [6]. 

We report here the direct measurement of the dispersive 
properties of an EIT medium [a gas of rubidium (Rb) 
atoms, with the three interacting levels arranged in a 
cascade configuration, see Fig. I]. In addition to the large 
and rapidly changing index of refraction predicted by the 
theory, our experiment shows that, because of the two- 
photon nature of the effect, it is possible to observe it 
in a Doppler-broadened medium with much lower laser 
powers than have been used previously, by making use of 
a Doppler-free configuration. In particular, we are able 
to use a cw laser diode for the coupling beam and to let 
the coupling Rabi frequency (i.e.. the dynamic Stark shift 
of the upper level) be much smaller than the full Doppler 
width of the probe transition. 

FIG. 1.  Relevant energy levels of neutral rubidium atom 

In Fig. 1, the weak beam E,  at frequency w,  probes 
the transition 11) - 12), while the levels 12) and 13) 
are coupled by the strong beam E,, at frequency w , .  
Under these conditions the reduced absorption has been 
explained as a combination of the ac-Stark splitting and 
quantum interference in the decay of the dressed states 
created 'by the coupling field [2,7]. In the bare-state 
picture, on the other hand, the EIT and the rapidly varying 
index of refraction can be thought of as being due to the 
coherence between the levels I I) and 13) which is induced 
by the probe and coupling fields [8]. When the atomic 
velocity distribution cannot be neglected, as is the case in 
our experiment, a straightforward semiclassical analysis 
[9] shows that the contribution of the atoms with velocity 
v to the complex susceptibility of the probe transition is 

1 given by 

where the detunings A ,  (detuning of the probe laser I coupling laser from the transition (2) - 13)) are defined 
from the transition (1) - 12)) and A ,  (detuning of the as the nominal detunings for an atom at rest, and the 
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fundamental and second harmonic to be 
hned experimentally. Further, it uses po- 
larization-sensitive coupling to allow in- 
dependent control of the amplitudes of the 
fundamental and second-harmonic modes. 
Preliminary results on conversion effiden- 
desand the quantum-noise behavior of the 
fundamental and second-harmonic modes 
are given. 

1. S. Schiier, I. I. Yu, M. M. Fejer, R. 
L. Byer, Opt. Lett. 17, 378 (1993). 

2. P. D. Drummond, K. J. McNeil, D. F. 
Walls, Opt. Acta 27, 321 (1980); 28, 
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3. P. Kiirz, R. Paschotta, K. Fiedler, J. 
Mlynek, preprint, 1993. 

4. K. Fiedler, 1. Mlynek et al., preprint, 
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5. Quantunr Electronics Anr~lral Report 1992 
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Spatial quantization of SRS energy 

N. V. Tcherniega, A. D. Kudryavtseva, 
A. I. Sokolovskaya, N. P. Xuan,' 
C. Rivoire; lebedev Physical Institute, 
Russian Academy of Sciences, 
~IOSCOW 11 7924, Russia 

In connection with successful development 
of quantum-optics theory and ideas about 
atoms' and molecules' cooperative behav- 
ior in a light field, many nonlinear optics 
phenomena that have been observed ex- 
perimentally, including stimulated Raman 
%Rering (SRS), began to be explained from 
this point of view. 

SRS development has been thought to 
result from so-called initiation. Nonreso- 
nant spontaneous Raman scattering (RS), 
having the same statistical behavior a s  
spntaneous radiation, plays the role of this 
initiation. The initiation-forming process is 
h ~ o ~ o p i c .  Difficulties connected with the 
experiments' performance, complicate 
dearing in a real situation. In this connec- 
tion researchers' at tention concentrates 
malnly on statistical investigations of t he  
Raman-stokes pulse energy fluctuations 
Ona macroscopic scale in an  effort to obtain 
"~ults in which the statistical properties of 
the initiation-forming SRS process would 
be discovered, that is. its microscopic char- 
acter. 

In our experiments w e  investigated the 
Spatial distribution, energy fluctuations, and 
SRS barn  divergence in the backward di- 
rection in condensed materials in a situa- 
tion, in which the influence of geometry 
O"w and the averaging of SRS separate 

would be minimized. 
SRS was excited by a single-mode YAC 

laser with a giant-pulse duration 25 ps a n d  
a radiation divergence rad. Laser pulse 
energy reproduced from pulse to pulse with 
a Pwcision of 15%. Acetone was the scat- 
tering material. To avoid the influence of  
geometry on the formation of SRS, the SRS 

excited in thin layers of the scattering 
material (520 mm) and was observed in 
the direction opposite to the exciting pulse 
direction-backward SRS. 

Backward SRS was investigated in three 
configurations (Fig. 1). Laser 

QWC15 Fig. 1. Configurations of the 
scattering volume illumination by laser 
light where A,,, f is lens focus and C, is 
the cell with scattering material. (1) focal 
neck is located in front of the cell at  a 
distance 10 mrn from the entrance win- 
dow: (2) focal neck is inside the cell; (3) 
focal neck is located behind the cell at a 
distance 15 mrn from the exit window. 

QWC15 Fig. 2. Number of SRS waves 
versus first Stokes backward SRS energy. 

light A,, was focused into the scattering ma- 
terial by a lens with focal length of 90 mm, 
the focal neck / was located as  follows: (1) 
in front of the entrance window of the cell 
with the scattering substance, (2) inside the 
cell, and (3) behind the exit window of the 
cell. Laser and backward SRS energy and 
the intensity distribution in far field were 
measured. 

