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Generation and evolution of entanglement in coupled quantum dots interacting 
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The generation of entanglement between two identical, interacting quantum dots-initially in  ground 
states-by a coherent field and the subsequent time evolution of the entanglement are studied by calculating 
the concurrence between the two dots. The results predict that while it is possible to generate entanglement (or 
entanglement of formation, as defined for a mixed state) between the two dots: at no time do the dots becomc 
fully entangled to each other or is a maximally entangled Bell state ever achieved. We also observe that the 
degree of entanglement increases with an increase in the photon number inside the cavity and a decrease in the 
dot-photon coupling. The behavior of the two-dot system, initially prepared in an entangled state and interact- 
ing with thermal light, is also studied. 
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I. INTRODUCTION 

The coherent evolution of two quantum bits (qbits) in an 
entangled state of the Bell type is at the heart of the study of 
quantum entanglement and is fundamental to both quantum 
cryptography [ l ]  and quantum teleportation [2]. Different 
systems and methods for the preparation and measurement of 
maximally entangled states are being investigated inten- 
sively. Many of these investigations have centered on atomic 
and quantum-optical systems [3-51. However, generation of 
entangled states in solid-state systems such as semiconductor 
quantum dots (QDs) has also received a lot of attention 
[6-91. Recent experiments have shown that QDs can show 
many interesting quantum features such as entanglement 
[lo], photon antibunching [ I  11, Rabi oscillations [12], and 
modification of spontaneous emission decay rate [13]. 

In our present work, we study the generation and evolu- 
tion of entanglement between two coupled, identical quan- 
tum dots interacting with a quantized cavity field. Similar 
studies have been reported by several previous authors. 
Quiroga and Johnson [6,7] have shown that two and 
three equally coupled QDs, interacting with a suitably cho- 
sen field, can generate maximally entangled Bell and 
Greenberger-Home-Zeilinger (GHZ) states respectively. 
However, they used a classical field instead of a quantized 
one and measured the degree of entanglement between the 
dots by calculating the overlap of the state vector with a 
completely entangled state. Yi et al. [8] extended this work 
for two coupled QDs interacting with a quantized coherent 
field; however, they do not give any explicit expression for 
the entanglement between the dots as well, rather take the 
ratio of the probabilities of the QDs population being found 
in two fully entangled Bell states as an indirect measure of 
entanglement. Wang et al. [9] have considered a fully quan- 
tized field, and they have also given an exact mathematical 
expression for the entanglement between the two dots, but 
they did not take into consideration any interaction between 
the dots. In our work we consider the QDs to be coupled to 

each other, taking into account the possibility of their mutual 
interaction, and we measure the degree of entanglement be- 
tween the two dots by calculating the concurrence between 
the two dots, after taking partial trace over the field states. 
We assume the dots to be initially in the ground state and 
study the creation of entanglement as a result of the interac- 
tion with the coherent cavity field and between thcn~selves. 

Several interesting results come out which diflcs from thq 
predictions where the field is treated as classical [h,7] or the 
dot-dot interaction is neglected [9] or entanglemen( is calcu- 
lated only qualitatively by finding the probability of the sys- 
tem state to be in a Bell state [6-81. Wc ti:.: t1:it the dcts 
could never be made fully entangled, even when we negl:i:t 
all kinds of losses, and in general the entanglemen! function 
is not periodic in time. We also study the effect of the fieid 
strength and the relative strengths of the coupling parameters 
on entanglement. Next we consider the interaction with ther- , 

ma1 light and obtain an interesting observatio~i that if an 
entangled state is left to interact with the thermal light; it 
reduces the amount of entanglement, but does no1 completely 
destroy it. 

The paper is organized as follows. Section I1 sutnmarizes 
the model Hamiltonian describing N coupled QDs interacting 
with a quantized electromagnetic field. In Sec. Ill wc use this 
Harniltonian for two QDs to determine the state vector of the 
coupled QD-field system. We then study the rvolution o'f 
entanglement for the cavity field, initially in coherent ari'd 
thermal states. Section IV summarizes the main ~.csults cii' 
this paper. 

U. TWO COUPLED QDs INTERACTING ,. 

WITH A QUANTIZED CAVITY k i t , % .  2 

We consider N identical semiconductor quantym dots tha: 
are equally coupled to each other via Coulombic interaction. 
The QDs interact with a quantized field (dipole interactiod) 
in a high-Q cavity. Then the coupled QD-field system is . 
described by the Hamiltonian [6] 
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We discuss the detection of field quadrature fluctuations in conditional homodyne detection experiments and 
possible sources of error in such an experiment. We also present modifications to these expeiiments to help 
eliminate such errors and extend their range of applicability. 

I. INTRODUCTION 

Fluctuations of light provide a window on the underlying 
quantum dynamical evolution of a light-emitting source. 
Einission of a photon by a light source signals quantum 
fluctuations in progress, and a measurement that is condi- 
tioned on a photodetection allows us to study the time 
evolution of the fluctuations [I]. For example, measurement 
of light intensity conditioned on a photodetection, also 
known as two-time intensity correlation, reveals information 
regarding bunching and antibunching that is not available in 
unconditional intensity measurements [2-61. 

The conditional measurement of quadrature fluctuations 
(CMQF) proposed by Cannichael er ul. [7] reveals in a novel 
way the nonclassical nature of light from a cavity containing 
two-level atoms; this has been experimentally observed by 
Foster e t  al. [XI. Nonclassical effects in conditional intensity 
and squeezing in light from a degenerate parametric oscilla- 
tor have been studied [6]. The conventioilal methods of dc- 
tecting quadrature squeezing involve unconditional measure- 
ments that are degraded by detection inefficiencies and do 
not explore the time evolution of quadrature fluctuations 
[1,2,9,10]. The CMQF, on the other hand, is essentially in- 
dependent of detection efficiency and provides a sensitive 
probe of the fluctuations' development over time. It has been 
shown that the conditional measurement can reveal remark- 
able nonclassical behavior of not only squeezed but also of 
unsqueezed quadrature fluctuations [6-81. 

111 Sec. 11, we briefly summarize-the theoretical concepts 
underlying a CMQF experiment [6,7]. We then consider int- 
racavity second harmonic generation (ISHG) [ll-131 and 
present a theoretical analysis of the nonclassical features of 
ISHG quadrature fluctuations. 

The CMQF technique achieves a measurement of the 
quadrature fluctuations of a given source ficld by cross- 
correlaling a photon count with a balanced homodyne detec- 
tion. This technique requires the use of auxiliary coherent 
oscillators (coherent laser sources), and the amplitudes 
or intensities of the coherent oscillator fields must be set 
to values that depend on the properties of the source field. It 
can be shown that the accuracy of the measurement's 
final results is extremely sensitive to the precision of these 
adjustments. In some cases, a very small error in these 
adjustments may give rise to incorrect conclusions about the 
state of the source field's quadrature fluctuations. We dem- 
onstrate this in Sec. III by developing a theoretical model of 
such an crror in the CMQF mcasurement and exploring its 

effccts on conclusions that might be drawn about the state of 
the ISHG field. 

Weak fields with approximately Gaussian fluctuations are 
ideal candidates for accurate quadrature fluctuation measure- 
ments using the CMQF method, provided that coherent field 
adjustments can be made sufficiently precise. However, the 
technique is limited in its applicability to a source field with 
nonzero third-order moments [ I  4,351, which may obscure 
the results of the mcasurement, even with perfect control of 
coherent light parameters. In Sec. IV, we propose an exten- 
sion of the CMQF method that can achieve a measurement 
of the quadrature fluctuations of a completely generic source 
field while eliminating the effccts of third-order fluctuation 
moments. Additionally, this extended CMQF measurement 
avoids the need for precise adjustments of coherent laser 
fields, thus perhaps averting the kinds of error discussed in 
Sec. III. In Sec. V, we summarize our findings. 

II. CONDITIONAL MEASUREMENT OF QUADRATIJRE 
FLUCTUATIONS FOR LSHG 

The quadrature variables for an optical ficld with annihi- 
lation and creation operators 6, and 6: are defined by 

where C#J is an arbitrary phase [2]. It follows from this 

quadrature definition that the variances (:(Aig)?) and 

(:(A?,)':) are related lo (he intensity of the field fluctuations 
( A ~ ~ A G , )  by 

where colons denote time and normal ordering of the 
operators enclosed by them. For classical fields, both quadra- 
ture variances are always greater than or equal to zero, 
being equal to zero only in the classical coherent state. 
For quantum fields, however, the nornlally ordered variance 

of a quadrature Xg can become negative as long as the nor- 

mally ordered variance of ?@ increases in such a way that 

Eq. (3) is still satisfied. In such a case, thc quadrature i4 is 
said to be squeezed and the field 6 is said to be in a squeezed 
state [2]. This fact and the fact that the fluctuation intensity is 
nonnegative lead to the inequality [6,7] 
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Abstract. Analytical results for the dynamical evolution of a single two-level atom coupled to an ordi- 
nary heat bath and bichromatically excited with two finite bandwidth squeezed fields are presented by 
solving the Heisenberg equations of motion. Photon statistics of the system in terms of the second-order 
intensity-intensity correlation function are also discussed. Transient fluorescent intensity as well as inten- 
sity correlation function exhibit oscillatory phenomenon even in the weak field limit. The latter also shows 
enhanced delayed bunching effect. All these effects are sensitive to the bandwidth of squeezed light. 

PACS. 42.50.Ct Quantum description of interaction of light and matter; related experiments - 
42.50.D~ Nonclassical states of the electromagnetic field, including entangled photon states; quantum state 
engineering and measurements 

1 Introduction 

Studies related to the dynamical evolution, the photon 
statistics, spectral and radiative properties of one and 
manv two-level atoms embedded in a broadband saueezed 
bath have been the topics of keen interest in quantum 
optics. Gardiner [I] studied the interaction of a two-level 
atom with a broadband squeezed bath and predicted un- 
equal polarization quadrature-decay rates. Carmichael, 
Lane and Walls [2] were able to discover a significant 
phenomenon of sub-natural linewidth in the fluorescence 
spectrum of a driven two-level atom, in the presence 
of squeezed light. Atomic absorption spectrum has  dis- 
cussed by Ritsch and Zoller [3] in the presence of colored 
squeezed vacuum. Since then many interesting results in 
atom-squeezed field interaction have been reported which 
include both two and three-level atoms interacting with 
broad bandwidth or narrow bandwidth squeezed baths [4, 
51. In a recent study the interaction of a two-level atom 
with the squeezed vacuum of bandwidth smaller than the 
natural atomic linewidth was considered and the hole 
burning and the three-peaked structure in spectra of flu- 
orescence and transmitted field were predicted [6]. These 
results essentially show that squeezed fields having pair- 
wise correlations and anisotropic noise distribution can 
give rise to interesting phenomena including novel fea- 
tures in spectral properties of atoms, formation of pure 
states and photon statistics. A more realistic model of fi- 
nite bandwidth squeezed light interacting with a single 
two-level atom has been studied by Vyas and Singh (71 
and Lyublinskaya and Vyas [8] where the source of the 

squeezed light employed was a degenerated parametric 
oscillator (DPO) operating below threshold and a homo- 
dyned DPO [9]. In another work, a two-level atom inside 
an optical parametric oscillator has been considered and 
hole and dips in the fluorescence and transmitted light 
has been observed [lo]. The interest in other sources of 
squeezed light as well as its applications in a wide variety 
of areas has continued unabated [ll-131. 

The interaction of a single two-level atom with bichro- 
matic driving field has also been studied extensively both 
theoretically and experimentally [14]. These studies were 
motivated by the observations that the bichromatic nature 
of the driving field can lead to  a number of novel features 
which are different from the monochromatic case. For ex- 
ample, the fluorescence intensity exhibits resonances a t  
subharmonics of the Rabi frequency and different spec- 
tral characteristics when com~ared with the usual Mollow 
triplet. Recently, some new calculations for resonance fluo- 
rescence and absorption spectra of a two-level atom driven 
by bichromatic field have been reported [15]. Also, re- 
ported are the effects of broadband squeezed reservoir on 
the second order intensity correlation function and squeez- 
ing in the resonance fluorescence for a bichromatically 
driven two-level atom [16]. Coherent population trapping 
and Sisyphus cooling under bichromatic illumination have 
also been studied [17]. In another recent work the electro- 
magnetically induced transparency (which normally oc- 
curs in three-level atoms) has been demonstrated in a two- 
level atom excited by a bichromatic field (one strong and 
one weak field) and possibility of squeezed-light generation 
has also been discussed 1181. . . 

In this work, we study the interaction of a single two- 
level atom with a bichromatic electromagnetic field that is a e-mail: ajoshiouark. edu 



PHYSICAL REVIEW A 67, 063808 (2003) 

Conditional measurements as probes of quantum dynamics 

Shabnanl Siddiqui, Daniel Erenso, Reeta Vyas, and Surcndra Singh 
Depurtmet~t q/'Pl~):sics. Universii): ofAt.kutans, &vetfe\~ille, Arkamcus 72701, USA 

(Rcccivcd 5 December 2002; published 17 June 2003) 

Wc discuss conditional rneasuremcnts as probcs of quantum dynamics and show that thcy provide different 
ways to characterize quantum fluctuations. \Ve illustrate this by considering thc light from a subthreshold 
dcgcncratc parametric oscillator. Analytic rcsults and curvcs arc prcscntcd to illustrate thc behavior. 
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1. INTRODUCTION 

Fluctuations are an integral feature of quantum dynamical 
evolution. For dissipative quantum optical sources, these 
fluctuations are reflected in the photoemissions fYom these 
sources. In this paper, we will use the terms photoemissions 
and photodetections interchangeably because photodetection 
is sin~ply a matter of casting a net to catch the photons emit- 
ted by the source. A photoemission signals a fluctuation in 
progress. Hence, a conditional measurement that commences 
when a photoenlission has occurred catches a fluctuation in 
the act and, in fact, allows us to observe the time evolution 
of the fluctuation [I]. This sort of information is not avail- 
able in unconditioned measurements. Thus, conditional mea- 
surenients allow us to probe quantum dynamics at a deeper 
level. Perhaps the best known example of conditional mea- 
surement is the measurement of the second-order intensity 
correlation that measures fluctuations of light intensity fol- 
lowing a conditioning photodetcction [2 ] .  This is the basis of 
the observation of photon bunching or antibunching. Re- 
cently, measurements of quadrature squeezing conditioned 
on a photodetection have also been proposed and reported in 
cavity quantum electrodynamics [3,4]. In this papel; we con- 
sider conditional measurements in the context of parametric 
oscillators and show that such measurements provide sensi- 
tive probes of quantum dynamics and the language of con- 
ditional measurements provides powerhl conceptual tools 
for unraveling and understanding nonclassical features of 
quantum dynamics [5- 81. 

Optical parametric oscillators (OPOs) and an~plifiers [9] 
based on down-conversion have played a central role in the 
studies of nonclassical photon correlations and various 
schemes for quantum coinmunication and computation [lo]. 
The fitndamental process in optical parametric oscillators is 
conversion of a pump photon of frequency w,, into a pair of 
photons (signal and idler) of lower frequencies w, and wi  in 
a nonlinear medium inside an optical cavity. The process 
conserves energy and momentum. Conservation of energy 
requires the pump and down-converted frequencies to be re- 
lated by wp= us+ w i  and conservation of momentum, also 
known as phase matching, requires the use of certain aniso- 
tropic material media and specific states of polarization for 
the pump, signal, and idler photons. If the down-converted 
photons have the same frequency (ws= wi=wd), polariza- 
tion, and direction of propagation, the process is called de- 
generate otherwise it is called nondegenerate. In the fonner 
case, we speak of a degenerate parametric oscillator (DPO) 

and in the latter of a nondegeneratc parametric oscillator. 
We begin by considering a degenerate paranlet~ic oscilla- 

tor in Sec. I1 and discuss conditional measurements of inten- 
sity and amplitude. Conditional measurements of quadrature 
fluctuations are discussed in Sec. 111. We restrict our consid- 
erations to its operation below the threshold of sustained 
oscillations. This allows us to obtain simple analytic cxpres- 
sions for various quantities of interest. The results are sum- 
marized in Sec. IV. 