We found that independent of the il- 
lumination configuration of the active ma- 
terial, the backward first Stokes-Raman 
component for the small pumping power 
density (<20-30 MW/mm2) was a wave with 
divergence near that of laser radiation ( lo- '  
rad) and an energy E S ,  = 10-"J, or -10" 
light quanta. Energy fluctuations from one 
experiment to another were not large and 
did not exceed 40-50%. When the pump- 
ing light power density at the material en- 
trance became larger than 30 MWlmm2, the 
probability of SRS radiation increased as 
identical waves aggregated. 

In Fig. 2 the total energy of the first 
Stokes-Raman component in the back- 
ward direction is plotted as  a function of 
the number of the waves in this beam. The 
number of waves and their propagation di- 
rection stochastically changed hom one shot 
to another. The overall divergence of such 

wave aggregates was of the order of lo-'. 
rad, that is, 2 orders ::! . i ,, i ! ~ ~ d l ,  zreater 
than that of the laser. At the:  am^. .tr:: 
summary backward SRS mergy fluctua- 
tions, conditioned by the SRS number of 
waves, exceeded the mean value by 100%. 
Fluctuations decreased with the growth of 
the excited wave number. For any illumi- 
nation configuration of the active-sub- 
stance, the wave front of the single 'SRS . 
wave, propagating exactly opposite to the 
pumping wave, was conjugated to the 
pumping-light wave front. 

In these experiments t1.e found that a 
sharply directed backward SRS 'yme was 
excited only when the pumping.-power 
density at the entrance of the 'su6stance 
was less than 20 MWlmm2. 

Generalizing the result!. of the &;sent 
work and results of our previous investi- 
gations, we concluded that in' sht '  SRS 
quantum model a number of results be- 
come clear if the notion of the cooperative 
behavior of molecules in c<mdensed rned~a 
is accept&. E1ernenta.v SRS waves with 
high directivity near ;.;c tt,'..r: &h:.?shold 
may appear as  a result of :he CLI:I:C.. c 

spontaneous radiation amyliiication of In- 
teracting molecules. The correlationradius 
of the interacting rnoleculej may be differ- 
ent in different materials and in :giife$nt ' 

exciting conditions; in particular, itrnayde- 
pend on the structure of the liquid, iis tem- 
perature, and the energy .ind duratio'n of 
the exciting-radiation pulse. The mof.&bles' 
ensemble correlation radrus is con.jtant for 
the fixed excitation conditions in a:partic- 
ular material. 
'Angers Unirarsity, 49016 A ~ ~ g r n  Ctdex, 
France 
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Atom-field interaction without the . 3  

rotating-wave approximation: 
quasitlassical trajectories 

G. A. Flnney, j. G ~ l r  Sanarloche.; - 
Department of Physro L ~ I  .. . -I/ 

Arkansas, Fayetteville, 4rkans.:, / 271) I 

We study the interaction between > two- 
level system and a harnionic -os<llator 
without the rotating-wave approxilpation 
(RWA). In quantum optics, this model 
(sometimes called the spin-boson model) is 
traditionally thought of as :r two-level atom 
coupled to a single-mode radiatipn field, 
but it could also describe (1 ) a twci;leyel ion 
in a trap coupled to the motion of its own 
center of mass or (2) a two-level particle in 
a solid coupled to a phanon i$odt.. For 
sufficiently strong couplin;, this model is 
known to exhibit chaos in .I variety of scrni- 
classical approximations. ' 

Recently, one of us ha:, shown lhat for 
the RWA fully quantized version of this . 
model, with the field inili~llv in a quasi- 
classical (e.g., coherent) s :~te .  certain spe- 
cial initial states of the atom lead to ap- 
proximately factorizable wave functions and 
an evolution that follows thc semiclassical 
trajectories [or Ionb: . i P . ' "  ThdC hihi! 

V . . - .  (,la( ':? states are orthogonal and Lile * I . .  ' 
used as  a basis for obtain~rrg the evo;.ltiun 
of any other initial condition by linear su- 
perposition. 

. . 
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Quasiclassical approximation for the spin-boson Hamiltonian with counterrotating terms 

G .  A. Finney and J.  Gea-Banacloche 
Department of Physics, University of Arkansas. Fayetteville, Arkansas 72701 

(Received 31 March 1994) 

We derive quasiclassical (approximately factorizablei trajectories for the spin-boson Hamiltonian 
without the rotating-wave approximation (RWA) and show how they may be used to calculate the evolu- 
tion of the fully quantized system when the initial state of the oscillator (boson field) is a coherent state 
with sufficiently large amplitude. We give a general prescription to obtain such trajectories for other sys- 
tems. We study how well-known features of the model in the RWA are modified by the counterrotating 
terms and explore some of the new phenomenology introduced by these terms. 
PACS nurnbeds): 03.65.Sq, 42.50.Md, 4 2 . 5 0 . H ~  

I. INTRODUCTION Numerical studies of the solutions to  (1) have been re- 
ported in a number of previous papers for a variety of ini- 

The spin-boson Hamiltonian tial conditions [8,9]. Hartree-type, factorizable ground 

t 
states were derived in [ lo]  for a more general version of 

~ = f f i o ~ o , + f i o a ~ a + f i ~ u , ( a + a  ) ( 1 )  the model. Dvnamical renormalization of the Hamiltoni- 

describes a two-level system coupled to a harmonic oscil- 
lator, with a coupling bilinear in the coordinates (or mo- 
menta, depending on the interpretation) of the two sys- 
tems. In Eq. (I),  o x ,  o, are the Pauli matrices and a '  
and a are creation and annihilation operators for the har- 
monic oscillator. 