11. CONDITIONAL MEASUREMENTS OF A DPO 

The field from the DPO is governed by the interaction 
Hamiltonian for phase-matched down-conversion inside an 
optical cavity driven by a classical injected signal [5,6]. The 
equation of motion for the density operator bd of the DPO 
field is then 

where K is the mode-coupling constant, E is the dimension- 
less amplitude of the classical pump field, y is the cavity 
linewidth, and id and 6;  are the annihilation and creation 
operators for the DPO. In writing the equation of motion for 
the density matrix, we have neglected pump depletion that is 
a reasonable approxin~ation for low down-conversion effi- 
ciencies and subthreshold operation of the DPO considered 
here. The combination K E  has been chosen to be real by a 
suitable definition of the phases of id and 61 .  

Using the positive-P representation for the density matrix, 
we can map the equation of motion for the annihilation and 
creation operators for the DPO field onto a set of stochastic 
equations for the c-number amplitudes cud and ad,  corre- 
sponding, respectively, to the annihilation and creation op- 
erators 6 and C i d .  These equations read [5,6] 

where [ , i t )  and &(t) are two statistically independent real 
Gaussian white-noise processes with zero means and unit 
intensity. Nonnally ordered averages of r i$ and r id can then 
be calculated by using the mapping 
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A quantum wcll with a singlc cxciton mode in a microcavity driven by squcczed vacuum is studicd in the 
low exciton density regime. By solving the quantum Langevin equations, we study the intensity, spectrum, and 
intensity correlation function for the fluorcsccnt light. An cxprcssion for thc Q function of thc ficld insidc thc 
cavity is derived from the solutions of the quantum Langevin cquations. Using the Q function, the intracavity 
photon number distribution and thc quadrature fluctuations for both thc cavity and fluorcsccnt fields arc 
studied. Several interesting and new el'fects due to squeezed vacuum are found. 
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1. INTRODUCTION 

With the development of semicond~ictor optical micro- 
cavities, there has been considerable interest in exciton- 
cavity coupled systems [1,2]. These systcms have revealed 
some interesting phenomena that are similar to those ob- 
served in the interaction of a two-level atom with light [3-91. 
The exciton-cavity system gives rise to the so-called polari- 
tons, which are the no~nlal inodes of a coupled exciton- 
photon system. The excitation spectrum of the composite 
exciton-cavity system is characterized by two well-resolved 
polariton resonances (or nornlal mode resonances) when g 
> ( y e ,  yc), where g is the dipole coupling between the exci- 
ton and the cavity mode, and ye and y, are the exciton and 
cavity mode damping rates, respectively. In this limit, an 
excitation of the cavity mode can lead to a coherent oscilla- 
tory energy exchange (or normal mode oscillation) between 
the exciton and the cavity due to the vacuum Rabi oscilla- 
tions. 

The vacuum Rabi oscillations in a coupled exciton-photon 
system in sen~iconductor microcavity lasers have been ob- 
served by Weisbuch et al. [2]. Following this observation, 
extcnsive experimental and theoretical studics have been car- 
ried out [lo- 171. These studies have confirmed normal mode 
splitting and oscillatory emission from exciton microcavities. 
Theoretical investigations in the linear regime, where the ex- 
citons can be approximated as bosons, have bccn carricd out 
by Pa11 et 01. [ I  51. Wang et al. [ I  61 investigated the effects of 
inhomogeneous broadening of excitons on normal mode os- 
cillations in semiconductor microcavities using the coupled 
oscillator model. Their results show that inhomogen~ous 
broadening can drastically alter the coherent oscillatory en- 
ergy exchange process cven in regimes whcre normal mode 
splitting remains nearly unchanged. 

In this paper, we study the excitonic system in a micro- 
cavity where the cavity is driven by squeezed vacuum. An 
outline of the system is shown in Fig. 1. A sen~iconductor 
quantum well is embedded between two Bragg reflecting 
mirrors. One of these mirrors acts as an input port through 
which light in a squeezed vacuum state is injected into the 
cavity. We includc dissipation of both thc cavity and exciton 
modes. In Sec. 11, we derive the quantum Langevin equations 
for the exciton and cavity modcs. We solve these equation 
for the case in which the damping constants are equal. These 
~.csults are used in Scc. I11 to study the cffects of initial cavity 

photon number as wcll as squeezed-vacuum photon number 
on the intensity, spectrum, and the second-order intensity 
co~relation of the fluorescent light. In Sec. IV, we obtain the 
Q-distribution function and use it to study the intracavity 
photon number distribution and squeezing of thc cavity 
mode and the fluorescent light. We summarize the principal 
results of the paper in Sec. V. 

11. QUANTUM LANGEVIN EQUATION 

We consider a semiconductor quantum well fQW) in the 
linear excitation regime where the density of excitons is 
small so that exciton-exciton interaction can be ignored. The 
excitons can then be approximated as a dilute boson gas [IS]. 
In this approximation, the microscopic Hamiltonian in the 
interaction picture describing the exciton-cavity system is 
given by [17,19] 

The Hamiltonian of Eq. (1) is written in the rotating-wave 
approximation and in the dipole approximation. Here and 
6 are the annihilation operators for the cavity and exciton 
modes, respcctivcly, in a frame rotating at frequency 

w ,  , f ,  (I? ,) is the reservoir operator responsible for cavity 
field (exciton) damping, g is the coupling constant character- 
izing the strength of interaction between the exciton and the 
cavity field, and detuning A w = ( w e -  w,) ,  where w, and w,. 
are the frequencies of the exciton and cavity modes, respec- 
tively. Normally, the exciton and cavity inodcs are coupled to 
a continuum of thennal reservoir modes. This leads to their 

Mirror Mirro@fl- pmp 

FIG. 1. An outline of the physical system. 
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A single two-lcvcl atom in a cohcrcntly driven cavity and damped by a broadband squcczcd vacuum 
centered about the atomic transition liequency is studied. A second-order Fokker-Planck equation for this 
system is obtained without using system size cxpansion. Effects of dctunings and cavity decays arc also 
incorporated in the Fokker-Planck equation. This equation is used lo study atomic inversion, fluorescent 
spectrum, and the intcnsity corrclations of the transmitted and fluorcsccnt photons in thc bad-cavity limit. 
Several interesting effects in the atomic inversion, spectrum, and intensity correlations due to the squeezed 
vacuum arc presented. Thesc results are also compared with an atom that is dampcd by a thermal rcscrvoir. 
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I. INTRODUCTION 

With the gcncration and dctcction of sqiieczed light [I-41 
increasing attention is being given to the study of interaction 
of squcezed light with a two-level atoin [5-131. Gardiner 
studied a single two-level atom embedded in a broadband 
squeezed vacuum and showcd that tlie two quadratures of thc 
atomic polarization decay at two distinct decay rates that are 
sensitive to the phase correlations of the squcezed vacuum 
[IS]. Carmichael rt al. [6] studied the fluorescent spectrum of 
an aton1 immersed in a broadband squeezed vacuum when 
the atom is driven by a coherent field. They predicted that for 
wcak driving fields the incoherent spectrum would narrow as 
the amount of squeezing is increased. In this linlit the spec- 
tmin is insensitive to the relative phase between tlie driving 
field and the squeezed vacuum. For strong driving fields, on 
the other hand, the central pcak of  the Mollow spectrum can 
broaden or narrow, depending on the relative phase between 
the squcezed vacuum and the driving field. The photon num- 
ber distribution for this system has been calculated by Ja- 
gatap and Lawande [7]. Vyas and Singh considered reso- 
nance fluorescence in the weak-field limit when the atoin is 
driven by squeezed liglit from an optical parametric oscilla- 
tor [8], Lyublinskaya and Vyas considered when the atom is 
driven by nonclassical light from intracavity second har- 
monic generation and a homodyne degenerate parametric os- 
cillator [9]. 