The Hamiltonian (1) may describe a large variety of 
systems. In magnetic resonance and atomic physics, the 
oscillator is a single mode of the (quantized) electromag- 
netic field [1,2]; in atomic physics, the spin represents for- 
mally a two-level atom, interacting with the field in the 
dipole approximation either via a n  E.r or  an A.p-type 
coupling. The same Hamiltonian may also represent- a 
two-level particle o r  quasiparticle (impurity, exciton, etc.1 
in a solid coupled to a phonon mode [3]. In this paper we 
shall use the terms "atom" and "spin" interchangeably 
for the two-level system; we shall also sometimes use the 
word "field" to  refer to  the oscillator. 

In spite of its simplicity, no exact solution for (1) exists 
in closed form (except for special cases; see [4]). The 
rotating-wave approximation (RWA) is often invoked to 
neglect the nonenergy conserving terms and turn ( 1 )  into 
the exactly solvable form of the Jaynes-Cummings model 
(JCM) [I]: 

where the operators ut  and o are spin raising and lower- 
ing, respectively. The R W A  is an excellent approxima- 
tion in most cases [5], but there are situations where the 
counterrotating terms may play an important role. This 
may be the case in the solid-state realizations of (1) .  The 
inadequacy of the R W A  has also been pointed out in re- 
cent attempts to  generalize the quantum theory of photo- 
detection t o  deal with high intensity ultrashort pulses 
(see, e.g., references in [6]). I t  might also be possible, for 
experimental purposes, to  control the relative importance 
of the counterrotating terms in some intriguing, recently 
proposed realizations of the JCM involving an ion in a 
trap, where the oscillator coordinates would describe the 
ion's center-of-mass motion [7]. 

an was carried out in [ 6 ] .  Some approximation schemes 
to the dynamics, more or less perturbative in character, 
can be found in [I 1 - 141. A problem with most perturba- 
tive treatments is the appearance of secular terms at some 
order in the expansion. Also, the length and complexity 
of the calculations soon become prohibitive. 

We derive in this paper an approximation for the time 
evolution of the solutions of ( I ) ,  when the initial condi- 
tion for the oscillator is a "quasiclassical" state, by which 
we mean a state with a relatively well-defined phase and 
amplitude. Specifically, if n is the number of oscillator 
quanta and 4 the oscillator phase, we require An << ( n  ) 
and A$<< 1. These conditions are well satisfied by 
coherent states with relatively large amplitudes and also 
by squeezed states if the squeezing is not too large. Only 
the coherent-state solution will be exhibited explicitl) 
here; however, the fact that the approximation remains 
good for a range of times, whereas the actual field states 
are not really coherent states for I > 0, is implicit proof ol' 
~ t s  broader generality. 

Our solutions arc similar to  those obtained recently by 
one of us for the Jaynes-Cummings Hamiltonian [I5 - 171 
that have been extended to other systems by various au- 
thors j 18,191. They involve what we call "quasiclassical 
trajectories," along which the state vector approximately 
factorizes into a spin part and an oscillator part. The ex- 
pectation values of dynamical quantities along these tra- 
jectories can therefore be derived equally well from a 
semiclassical treatment, in which a factorization ansatz 1s 
made in the Heisenberg equations of motion (e.g., taking 
( o Z u  ) to be - (o, ) ( a  ) ). The semiclassical equatiolls 
are typically inuch easier and less time consuming to i n -  
tegrate (numerically, say) than the Schrodinger equations 
for the fuily quantized system (11, especially for large 
numbers of quanta, which is precisely when the approxi- 
mate quasiclassical solutions hold best. Besides this, the 
(two) quasiclassical trajectories start out from linearly In- 
dependent states of the spinlike system, which means that 
the evolution of any initial condition can be constructed 
as a linear superposition of them. 

,\ convenient way to characterize the importance of 
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Jaynes-Cummings model with quasiclassical fields: The effect of dissipation 

J. Gea-Banacloche 
Deparzment of Physics, Universiry of Arkansas, Fayetteuille, Arkansas 72701 

(Received 1 September 1992) 

An approximate solution is given for the Jaynes-Cummings model with cavity losses, i.e., the problem 
of a two-level atom interacting with a single mode of the quantized radiation field, in the rotating-wave 
approximation, when the field is damped by a reservoir at zero temperature. The approximate solution 
is derived for initial coherent field states with moderately large numbers of photons. It is simpler in form 
than earlier results derived by other authors and, over the appropriate parameter range, substantially 
more accurate than some of them, as shown by direct numerical integration of the master equation. In 
particular, it is found that an earlier treatment of this problem based on a secular approximation is seri- 
ously flawed, in that the conditions for its validity are much more restrictive than was previously be- 
lieved. Among the results derived it is shown that, just as for the lossless case, when the atom is initially 
prepared in one of the semiclassical eigenstates the evolution is very simple, with the field and the atomic 
dipole drifting together in phase. For moderate losses this leads, as in the lossless case, to a "state 
preparation"; i.e., to a good approximation, the state of the atom at a specific time can be made indepen- 
dent of its initial state. The effect of losses on the recently discovered "Schrodinger cat" state of the field 
is also analyzed. It is found that, although the dissipation destroys the coherence of the macroscopic su- 
perposition very rapidly, preparation and observation of the "cat" should be possible with the cavity 
quality factors reported in recent micromaser experiments. 

PACS numberk): 42.50.Md. 03.65.Bz, 42.52. + x  

This paper presents an approximate solution to the 
Jaynes-Cummings model (JCM) [ I ]  with dissipation, that 
is, to  the problem of a two-level atom interacting with a 
single mode of the quantized radiation field, in the 
rotating-wave approximation, when the field is damped 
by a reservoir a t  zero temperature. This dissipation may 
be thought of as  "cavity losses" since, in practice, a reso- 
nant cavity of some sort may be used to select only one 
mode of the field for the atom to interact with. 