Parkins and Gardiner [ lo]  considered a single two-level 
atom in a cavity whcn thc squeezed light is incidcnt upon 
one of the output mirrors. Rice and Pedrotti [ I  I.] placed a 
two-level atom coupled to an ordinary vacuum inside a co- 
herently driven optical cavity coupled to a broadband 
squeezcd reservoir through the output mirror. They found 
that it was possible to overcoine the cavity enhancement part 
of tlie linewidth. This work was extended by Rice and Baird 
[12] to calculate the second order intensity co~~elat ion func- 
tion g (2 ) (7 - )  and spectra of the fluorescent light. 

In this paper we study a single two-level atom placed 
inside a coherently driven cavity where the atom is directly 
coupled to a squeezed vacuum but the cavity mode decays 
into an ordinary vacuum. The squeezed vacuum spectrum is 

considcrcd to bc broadband ccntcred at the atomic transition 
frequency. The model proposed here can be implemented by 
assuming a short cavity, which subtends a largc solid anglc at 
the atom. Squeezed modes of the short cavity are directly 
coupled to the atom. Another cavity with its axis perpendicu- 
lar to the short cavity is driven by a coherent driving field. 

We derive an exact Fokker-Planck equation following the 
approach of Wang and Vyas [14-161. An appealing feature 
of the Fokker-Planck equation approach is that it allows 
quantum-operator averages to be calculated as classical-like 
averages. Thus analogies between classical and quantum 
fluctuations can be drawn that help in developing an intuitive 
feeling for quantum fluctuations. The Folcker-~lanck equa- 
tion can be converted into a set of stochastic differential 
equations which can be solved numerically and in many 
cases analytically. We study the effects of a squeezed 
vacuum on atomic inversion, the fluorescent spectrum, and 
the second-order intensity col~elation function of the trans- 
mitted and fluorescent light in the bad-cavity limit. We find 
that in the presence of squeezing the threshold value of the 
cooperativity parameter for seeing vacuum Rabi splitting can 
be lowered. This bchavior is phase sensitivc and cannot be 
seen if squeezed light is replaced by thermal light. We find 
that the transmitted light can show antibunching even for a 
large cooperativity parameter. We explain the behavior of 
antibunching in ternls of self-hoinodying of coherent and 
incoherent components. We also find that, for large values of 
squeezing, antibunching results due to a reduction in the in- 
tensity fluctuations of the incoherent component. This differs 
from the case for small squeezing. For sinall squeezing anti- 
bunching results from an interference of the coherent com- 
ponent with the incoherent component. 

Squeezed Vacuum 

FIG. 1. Physical scheme. 
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1. INTRODUCTION 
Nonclassical properties of electromagnetic fields receive a 
great deal of attention, as  these properties provide a test- 
ing ground for the  predictions of quantum electro- 
dynamics.'~' Sub-Poissonian Photon statistics based on 
second-order intensity correlations provide one way to 
characterize the nonclassical nature of a light beam.3.4 
Nonclassical effects a s  they relate to higher-order mo- 
ments have also been discussed in the l i t e ra t~re .~- '  
Aganval and Tara discussed higher-order nonclassical ef- 
fects for single-mode fields in terms of normally ordered 
moments."erina and  co-workers studied noilclassical 
behavior in optical parametric processes, Raman and 
Brillouin scattering6 and nonlinear optical couplers7 in 
terms of moments of integrated intensity. Lee considered 
single-mode fields and defined higher-order noi~classical 
effects in  terms of factorial moments of the photon distri- 
bution by using majorization theory.8 Vyas and Singh 
considered higher-order nonclassical effects in  terms of 
factorial moments of the photocount distribution.' In  
this paper we introduce criteria for evaluating higher- 
order sub-Poissonian statistics in terms of factorial mo- 
ments and show tha t  higher-order sub-Poissonian statis- 
tics are indicative of nonclassical fields. The criteria tha t  
we introduce a re  independent of the efficiency of detec- 
tion. We then show t h a t  the light from intracavity 
second-harmonic generation (ISHG) and light from 
single-atom resonance fluorescence exhibit higher-order 
sub-Poissonian statistics. 

2. HIGHER-ORDER SUB-POISSONIAN 
STATISTICS 
For second-order sub-Poissonian statistics variance 
((Am)') = (m2) - (m)' of the photon-counting distribu- 
tion is less than  the meail of the distribution, (m). By 
noting tha t  second-order factorial moment (m(") 
= (m(m - 1 ) )  - (m') - (m),  we can write the criterion 
for the second order sub-Poisson statistics as  

Note tha t  for a Poissonian distribution (m(") = (m)', so 
inequality (1) holds a s  a n  equality. The departures from 
Poisson statistics are  then characterized in terms of the 
Fano factor (F = ( ( ~ m ) ~ ) l ( m ) )  or the Q parameter {Q 
= [(m'") - (m)2]l(m)}.3~4 For a sub-Poissonian distri- 
bution the Q parameter is negative. We now extend this 
criterion to higher-order factorial moments. The l th  (1 is 
a positive integer) order factorial moment of the photo- 
count distribution is defined by 

(m(')) = m ( m  - 1 )  ...( m - 1 + l ) p ( m ,  T ) ,  (2) 
m=l 

where p ( m ,  T )  is the probability of detecting m photoi~s 
in the  counting interval [0-TI. Here we have sup- 
pressed the time argument in  the factorial moments. To 
extend the criteria for sub-Poissonian statistics to higher- 
order moments we introduce a parameter S1 : 

I t  is easily proved that ,  for a Poisson distribution, S1 
= 0 for all 1. Parameter Sl for 1 3 2 provides a measure 
of the deviation of the I th  factorial moment from tha t  for 
a Poisson distribution with the same mean. Sl > 0 de- 
fines a super-Poissonian distribution, and S1 < 0 defines 
a sub-Poissonian distribution. Note that parameter Sz is 
not equal to the Q parameter but is related to i t  by 
S, = Ql(m). As the values of higher-order factorial mo- 
ments can be large, i t  is convenient to use normalized fac- 
torial moments rather than  the analogs of Q to extend the  
concept of sub- and super-Poissonian statistics to higher- 
order moments. Another advantage of using the SL pa- 
rameters is that  they a re  independent of the efficiency of 
detection. 

We now show tha t  negative values oF parameter S1 for 
I > 2 (higher-order sub-Poissonian statistics) indicate the  
nonclassical nature of light. To establish this we note 
that  for a classical field the  factorial moments must sat- 
isfy the inequalitys3' 
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gcl~crating function for the photoclcctron statistics. From this gc~~crating function photoclcctron-counting dis- 
tribution, factorial moments, and waiting-time distribution are obtained analytically. These quantities are di- 
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nonclassical features including nonclassical etrects in higher-order factorial moments. 
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Tnteraction of a single two-level atom with a quantum 
ficld insidc a coherently drivcn cavity in the good cavity 
limit, is known to show optical bistability [1,2]. We will refer 
to this system as single atom optical bistability (SAOB). 
Similarly, N two-level atoms placed inside a coherently 
driven cavity also exhibit optical bistability that we shall 
refer to as multiatom optical bistability (MAOB) [3,4]. These 
systems are also known to show antibunching, although the 
size of antibunching is small. In order to enhance antibunch- 
ing and other nonclassical effects, several schcmcs based on 
interference [5], passive filter cavities [6], or homodyne de- 
tection [7] have been proposed. 

Homodyning a field with a coherent local oscillator (LO) 
provides one way of cnhancing nonclassical effects. The ho- 
modyne field can exhibit strong nonclassical featurcs, which 
are not shown by the original ficld. The homodyile statistics 
are sensitive to the phase difference betwecn the signal and 
the LO. An example of this behavior is provided by the light 
from the degenerate parametric oscillator, which is highly 
bunched and super-Poissonian. When this field is homo- 
dyned with a LO, the homodync field shows a variety of 
nonclassical cffccts such as antibunching, sub-Poissonian 
statistics, and violation of other classical inequalities [8-101. 