The solution is derived along the lines of the "quasi- 
classical" or "asymptotic" solutions for the lossless JCM 
which have been presented elsewhere [2,3]. These solu- 
tions were derived for "quasiclassical" initial field states, 
that is, states which have a small phase and amplitude 
uncertainty. The case of an initial coherent-state field 
with a large average number of photons is the one treated 
explicitly in this paper. Since the losses eventually reduce 
the number of photons to zero, the approximation clearly 
ceases to be valid for sufficiently long times. With only 
this restriction, however, the solution presented here is, 
to the best of this author's knowledge, the most complete 
and arguably the simplest yet given for this problem. 

The JCM is a model of fundamental theoretical impor- 
tance, as the simplest nontrivial model of two coupled 
quantum systems (formally, a spin-+ system, to  which the 
two-level atom is equivalent, coupled to a harmonic oscil- 
lator in an appropriate way). Without dissipation, it is 
exactly solvable (see [ l ]  for the solution in the 
Schrodinger picture and [4] for the solutions in the 
Heisenberg picture). The solution in the presence of dis- 
sipative processes is not only of theoretical interest, but 

also important from a practical point of view since such 
processes would always be present in any experimental 
realization of the model. The "micromaser" setup, in- 
volving Rydberg atoms interacting with very high-Q res- 
onant cavities in the microwave domain [5], comes 
closest to  a realization of the ideal, lossless JCM, but 
even here the effects of finite cavity losses must be taken 
into account. In the optical domain, where great pro- 
gress has been made in the past few years in the design 
and construction of very small, very high finesse cavities 
[6], spontaneous emission would also play a role, and this 
has motivated a recent numerical study of this problem 
by Tran Quang, Knight, and Buiek [7]. Spontaneous 
emission will not '  be considered in the present paper, 
which focuses on the effect of cavity losses only. 

Over the years, a number of authors have treated the 
JCM with cavity losses in various ways, including analyt- 
ical approximations [8,9] as well as numerical ~ calcula- 
tions [7,10]. Most of these publications dealt only with 
the population inversion "collapses and revivals." Eiselt 
and Risken [lo] carried out a comprehensive numerical 
study of the state of the field, although again the only 
atomic variable they considered was the population in- 
version. Puri and Agarwal [9] did present formal solu- 
tions for the expectation values of a number of quantities 
of interest. It will be shown here, however, that their re- 
sults are seriously flawed, in that the conditions for their 
applicability are much more restrictive than they real- 
ized. This failure of the "secular approximation" is 
perhaps one of the most noteworthy results of the present 
paper; it is illustrated in Sec. 111 and discussed at length 
in Appendix A. 

The solution to be presented here is a closed-form solu- 
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Squeezing in the Jaynes-Cummings model 
for large coherent fields 
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(Received 25 April 1993; revision received 13 August 1993) 

Abstract. We use the recently-established asymptotic solution (AS) for large 
fields to study squeezing in the Jaynes-Cummings model. Arbitrary initial atomic 
states (including atomic coherence) are considered. We find that most features of 
squeezing can be understood from the properties of the asymptotic field states, 
and from the observation, which we establish numerically, that for large fields the 
interference between the two branches of the wavefunction does not contribute 
significantly to the squeezing (not even near the revival times, when the two field 
states beingsuperposed havevery nearly thesame phase). Weobtain alimit on the 
time over which the field may show any squeezingand find that it scales as the 314 
power of the number of photons. We also obtain a bound on the maximum 
achievable squeezing for a given number of photons, which is an improvement 
over earlier estimates. Finally, we discuss some of the shortcomings of the AS, 
and in particular the existence of a small ghost peak in the field Q function for 
initial conditions where the AS predicts a single peak, which is enough to desi:r 1 ;-. 

the squeezing for certain times. 

1. Introduction 
T h e  first study of squeezing in the Jaynes-Cummings model [I], or JCM, was by 

Meystre and Zubairy in 1982 [2]. Subsequent work explored, among other things, 
the influence of initial atomic coherence [3-51. All these studies assumed relatively 
low-intensity initial fields and as a result found only moderate amounts of squeezing. 
In 1988 Kuklihski and Madajczyk [6] showed that large squeezing could be achieved 
for initial coherent states with large average number of photons ti, and that, in fact, 
squeezing could become arbitrarily large at certain times as S-BCO. General 
relationships between a state's intensity and possible squeezing had been derived 
previously [7,8]; Hillery [9] applied them to the JCM to obtain a specific limit on the 
amount of squeezing possible for any initial field with a given f i .  

Recently, an approximate solution for the J C M  has been presented [I 01 which is 
valid for initial coherent states with large ti and which explains many of the well- 
known features of the J C M  in a very transparent way, as well as predicting son,< ,. . 
properties. Th i s  solution (henceforth called the 'asymptotic solution', o r  AS for 
short) has been investigated in greater detail in [I 1-1 31, generalized in [I 11 to include 
the effects of detuning, and in [I41 improved to account for cavity losses. Although 
the AS may not be expected to provide perfectly accurate results for squeezing, for 
reasons explained in [lo], we can use it as a guide to explore squeezing in the J C M  in 
greater generality and depth than has been done previously. This  is the purpose of 
the present paper. 

We use the picture provided by the A S  to  draw general conclusions about the 
degree of squeezing along an arbitrary direction, for an arbitrary initial atomic state. 