In this paper we consider homodyning of the light from a 
system that exhibits SAOB with the light beam from a LO at 
a losslcss beam splitter as shown in Fig. 1. A detector of 
efficicncy 77 placed at one of the output ports of the beam 
splitter detects the homodyne field and generates photoelec- 
tric pulses, which are measured by suitable electronics. We 
study photoelectron statistics measured by the detector. In 
Sec. I1 we start from the equations of motion derived by 
Wang and Vyas for a single two-level atom in the good cav- 
ity limit [2] and show that the ficld from the SAOB can be 
expressed in terms of two Gaussian random variables. We 
then derive the equations that govern the dynamics of the 
homodyne field. Using these equations and applying the 
Karhunen-Lokve expansion for the field variables, we calcu- 
late the moment generating function for the photocount dis- 
tribution. We also show that a system exhibiting MAOB can 
also be described by similar expressions with an appropriate 

change in parameters. In Scc. TI1 we present an analytic ex- 
pression for thc moment gencrating function. Photon statis- 
tics of the homodync field are then analyzed with the help of 
the moment generating function. The photocount distribu- 
tion, its moments, and the waiting-time distribution for the 
homodyne field are calculated. Finally, in Sec. VI, a sum- 
mary of the main results of the paper is presented. 

11. DYNAMICS OF THE HOMODYNE FIELD AND 
THE GENERATING FUXCTION 

In this section we derive equations of motion describing 
the dynamics of the homodync field when the signal is from 
the SAOB. We will see that similar equations are obtained 
when the signal is from thc MAOB. 

Consider a single damped two-level atom with transition 
fiequcncy w , ,  interacting with a single mode of a cavity 
with resonance frequency w , .  The cavity is driven by a co- 
herent external field of frequency w, and amplitude E .  In the 
electric dipole and rotating-wave approximation, the Hamil- 
tonian for this system call be written as 

Here and d t  are the annihilation and creation operators for 

the cavity mode, a + ,  6.- , and 6, are the Pauli spin matrices 
describing the two-level atom, g is the atom-field coupling 

constant, and H,,, ,  describes atomic losses due to spontane- 
ous decay and field losses at the cavity mirrors. 

Two-level atom + 
FIG. I .  System for homodyning the SAOB field with the LO 

field. BS denotes the beam splitter and D denotes a detector. 
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Fluctuations of photon beams reflect the quantum dy- 
namics of photoemissive sources. In quantum mechanics, 
probabilities for observed events are derived from an un- 
derlying wave function that can interfere and collapse as it 
evolves. A consequence of this is that quantum mechan- 
ics can lead to correlations between observed events which 
a classical stochastic theory may not. Examples of these 
nonclassical correlations include squeezing, antibunching, 
and violations of Bell's inequalities [1,2]. 

The subthreshold degenerate parametric oscillator 
(DPO) has played a central role in the study of nonclassi- 
cal photon correlations, particularly, squeezing [1,2]. The 
DPO radiates a highly bunched light beam that exhibits a 
large degree of squeezing. Interestingly, the squeezed and 
highly bunched light from the DPO when combined with a 
coherent light field, as in homodyne detection, is expected 
to display a rich variety of nonclassical photon correlations 
including antibunching [3]. It is intriguing that a highly 
bunched entangled photon beam from the DPO when 
mixed with a coherent field will exhibit correlations similar 
to those exhibited by a single-atom resonance fluorescence 
in free space or in cavity quantum electrodynamics (QED) 
[4,5]. Antibunching of light emitted by a single two-level 
atomic system can be eventually traced to the atomic dead 
time that a two-level atom cannot emit a second photon 
immediately after the emission of a first photon. The situ- 
ation is not so simple for homodyne detection of the light 
from the DPO because there is no obvious mechanism 
for a dead time. By solving the equations of motion for 
homodyne detection exactly, we show that nonclassical 
photon correlations in homodyne detection of the DPO are 
a consequence of the interference of probability ampli- 
tudes, entangled nature of photon pairs generated by the 
DPO, and measurement. These are the features that most 
distinguish quantum mechanics from classical mechanics. 

An outline of the experimental setup for homodyne de- 
tection of the DPO light is shown in Fig. 1. The DPO and 
local oscillator (LO) fields are combined by a beam splitter 
to produce the source field at the detector. The field from 
the DPO is governed by the interaction Hamiltonian for a 
phase matched DPO driven by a classical injected signal 

of amplitude E [6]: 
ihK& 

H = (&J2 - 6;) + Aloss  . (1) 
L 

t Here K is the mode-coupling constant and and ad are 
the annihilation and creation operators, respectively, for 
the DPO. H~,, ,  describes the loss suffered by the DPO 
field. The combination K E  can be chosen to be real by a 
suitable definition of phases. 

The equation of motion for the density matrix bd of the 
DPO field is then 

t ..t.. t 
+ ~ ( 2 a d b d a d  - adadbd - bdadad)? (2) 

where 2 y is the cavity decay rate. The steady-state solution 
to this equation in positive-P representation is given by 

where -a < x, y < are both real variables and In) is a 
coherent state of ad with adlx) = xlx). From this expres- 
sion for the density matrix, the steady-state expectation 
value of an operator 0 can be calculated as (o),, = 

T~(o$,,). This leads to the following expectation values 

From DPO 

Detector 

From LO 

FIG. 1. Schematic experimental setup for the homodyne de- 
tection of the light from a degenerate parametric oscillator. 
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Nonclassical properties of light such as squeezing [I], 
sub-Poissonian statistics [2], and antibunching [3] have been 
discussed in terms of quadratic field or intensity correlations. 
With the developn~ent of techniques for making higher order 
correlation measurements. the interest in nonclassical effects 
naturally extends to the higher order correlations. Of particu- 
lar interest are physical systems where nonclassical features 
of light are revealed in higher order correlations but not in 
the lower order correlations. Higher order squeezing was in- 
troduced by Hong and Mandel [4]. Aganval and Tara intro- 
duced nonclassical behavior in terms of normally ordercd 
moments of a distribution [5]. Lee [6] considered a single 
mode field and defined higher order nonclassical effects in 
terms of factorial moments of the photon distribution by us- 
ing majorization theory. 

Jn this paper we present a simple criterion for higher order 
nonclassical behavior in tcrms of factorial moments of the 
photoelectron counting distribution. We then show that the 
light fi.om a subthreshold degenerate parametric oscillator 
(DPO), when superposed on the light from a coherent local 
oscillator (LO), satisfies the criteria for highcr order nonclas- 
sical behavior in terms of factorial moments. These viola- 
tions can be measured in photon counting experiments. 

Let us first recall that the probability of detecting m pho- 
toelectrons in the time interval [O - T] is [7] 

where the colons : . . . : denote time ordering and normal or- 
dering of the operator product between the colons. In wi-iting 
Eq. (I) ,  we have assumed stationary light fields. The opera- 
tor fi is given by 

where i ( t )  is the photon flux operator (number of photons 
per second) and r ]  is the detection efficiency. The angular 
brackets denote averaging with respect to the state of the 
field. 

The /-th order factorial moment (/  is a positive integer) 
of the photoelectron counting distribution is defined by 

where, for simplicity, we have suppresscd the dependence of 
the moments on the counting interval T. The second factorial 
moment (rn(l)) is related to the variancc ((dm)') of photon 
number distribution by 

For a coherent field (Poissonian distribution) ((Am12) 
= (m) is independent of the value of T. Expressing p ( m ,  71 
in Eq. (3) in terms of 0 and using thc Glauber-Sudarshan P 
representation for the density matrix of the field, the factorial 
moments can be written as 

where U is a positive real number and for a classical state the 
probability distribution P ( U )  must be a positive and nonsin- 
gular function (no more singular than a 6 function). Now 
define a positive fbnction in t a m s  of two positive real vari- 
ables U and Was 

On expanding and simplifying this, we find that 

Therefore for a classical probability density P(U,W) 
[= P(U)P(W)],  which is positive and no more singular than 
a 6 function, 

Thus the factorial inoments of photon counting distribution 
for a classical field must satisfy the inequalities 
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Nonclassical properties of the electromagnetic field have bunching developed in Fig. 1 can be quantified in terms of 
continued to attract great attention, a s  they provide a the distribution of waiting times between successive pho- 
testing ground for the predictions of quantum electrody- toemissions or photodetections. This disruption is given 
namics. Nonclassical properties of the  electromagnetic byl0-I4 
field are  reflected in squeezing,' sub-Poissonian 
 statistic^,^,^ a n t i b u i ~ c h i n g , ~ - ~  and violation of various ( ~ i ( . t ) { e x ~ [ - $ : + ~  f ( t  ' )dt l ] ) i ( t  + T):) 

classical These nonclassical effects refer lu(T) = - , (1) 

to different aspects of the field. For example, squeezing 0 )  

refers to the wavelike character of the  field. I t  is mea- 
sured in a n  interference experiment. Antibunching and 
sub-Poissonian statistics, on the other hand, refer to the 
particlelike character of the field and  are  measured i n  
photoelectric counting experiments. 