0 9 5 M 3 4 0 / 9 3  S10-00 0 1993 Taylor & Francis Ltd. 
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1 A new look at the Jaynes-Cummings model for large fields: 
1 Bloch sphere evolution and detuning effects 
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This paper elaborates on the recently discovered asymptotic solution for the Jayncs-Curnmings model for large, coherent-like 
initial fields. The nature of the asynptotic solution and its physical meaning are explored. A connection to the pred~ction of the 
neoclassical theory is establ~shed. The various aspects of the atomic state evolution. including collapses and revivals, quasi-pure 
state evolution, and state preparation, arc ~llustrated using the Bloch sphere. It is shown that the asymptotic solution provides 
qualitative insights even for rather low initral fields. The results are also extended to include the effects of detuning. Quasi-pure 
state evolut~on is s~il l  obtained when the inltial state is one of the semiclassical stationary stales, but for large detuning an atom 
prepared in an arbitrary initial statr no longer evolves towards a unique pure state at half-revival time. 

1. Introduction and overview 

The Jaynes-Cummings model [ I  ] (JCM) is one of the most basic systems of quantum optics. It has been 
studied by many authors from many different points of view over the years. Exact solutions in the Schrodinger 
picture have been available from the start [ I  1. whereas exact solutions for the evolution of the operators in 
the Heisenberg picture have also been known for a long time [2 ,3] .  Such solutions, however, are not quite 
transparent, as evidenced by the fact that the best-known feature of the JCM evolution, namely, the collapse 
and revivals of the population inversion, escaped the attention of many early researchers and was only estab- 
lished after extensive numerical work [ 3 ] .  

Recently [ 4 ] ,  an asymptotic result has been established for the JCM.which applies to the case when the initial 
state of the field is a coherent state with a large average number of photons (i t  will be shown in this paper that 
the result applies, in fact, to a rather more general kind of initial field state). Many new and unsuspected prop- 
erties of the field and atom states in the JCM follow from this solution; among them, the possibility of quasi- 
pure state, nonunitary evolution for the atom, leading to a unique pure state. independent of the initial con- 
ditions, at half-revival time [j], and the evolution of the field towards a coherent superposition of macros- 
copically distinct quantum states (what is sometimes called a "Schrodinger cat"). These aspects of the JCM 
evolution have been discussed at length in some previous publications [4,5]. Phoenix and Knight [6,7] have 
also looked at this problem from the point of view of the system's entropy and the cigenstates of the field's 
reduced density operator. 

The present paper has three main goals: in the first place, to understand the meaning of the asymptotic so- 
lution in physical terms, from a number of different approaches (section 2 ) .  Secondly, to illustrate the JCM 
evolution using the Bloch sphere to  represent the state of the atom, as given by the atom's reduced density 
matrix (section 3 ) .  This does not appear to have been done previously, and provides a very clear visualization 
of the atomic state dynamics, including the collapses and revivals and the more novel features mentioned ear- 
lier. From this it will be seen that the asymptotic solution provides a good qualitative description of the dy- 
namics even for average photon numbers as low as 10 or so. 
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It is established here that a recently derived asymptotic solution for the Jaynes-Cummings model, for 
large quasiclassical fields, holds over a length of time which is proportional to R, the average number of 
photons in the field. When the initial state of the atoms is one of the semiclassical eigenstates, the purity 
of the atomic state is found to decay with time in a form approximately Gaussian, with a characteristic 
time proportional to R. When the initial state is not one of the semiclassical eigenstates, the collapses 
and revivals of the population inversion, for which the model is best known, become irregular also over 
the same time scale; an explanation for this fact using the asymptotic solution is presented here. 

PACS numberb): 42.5O.Md, 03.65.Sq, 42.52. + x 

In a recent series of papers [l-41, I have presented an 
approximate solution for the evolution of the field and 
atom in the Jaynes-Cummings model (JCM), valid for 
large "quasiclassical" initial fields. (A formal proof valid 
for coherent fields was given in [2], and in [3] it was 
shown how the same ideas might be extended to deal with 
more general initial field states and with problems involv- 
ing detuning.) This solution I have called elsewhere 
"asymptotic" because, as I showed in [2], for any finite 
time T i t  approaches the exact solution uniformly for all 
O l r  5 T as the average number of photons ii goes to 
infinity. On the other hand, for finite ii, the asymptotic 
solution can be expected in general to be a good approxi- 
mation only over a limited time. How this time scales 
with the average number of photons was not known at 
the time the above papers were written, but numerical re- 
sults showed that for sufficiently large ii the approximate 
solution was a good approximation over several revival 
times, where the revival time r, is given by 

( g  is the atom-field coupling constant). It was conjec- 
tured in [3] that the time over which the asymptotic solu- 
tion holds should scale as some power of ii greater than 
f ,  since the number of revivals over which it holds in- 
creases as A~ncreases. 

The main purpose of this Brief Report is to  establish 
that, in fact, the length of time over which the asymptotic 
solution is valid increases as ii. A closely related result, 
also derived here, is that when the initial state of the 
atom is one of the semiclassical eigenstates, the purity of 
the atomic state decays with time in a form approximate- 
ly Gaussian, with a characteristic time proportional to ii. 
This is precisely the time scale over which the well- 
known collapses and revivals of the population inversion 
in the JCM become irregular; this latter result, which was 
established by Yoo and Eberly [5] but does not appear to 
be very widely known, is graphically illustrated here, and 
it is shown to be not a coincidence, but, rather, a 
phenomenon which is also related to the breakdown of 
the asymptotic approximation over the same time scale. 
This is the third main result of this paper. 