Antibunching was one of the first nonclassical features 
of the electromagnetic field to be observed experi- 
mentally.4 It  refers to the tendency of photons to be 
separated from one another in time. Bunching refers to 
the opposite tendency of photons to be bunched together 
in time. Whether a photon sequences exhibits bunching 
or antibunching is intimately connected to the source dy- 
namics. Figure 1 shows three different photon-emission 
sequences. Each vertical line represents a photoemis- 
sion event. We can also think of these sequences as  pho- 
todetection events a t  the output of a n  ideal (unit detection 
efficiency) photoelectric detector. For a n  ideal detector 
the distinction between a photodetection and a photo- 

where i ( t )  is the intensity (photon flux from the  source in 
units of number of photons per second) operator a t  time t 
and (T :) stands for time ordering and normal ordering 
of the operator product between the colons. Note tha t  
w(T) involves the detection of two successive photons a t  
times t and t + T and of no photons in  the interval ( t ,  t 
+ T) .  The probability of observing a n  interval between 
T and T + d T  between successive photoemissions is 
w (T)dT. The waiting-time distribution w ( T )  refers to 
the separation between photons and provides a clear 
physical picture of photon bunching and antibunching in 
the time d~main ."~ '~*"  

Waiting times for coherent light (sequence of random 
photons) are  exponentially distributed according to 
wc(T) = @ ) e x p ( - ( f ) ~ ) ,  where t i )  is the average inten- 
sity (photon flux from the source). It  is clear that  
c ( ~ ) / f )  = 1 The average separation between succes- 
sive photons is l/(i) ,  and the most probable waiting time 

emission sequence is not important. In  what  follows we is zero. In  a n  antibunched photon sequence, photons 
shall assume this to be the case and speak of photoemis- tend to be less bunched i n  time than photons in a random 
sions and photoelectrons interchangeably. Furthermore, 
for simplicity, we shall restrict ourselves l;o stationary se- 
quences. All sequences i n  Fig. 1 have the same average 
ra te  of occurrence of photons. Sequence (a) is a random 
(uncorrelated) photoemission sequence such as  that  
which might be generated by a laser operating high above 
threshold. Such a sequence is also called a Poisson se- 
quence. A comparison of sequences (a) and (b) shows 
tha t  photons in  sequence (b) tend to bunch together. 
This is a n  example of a bunched photon sequence tha t  
might be generated by a thermal source or a laser operat- 
ing far below threshold. In sequence (c), photons tend to 
be separated from one another. This is a n  example of an 
antibunched photon sequence that might be generated, 
for example, by a fluorescing single two-level atom. 

The physical picture of photon bunching and anti- 

photon sequence. This means that,  for a n  antibunched 
photon sequence, zero waiting time is less probable than 
for a random photon sequence. This leads to the crite- 
rion 

for photon antibunching in terms of the waiting-time dis- 
tribution. Similar considerations hold for a bunched 
photon sequence, in  which photons tend to be more 
bunched than in a random photon sequence; zero waiting 
time will be more probable than for a Poisson sequence. 
Thus for a bunched photon sequence w ( 0 )  > w,(O). 

The criterion for photon antibunching in terms of w(T) 
can be related to the traditional criteria in  terms of the 
normalized second-order intensity correlation function 
g ' 2 ) ( ~ ) .  This correlation function is the joint probability 
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A simple, noncontact technique for the measurement of thermal diffusivity of solids is 
experimentally demonstrated. The technique is based on the photothermal displacement effect. 
Excellent agreement between the quasistatic theory of photothermal displacement and the 
experiment has been obtained. The technique has been demonstrated by measuring the thermal 
diffusivities of GaAs and InGaAsIAlGaAs multiple quantum wells. O 1998 American Institute of 
Physics. [SOO21-8979(98)04519-81 

I. INTRODUCTION 

Thermal diffusivity of a material is an important prop- 
erty, a knowledge of which is required for a variety of ap- 
plications. Of the many methods available for making diffu- 
sivity measurements, noncontact methods are generally 
preferable over the more traditional methods in which probes 
must be inserted into the sample. One of the popular noncon- 
tact methods is the photothermal technique.'!2 In this tech- 
nique, local heating of the sample is created by a laser beam 
(pump beam), and the effects of the heating are observed, 
generally by another, weaker laser beam (probe beam). The 
experiments can be performed by using either a cw modu- 
lated pump beam or a pulsed pump beam. The former are 
known as the frequency-domain experiments, whereas the 
latter are known as the time-domain experiments. The fol- 
lowing variations of the photothermal technique have been 
used to measure thermal diffusivity in solids: (i) Photother- 
ma1 radiometry. In this method, the heating is produced by a 
pulsed laser and the time evolution of the heating is mea- 
sured by observing the infrared emission from the sample 
surface. Thermal diffusivity is obtained from the time- 
evolution of the radiometric Chen and  ande el is' 
have used a variation of this technique, called rate-window 
spectrometry, to enhance the signal-to-noise ratio. (ii) Pho- 
tothermal refraction: The heating of the sample is observed 
by a probe laser passing through the sample, which is trans- 
parent to the probe beam. The heating produces refractive 
index gradients in the sample, which cause the probe beam to 
deflect. The thermal diffusivity is obtained by measurements 
of this deflection either with cw-modulated excitation6 or 
with pulsed e~ci ta t ion .~  (iii) Photothermally induced mirage 
effect: In this technique, the measurement is made in a fluid 
medium surrounding the sample. The heat from the solid 
sample is conducted to the fluid, which produces refractive 
index gradients in the fluid. Deflection of a probe beam pass- 
ing through the fluid is measured. Generally, a cw-modulated 
pump is used and deflection is measured as a function of 
pump-probe distance. Thermal diffusivity is obtained either 
by an analysis of the phase information contained in the 

signal839 or by a multiparameter fit to the data.'' (iv) Probe 
beam reflection: The temperature change of the sample can 
also be monitored by observing the change in the reflectivity 
of the sample with (v) Photothermal dis- 
placement: In 1983, Olmstead et  al.I3 showed that the heat- 
ing of the sample by the pump beam produces a thermoelas- 
tic deformation of the sample which can be detected by 
deflection of the probe beam reflected from the sample sur- 
face, interferometric methods, or an attenuated total reflec- 
tion scheme. Analysis of the signal, either in the frequency 
or time domain, in principle, would yield the thermal diffu- 
sivity. However, to the best of our knowledge, this technique 
has not been fully exploited and is the subject of this article. 
(vi) Transient thermal grating: In this technique, two coher- 
ent beams are made to interfere on the surface of the sample. 
This produces a thermal grating. In one of the schemes, this 
grating is detected by observing the temperature induced 
changes in reflectivity.14 The thermal grating also produces a 
deformation grating on the sample surface by thermoelastic 
deformation, which can be observed by the diffraction of a 
probe beam,15 or by the deflection of a well-focused probe 
beam from one undulation of the deformation grating.'6 Jau- 
regui and welsch17 have reviewed the theory of thermal grat- 
ings in both the frequency and time domains. The above list 
of various photothermal techniques for thermal diffusivity 
measurements is by no means exhaustive, as the literature on 
this subject is vast. A good recent review of the field is given 
by Park e t  a / .  