There are several reasons why it is of interest to know 
precisely what the limits of validity of the asymptotic ap- 
proximation are. In the first place, the approximation is 
useful in that it leads to much simpler expressions for the 
atom and field evolution than the full exact solution 
(which, of course, has been available for a long time; see 
16.71). Hence one should try to characterize as fully as 
possible its domain of applicability. In the second place, 
when the initial state of the atom is either one of the 
semiclassical eigenstates, denoted by I + ) and I  - ) in 
[2-41, the asymptotic solution is of the form of a product 
of an atomic state and a field state. This means that, for 
these initial conditions, and as long as the asymptotic ap- 
proximation holds, the field and atom are disentangled 
and separately in pure (as opposed to mixed) states. It  
was noted in [1 -31 that if the initial state of the atom is 
any linear superposition of these two states, I +  ) and 
1 - ), instead of just one of them, the atomic state be- 
comes a mixture very rapidly, over the collapse-time 
scale (of the order of I /g ): only if the initial state is I + ) 
or I - ) does the atomic state retain its purity for a long 
time. Precisely for how long-that is, precisely for how 
long entanglement can be delayed in the JCM-depends 
upon precisely for how long the asymptotic approxima- 
tion is valid. As mentioned above, these two questions 
will be answered together in this paper. 

Finally, as discussed in [3], as long as the wave func- 
tion is factorizable one may use a "neoclassical" theory, 
based on the factorization of expectation values of prod- 
ucts of atom and field variables, instead of the fully quan- 
tized theory, to predict the expectation values of many 
variables of interest. It  follows that the neoclassical 
theory will be accurate (for sufficiently large photon num- 
bers), if the initial state of the. atom is I  + ) or I - ), for as 
long as the asymptotic approximation is accurate. (For 
initial atomic states other than I  + ) or I  - ), the neoclas- 
sical theory loses it validity much sooner, also around the 
collapse time, as discussed in [3].) Thus the time over 
which the asymptotic approximation is valid is also the 
longest time scale over which the best nonquantized-field 
approximation retains its predictive power for at least 
some initial conditions. 

To  keep this paper short, and avoid unnecessary repeti- 
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THE SCHRODINGER CAT IN THE JAYNES-CUMMXNGS MODEL 

J. GEA-BANACLOCHE 
Department of Physics, University of Arkansas 

Fayetteuille, AR 72701 

ABSTRACT 
Recently obtained asymptotic solutions for the Jaynes-Cummings moC :! '- 

the limit of an intense field are used to establish the possibility of generating a 
Schriidinger-cat-like state of the quantized radiation field through its interaction 
with a single atom for a given time. 

The Schrodinger cat1 is without question one of the most famous paradigms I 

of quantum mechanics. Its bizarre nature stems ultimately from the fact that i11 

the quantum mechanical formalism it is necessary to consider the possibility that 1 
some physical properties may not be defined at all for a certain system in a given i 
state; indeed, that several different vdues of the same quantity may be in some 
way aU potentially present, simultaneously, in the state of the system, becanling 
only actualized as the result of the somewhat mysterious process of a quarlturn 
"measurement" of the property in question. By a natural extrapolatioil of quantum 
mechanics to the macroscopic world, one is then led to conceive strange states 
where a macroscopic property, of which we normally think as having to have a well- 
defined "value," might instead be quite undefined, with two or more inco~*.t~ IIlhln 
possible values coexisting simultaneously in the same system, at least, in soxire 
sense, potentially. Thus can one conceive a Schrodinger cat for which the property 
"being alive" is simply undefined, with both possibilities, alive and dead, somehow 
simultaneously present in the actual state of the cat. 

Interference experiments, in which a quantum mechanical particle is made to I 
go, in some sense at least, simultaneously along two paths which appear to us 
to be well separated spatially, are certaiilly an illustration of this principle. Sucb I 
experiments have been performed routinely with neutrons for a long time now (see, 
e.g., the contribution of H. Kaiser and S. Warner to this conference2) and have been 4 
recently carried out with whole atoms3, and there is no indication that they should. 
necessarily be impossible for larger objects, although, of course, tbe experiwci~td 
difficulties may a t  some point become formidable. 

There has been in recent times a number of suggestions for preparing otl~er,. 
generally larger, systems in Schrodinger-cat-like states4t5. Typically thc r:;?? :in ih 
question is the macroscopic electromagnetic field, and the property which would be 
undefined is essentially its direction (say, "up" or "down"). The SQUID proposals4 
involve a static magnetic field, whereas the nonlinear optics experimentsS involve 
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An asymptotic result is derived for the Jaynes-Cummings model of a two-level atom interacting with a 
quantized single-mode field, which is valid when the field is initially in a coherent state with a large aver- 
age photon number. It is shown that for certain initial atomic states the joint atom-field wave function 
factors into an atomic and a field part throughout the interaction, so that each system remains separately 
in a pure state. The atomic part of the wave function displays a crossing of trajectories in the atom Hil- 
bert space that leads to a unique state for the atom, independent of its initial state, at a specific time t~ 
(equal to half the revival time). The field part of the wave function resembles a crescent squeezed state. 
The well-known collapses and revivals are investigated from this perspective. The collapse appears to be 
associated with a "measurement" of the initial state of the atom with the field as the measuring ap- 
paratus. The measurement is not complete for finite average photon number: the system is instead left in 
a coherent superposition of macroscopically distinct states. At the half-revival time to  this superposition 
of states is entirely in the field part of the state vector, so that the (pure) state of the field at that time is of 
the form sometimes referred to as a "Schrodinger cat." The revivals of the population inversion are seen 
to be entirely due to the fact that the linear superposition of the two macroscopically distinct field states 
is coherent (i.e., a pure state), as opposed to an incoherent mixture. 

PACS numberb): 42.50. - p, 03.65.Bz, 42.52. +x 

I. INTRODUCTION AND OVERVIEW 

The Jaynes-Cummings model (JCM) [I]  is one of the 
simplest of quantum-electrodynamical systems: a two- 
level atom interacting with a single mode of the quan- 
tized radiation field, in the so-called rotating-wavd ap- 
proximation (RWA). In addition to  its being exactly 
solvable, it has become increasingly well approximated by 
recent experiments involving the passage of single atoms 
through superconducting microwave cavities [2]. In spite 
of its apparent simplicity, it has provided theorists with 
many nontrivial and unexpected results through the 
years, beginning with the well-known phenomena of col- 
lapses and revivals of the atomic population inversion 
[3,4]. Much of the recent research has focused on the 
squeezing of the field predicted by the model [5,6]. 