In this article we demonstrate that the thermal diffusivity 
can be measured very simply by the temporal evolution of 
the thermoelastic deformation following a short laser pulse. 
As mentioned in (v) above, to the best of our knowledge, this 
simple technique has not been fully exploited previously. 
The feasibility of thermal diffusivity measurement by this 
method was reported by Karner e t  a/." and by Vintsents and 
~andornirskii.~' However, no analyses of the data were per- 
formed to obtain actual thermal diffusivity values. We find 
that our data fit extremely well to the relatively simple theory 
of thermoelastic deformation given by ~i; '  and we obtain 

0021 -8979/98/84(7)/3602/9/$15.00 3602 O 1998 American Institute of Physics 

Downloaded 26 Feb 2008 to 130.284.237.6, Redistribution subject to AIP license or capyrlght; see http:l1jap.aip.orgljaplcopyright.jy1 



Photothermal lensing 
detection: theory and experiment 

Qifang He, Reeta Vyas, and Rajendra Gupta 

Photothermal lensing signal shapes are experimentally investigated and compared with those predicted 
theoretically in our earlier paper. The investigation included flowing and stationary media and pulsed 
and cw excitations. Good qualitative agreement between theory and experiment is found. Since the 
lensing signal is almost always accompanied by a deflection signal, the influence of the deflection signal 
on the detection of lensing signal is investigated. For a perfectly aligned detection geometry the 
influence of the deflection signal on the lensing signal is negligible, but in the presence of misalignments 
a significant amount of deflection signal could be superimposed on the lensing signal. The effect of 
lensing on the deflection signal is also been considered. The effect of the finite size of the probe beam on 
the lensing signals is also investigated. O 1997 Optical Society of America 

Key words: Photothermal lensing, photothermal deflection, thermal blooming. 

1. Introduction 

There is currently an intense interest in the tech- 
nique of photothermal spectroscopy1 because the 
technique has found many applications in diverse 
fields.2 Sometime ago we gave the complete theory 
of photothermal lensing spectroscopy (PTLS) in a 
flowing fluid medium.3 A general treatment was 
given that consisted of pulsed (of arbitrary pulse 
length) or cw (modulated or unmodulated) excitation, 
flowing or stationary media, and transverse or col- 
linear geometry. To our knowledge no systematic 
experimental investigation of the signal shapes pre- 
sented in our previous paper has yet been published. 
In the present paper we present the experimental 
investigation of the lensing signals and their compar- 
ison with the theoretical results presented in Ref. 3, 
which we will hereafter refer to as  paper I. During 
this investigation we realized that the photothermal 
deflection spectroscopy (PTDS) signal, which almost 
always accompanies the PTLS signal, has the poten- 
tial for complicating the shapes of the PTLS signals. 
Therefore in this paper we also present both the the- 
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oretical and the experimental investigation of the ef- 
fect of PTDS on the shapes of the PTLS signals. For 
completeness, in Appendix A we also discuss the ef- 
fect of PTLS on the shapes of PTDS signals. The 
effect of the finite size of the probe beam on the de- 
tection of the lensing signal has also been investi- 
gated. 

The basic idea underlying dual-beam PTLS is 
shown in Fig. 1. A laser beam (pump beam) propa- 
gates through a medium, and it is tuned to one of the 
absorption frequencies of the medium. The medium 
absorbs some of the optical energy from the laser 
beam. If the collision rate in the medium is suffi- 
ciently high compared with the radiative decay rates, 
most of the energy appears in the translational- 
rotational modes of the medium within a short period 
of time. In other words, the laser-irradiated region 
becomes slightly heated. The refractive index of the 
medium is thus modified. The refractive-index 
change can be monitored in several different ways.4 
In this paper we are concerned with a technique that 
relies on the lensing effect of the medium to monitor 
the refractive-index change. A weak probe beam 
passes through the pump-irradiated region, as shown 
in Fig. 1. Owing to the curvature of the refractive 
index, the probe beam diverges, which can be de- 
tected as a change in the intensity of the probe beam 
passing through a pinhole. In other words, under 
the influence of the pump beam the medium acts as  a 
diverging lens. In certain circumstances the me- 
dium acts as a converging lens also. If a pulsed 
pump laser is used, a transient lens is formed; the 
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Theory of photothermal 
spectroscopy in an optically dense fluid 

Qifang He, Reeta Vyas, and R. Gupta 

The theory of photothermal spectroscopy in an optically dense fluid is presented. The general case is 
considered in  which the fluid may be flowing or stationary, and the excitation could be cw (modulated or 
unmodulated) or pulsed (arbitrary pulse length). All three detection schemes, deflection, phase shift, 
and lensing, are considered. This is the most complete theory of photothermal spectroscopy in fluids to 
date. O 1997 Optical Society of America 

Key words: Photothermal deflection, photothermal phase shift, photothermal lensing, photothermal 
interference, thermal blooming. 

1. Introduction 

There is currently a great interest in the technique of 
photothermal spectroscopy. This is because the 
technique has numerous applications in many di- 
verse fields.1 For example, the technique can be 
used for the measurement of species concentration, 
thermal diffusivity, laser spatial profile, relaxation 
time, local temperature, and flow velocity. These 
measurements are nonintrusive and can be per- 
formed with high degrees of spatial and temporal 
resolution and are particularly useful in hostile en- 
vironments such as combustion.2 

The principle of the technique is simple. A laser 
beam (pump beam) passes through the medium of 
interest. The laser is tuned to an absorption line of 
the medium and the optical energy is absorbed by the 
medium. In a fluid medium, if the collisional 
quenching rate is much higher than the radiative 
rate, most of this energy appears in the rotational- 
translational (thermal) modes of the molecules. The 
heating of the medium modifies its refractive index. 
The change in the refractive index of the medium is 
detected by a second (generally a He-Ne) laser beam 
(probe beam). 

Three distinct methods of monitoring the change in 
the refractive index are in use. 1. Photothermal 
phase-shift spectroscopy (PTPS). In this technique 
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one can measure the refractive-index change directly 
by placing the sample inside a Fabry-Perot cavity or 
in one arm of an interferometer. The refractive- 
index change produces a change in the optical path 
length that is detected as a fringe shift.3j4 2. Photo- 
thermal deflection spectroscopy (PTDS). The 
refractive-index change produced by the absorption of 
the pump beam is, in general, nonuniform. The non- 
uniform refractive index causes the probe beam to 
deflect; this is detected by a position-sensitive optical 
detector.5 The PTDS signal thus is proportional to 
the gradient of the refractive index anlax. 3. Pho- 
tothermal lensing spectroscopy (PTLS). The non- 
uniform refractive index also causes a focusing or 
defocusing of the probe beam, which is detected as an 
intensity change of the probe beam as it passes 
through a pinhole.6 The PTLS signal is proportional 
to the curvature of the refractive index a2n/dx2. 

In a series of papers Gupta, Vyas, and collaborators 
have provided a coherent theoretical treatment of the 
three techniques in fluid media.7-10 Both pulsed 
and cw optical excitation were considered. For the 
cw case the theory allowed for both modulated and 
unmodulated excitation. For the pulsed case both 
short and long excitation pulses compared with the 
diffusion and forced convection times were consid- 
ered. Both the stationary and flowing media were 
treated. In other words, that theoretical develop- 
ment is valid for general conditions and has the fur- 
ther advantage that all three techniques (PTPS, 
PTDS, and PTLS) and the various conditions (cw or 
pulsed excitation, stationary or flowing medium, etc.) 
are treated in a coherent fashion. 