One of the most interesting features of the JCM is that 
it involves two systems in interaction, with every feature 
of the interaction and of each system described quantum 
mechanically: there are  no external, c-number-type 
forces or potentials. (In fact, one reason why the model 
was originally introduced [ l ]  was t o  find out in which 
way the quantization of the field affected the predictions 
for the evolution of the atom, that is, to  compare with the 
semiclassical theory, where the field is not treated as  a 
quantized variable.) I t  is therefore possible to use the 
JCM to investigate many issues of interest involving in- 
teracting quantum systems, quantum correlations and en- 
tanglement, and perhaps even state preparation and mea- 
surement. Especially noteworthy is the fact that one of 
the two systems, namely, the field, has a well-defined clas- 
sical limit, which is usually taken to be a Glauber 
coherent state [7] with a very large number of photons. 

Not many previous studies have emphasized this as- 
pect of the JCM [8,9]. Among them, as  especially 
relevant to the present paper, one must note the research 
of Phoenix and Knight [lo], who used the entropy to 
study the correlations between the field and atom as well 
as the "purity" of the state of each. They showed that 
the field in the JCM was essentially a two-state quantity 
[ l l ] .  Their numerical calculations with states with not- 
too-large numbers of photons also show that the field 
(and hence the atom) most closely returns to a pure state 
somewhere within the so-called "collapse region." 

I t  was recently shown by the present author [I21 that 
for a large average number of photons, if the initial state 
of the field is a coherent state, the states of the atom and 
field become in fact arbitrarily pure at  a specific time t o  
equal to  one-half the conventionally defined "revival 
time" t , ;  that is, the atom and field spontaneously be- 
come disentangled at  this time. Moreover, it was found 
that the state of the atom at  the time to  is completely in- 
dependent of the initial atomic state. One of the purposes 
o f t h e  present paper is to  investigate the consequences of 
this result, as well as to present a more detailed and care- 
ful proof than could be given in Ref. [12]; this is done in 
Sec. I1 and Appendix A, respectively. 

I t  turns out that for large numbers of photons the most 
convenient basis of atomic states is not provided by the 
energy eigenstates but by special states I + ) and I - ), 
defined in Sec. 11, which are eigenstates of the semiclassi- 
cal interaction Hamiltonian (assuming, as. will be done 
throughout this paper, exact resonance between the atom 
and the field). These states, as shown in this paper, have 
the remarkable property that if the atomic system is ini- 
tially prepared in one of them, the state vector for the 
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The fluctuations in the phase of the pump in a degenerate optical parametric oscillator are 
modeled by a classical phase-diffusion process, and their influence on squeezing is studied. TO this 
end, appropriate quadrature variables, relative to the instantaneous phase of the pump, are intro- 
duced. The squeezing is calculated both inside and outside the cavity. In both cases it is found to 
be degraded by the phase fluctuations, which may be understood in terms of the time lag in the 
response of the system to an instantaneous change in the pump phase. This effect might account for 
a small part of the residual noise present in current experiments. Correlation functions for the field 
of the oscillator for finite pump linewidth are derived and discussed. 

I. INTRODUCTION 

Parametric processes are of great interest in quantum 
optics because they make it possible to generate light 
beams that exhibit very strong, often nonclassical, corre- 
lations. Such correlations are of interest in themselves, as 
evidence for the quantum nature of light;' but they also 
offer the hope that they might lead to improvements in 
the sensitivity of a variety of measurement techniques2 
where the noise common to  both beams could be sub- 
tracted from the final output. This sensitivity beyond the 
standard shot-noise limit (of which conventional "squeez- 
ing"' is the best-known example) has been demonstrated 
experimentally by several groups using different arrange- 
m e n t ~ ; ~  the use of parametric oscillators to generate 
squeezed light, in particular, has been reviewed by Wu 
et 

Essential to the parametric process is a strong pump 
beam, and the important question of how the fluctuations 
in the pump affect the output of the amplifier has been 
addressed before6-' though only, it appears, in the con- 
text of a traveling-wave amplifier. Although pulsed 
squeezed light has recently been generated in a traveling- 
wave ~ o n f i ~ u r a t i o n , ~  the experiments which have pro- 
duced the largest noise reduction4 have made use of a 
cavity t o  build up the light intensity. The influence of 
pump fluctuations in such an optical parametric oscilla- 
tor  (OPO) does not, however, appear to  have been con- 
sidered in the literature; this is the object of the present 
paper. 

In general, two kinds of questions may be asked re- 
garding this problem. In the first place, one naturally 
wants t o  know to  what extent the fluctuations of the 
pump reduce the nonclassical correlations (e.g., squeez- 
ing) in the light generated by the OPO. Second, for appli- 
cations where the coherence properties of the generated 
light are important, one is led to  ask in which way the 
finite linewidth of the pump, arising from fluctuations, 
affects the spectrum of the generated light. The two 

questions are of course related, since the degree of 
squeezing of the output beam can be defined in terms of 
its correlation  function^.'^'" Both shall be answered here, 
a t  least as far as second-order coherence is concerned. 

We shall restrict ourselves here to  phase fluctuations of 
the pump, which is typically an intense laser beam with 
well-stabilized amplitude but whose phase drifts in a way 
that may be approximated by a Wiener-Levy diffusion 
process. This phase diffusion clearly causes the squeezing 
of the output light to  have only a transient nature when it 
is defined relative to a hypothetical, fixed reference phase; 
since, in time, the phase of the pump, which determines 
which quadrature is amplified or  deamplified, will sweep 
all over a (0,Za) interval. As a result, we shall not find 
any squeezing under stationary conditions-i.e., over a 
sufficiently long time interval-if we define our quadra- 
tures relative to  such a fixed, external phase. But, of 
course, this is not the only possible definition, nor is this, 
operationally, the way squeezing is detected; rather than 
making the squeezed light interfere with an external, in- 
dependent source, it is typically5 made to  interfere with a 
beam whose phase fluctuations are correlated to those of 
the pump, so that, if the phase of the pump is B ( t ) ,  
squeezing is observed for quadratures defined relative to  a 
time-dependent phase O( t ) / 2  (ultimately, a random vari- 
able in our model). When squeezing is defined in this 
way, a stationary process results leading to a weil-defined 
quantum-noise reduction, as we shall see below. 

This paper is organized as follows: In Sec. 11, the basic 
equations are introduced and the statements in the 
preceding paragraph are given mathematical shape. In 
Sec. 111 the intracavity squeezing is discussed, and in Sec. 
IV the correlations for the field are derived and, from 
them, the spectrum of squeezing of the output field. A 
summary of our conclusions may be found in Sec. V. 

11. FIELD-EVOLUTION EQUATIONS 

Our basic model is an extension of that of Wodkiewicz 
and Zubairy6 to a cavity situation. Thus we have the 
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The evolution of the atomic state in the resonant Jaynes-Cummings model (a  two-level atom interact- 
ing with a single mode of the quantized radiation field) with the field initially in a coherent state is con- 
sidered. I t  is shown that the atom is to a good approximation in a pure state in the middle of what has 
been traditionally called the "collapse region." This pure state exhibits no Rabi oscillations and is 
reached independently of the initial state of the atom. For most initial states a total or partial "collapse 
of the wave function" takes place early during the interaction, at the conventional collapse time, follow- 
ing which the state vector is recreated, over a longer time scale. 

PACS numbers: 42.50.-p, 03.65.-w, 42.52.+x 

The Jaynes-Cummings model' (JCM) is perhaps the 
simplest nontrivial example of two interacting quantum 
systems: a two-level atom and a single mode of the radi- 
ation field. In addition to its being exactly solvable, the 
physical system that it represents has recently become 
experimentally realizable with Rydberg atoms in high-Q 
microwave cavities.'.' Comparison of the predictions of 
the model with those of its semiclassical version have 
served to identify a number of uniquely quantum proper- 
ties of the electromagnetic field; indeed, the model 
displays some very interesting dynamics, and the differ- 
ences with the semiclassical theory are both profound 
and unexpected.4 

The JCM would also appear to be an excellent model 
with which to explore some of the more puzzling aspects 
of quantum mechanics, such as the possibility (or impos- 
sibility) to describe an interacting quantum system by a 
state vector undergoing unitary evolution; i.e., the so- 
called "collapse of the wave function." In the semiclassi- 
cal version,' the atom interacting with the classical elec- 
tromagnetic field may at  all times be described by a state 
vector evolving unitarily. What happens, however, when 
it is recognized that the field is itself a quantum system 

(which leads inevitably to "entanglement")? This is the 
question addressed in this Letter. It does not seem to 
have been addressed before in full generality, although 
entanglement in the JCM dynamics plays an essential 
role in a recent measurement-theory-related proposal of 
Scully and ~ a l t h e r , '  and preparation of a pure state of 
the field in the JCM has been the subject of several 
theoretical investigations6-' and may be close to being 
achieved experimentally.9 

The resonant JCM interaction Hamiltonian may be 
written as 

where g - d ( o l h  V C ~ ) ' ' ~  is a coupling constant (d is the 
atomic dipole matrix element for the transition, o is the 
transition frequency, and V is the mode volume), la)  and 
Ib) are the upper and lower atomic levels, respectively, 
and a and a t  are the annihilation and creation operators 
of the field mode, which in the semiclassical theory are 
simply replaced by c numbers. The solution to the 
Schrodinger equation for the atom initially in state 
( W ( ~ ) ) , ~ , , - a l a ) + ~ ( b )  and field initially in state 
I ~ ( 0 ) ) ~ e l d  ~ C r - o c ~  In) is 

~ ( 1 ) ) -  % ~ [ a C ' , , c o ~ ( ~ ~ r  I - i ~ c , , + ~  ~in(~-r ) ] l a ) +  l - i a ~ , , - ~ s i n ( g & ~  )+PC, ,COS(~&I  ) I  lb)l In) . 
n - 0  

(2)  

and the entanglement of the two interacting quantum 
systems is readily apparent. Accordingly, to describe the I each individual system of the ensemble is ~oss ib le  On 
evolution of the atom alone it is convenient to introduce the other hand, for a two-level system, a maximally 
the reduced density matrix p,, =rr,(J t y ( ~ ) ) ( ~ ( ~ )  1 ) mixed ensemble (which we may call a totally unpolar- 
(where the trace is over the field states). Unlike the ized ensemble, by analogy with a spin-+ system) corre- 
state vector, the density operator does not really describe sponds to pal-  $ ,  and therefore to ~r(p:) = i .  
an individual system, but rather an ensemble of identi- Consider the case where the initial state of the field is 
cally prepared atoms. A necessary and sufficient condi- a coherent state lr). with ~ ~ = i i ' ' * e  - l o  (ti is the average 
lion for the ensemble to be in a pure slate is that number of photons in the field). Coherent states are the 
~ r ( p 2 ~ )  = 1 in which case a state-vector description of natural quantum analogs of a classical field;" the JCM 
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