Here we generalize the theory further to include 
optically thick media. Therefore the theory pre- 
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Cavity-modified Maxwell-Bloch equations for the vacuum Rabi splitting 
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We derive a set of cavity-modified Maxwell-Bloch equations for a two-level atom in a cavity driven by a 
coherent field from the single-atom Fokker-Planck equation in the bad-cavity limit. These equations have the 
same form as the Maxwell-Bloch equations for a two-level atom in free space interacting with a coherent field. 
The presence of a cavity is reflected in three cavity-modified parameters: decay rate y e / / ,  Rabi frequency 
a,, and detuning A,//. We show that the cavity-modified Maxwell-Bloch equations provide an easy way to 
study cavity-modified spontaneous emission, cavity-induced radiative energy level shifts, and vacuum Rabi 
splitting. [S1050-2947(96)075 12-91 

PACS number(s): 42.50.Ct, 32.80.-t, 42.50.L~ 

The radiative properties of atoms in a cavity have been 
investigated by many authors in the framework of cavity 
quantum electrodynamics [I]. Fields inside a cavity are sub- 
ject to boundary conditions and when the dimensions of the 
cavity are comparable to the wavelength of the radiation, the 
spectrum and spatial distribution of the electromagnetic field 
modes are modified. As a consequence. atoms inside such a 
cavity exhibit many different radiative properties from those 
in free space, such as cavity-modified spontaneous emission 
[2], cavity-induced radiative frequency shifts [3], and 
vacuum Rabi splitting [4]. In the laboratory, several experi- 
ments have verified the enhancement or inhibition of the 
spontaneous emission rate of an atom in a cavity [S]. The 
phenomena of vacuum Rabi splitting in the strong coupling 
regime have been observed experimentally, for cavities with 
a large number of atoms, as well as for a small number of 

Here 6 and it are the field annihilation and creation opera- 
tors; & + ,  &- , and &, are the Pauli spin operators describing 
the two-level atom; y is the atomic spontaneous emission 
rate; and 2 K is the rate at which the cavity is losing photons. 
Our model incorporates both the atomic detuning 
A,(= w,- wo) and the cavity detuning A,(= w,- wo). 

The master equation (1) can be transformed into a second- 
order Fokker-Planck equation without using system size ex- 
pansion or any truncation in the bad-cavity limit [8]. By 
eliminating the field variables adiabatically, we obtained a 
second-order Fokker-Planck equation containing only the 
atomic variables. The drift terms of the Fokker-Planck equa- 
tion lead to the differential equations for the mean values of 
the atomic operators [see Eqs. (28) in Ref. [8])], which can 
be expressed in the following form: 

atoms [6,7]. In particular, the case of a single atom on the 
average inside an optical cavity has been studied experimen- 
tally [7]. 

To  describe a single atom inside a cavity we derived a 
generalized second-order Fokker-Planck equation for a 
single two-level atom interacting with a cavity mode, with- 
out using the system size expansion and any truncation [8]. 
In this paper, we show that this exact single-atom Fokker- 
Planck equation in the bad-cavity limit leads to a set of 
cavity-modified Maxwell-Bloch equations. We use these 
equations to study the cavity-modified spontaneous emission, 
radiative level shifts, and vacuum Rabi splitting. 

Our quantum dissipative system consists of a single 
damped two-level atom with transition frequency w, inter- 
acting with a damped cavity mode of resonance frequency 
w,. The cavity is driven by a coherent external field of fre- 
quency w0 and amplitude E .  In a frame rotating at the fre- 
quency w0 of the external field, the behavior of the combined 
atom-field system is governed by the master equation for the 
density operator p( t )  [8], 

where cavity-modified parameters are 

d b  
-= -iAc[6t6,p]-iAll[&, ,p]+g[6t&--6&+ ,p] 
dt Here c = ~ ~ / K ~  is the single-atom version of the cooperat- 

ivity parameter, Y = 2 fig el^ is the dimensionless driving 

Y field amplitude, 6, = 2 A, 1 y is the atomic detuning param- 
+ ~ [ i ~ - a ^ , b l +  -[2&-6&+-&+&-p-p&+&-] eter, and aC= A, I K  is the cavity detuning parameter. Equa- 2 

tions (2) have the same form as the well-known Maxwell- 
+ ~ [ 2 6 p 6 ~ - i i ~ i i p - p 6 ~ ; ] .  (1) Bloch equations for a single two-level atom interacting with 
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The first observation of the squeezing effect outside the optical domain was reported verv 
recently for trapped atoms [D. M. Meekhof et al., Phys. Rev. Lett. 76, 1796 (1996)l. 
Putsuing this line and a sequel of previous works of ours we employ a model by Glauber 
and a method of invariants by Lewis and Riesenfeld to establish a connection between 
the squeezing and the cooling effects in the system. R o m  this connection the occumnce 
of squeezing could be detected through the measurement of the dispersion in the variable 
P (or i) and of the temperature. 

Laser cooling and trapping techniques have played an important role in new 
advances of atomic physics. hiany techniques of cooling atoms or ions down to 
their zero point vibrational energy have emerged from the successful application of 
radiation pressure and the Paul and Penning traps.'?* These techniques are applied 
to  reduce relative motion of the trapped particle and such systems, with extremely 
low center of mass energy, must be treated quantum me&anically. Squeezed states 
of electromagnetic field are weII known in Quantum O ~ t i c s . ~  For squeezed states 
fluctuations in one of the quadrature is less than the mcuurn fluctuations. Re- 
cently the idea of squeezed states has been extended to mechanical motion of 
a trapped particle and schemes for preparation of squeezed state of motion has 
been p r ~ ~ o s e d . ~ * ~  Heizen and Wineland4 proposed generation of squeezed state of 

'Email: hasilioOif.usp.br; On leave from Departamento de Fisica, Universidade Federal da 
Para'ba (PB), Brazil. 
PACS Nus.: 32.80.Pj; 32.80.P~; 42.50.D~ 
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- 
Abstract 

Multiphoton interaction of a phased atom prepared in a coherent superposition of its ground and 
excited states with a general single mode optical field is studied. Calculations are done by using 
a state vector of the atom-field composite system. Dynamic behavior of atomic inversion, field 
statistics, and squeezing are studied for the multiphoton interaction of a phased atom including 
the effects of detuning. Results are discussed for various special cases of initial superposed atomic 
state and field states such as number state, coherent state and squeezed states. 

1. Introduction 

In this paper, we discuss the dynamics of a two-level atom initially in a state which 
is a coherent superposition of its ground and excited states (called phased atom), with 
a field initialIy in a pure state in a lossless cavity. We have used a generalization 
of the Jaynes-Cummings model [ I ]  (JCM), proposed by Buck and S ~ k ~ m a r  [2], that 
involves a multiphoton interaction between the atom and the field. The Hamiltonian 
for this system in the dipole and the rotating wave approximation is 

We shall refer to this as p-photon JCM. The standard model, which corresponds to 
P = I, will be called simply the JCM. Here w is the mode frequency of the field and 
A is the detuning, A = wo - po, coo being the transition frequency of the atom, and 
9 is the coupling strength for the ndiatiowatom interaction. The Pauli matrices c+, 
O-, and 03 represent the mising, lowering, and the inversion operators for the atom 
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A generalized Fokker-Planck equation is used to study the problem of single-atom optical bistability in the 
good-cavity limit. The effects of quantum fluctuations are investigated by linearizing fluctuations around the 
steady-state value. It is shown that in the good-cavity limit, quantum fluctuations are relatively small, and 
hence there exist both absorptive and dispersive single-atom bistability. By comparing our single-atom Fokker- 
Planck equation with the N-atom Fokker-Planck equation, we find that in the good-cavity limit, these two 
different Fokker-Planck equations reduce to identical equations. We therefore come to an important conclusion 
that the results obtained from the many-atom Fokker-Planck equation in the good-cavity limit are also valid for 
a single atom. [S1050-2947(96)00411-81 

PACS number(s): 42.50.Lc, 42.50.Ct, 42.50.Dv, 42.50.Ar 

I. INTRODUCTION 

The simplest quantum mechanical model for radiation- 
matter interaction is the Jaynes-Cummings model [I]. It con- 
sists of a single two-level atom interacting with a single 
quantized electromagnetic field mode. The Jaynes- 
Cummings model is exactly solvable under a variety of con- 
ditions. These analytical solutions provide important insights 
into the quantum characteristics of the electromagnetic field. 
As a result, this model has become a cornerstone in the mod- 
em quantum optics [2]. On the other hand, the simplicity of 
the Jaynes-Cummings model brings some limitations. One 
limitation results from the neglect of dissipation. At the op- 
tical frequencies dissipation is present both as spontaneous 
emission and as cavity loss through finite reflectivity mirrors. 
Consequently, an extension of the Jaynes-Cummings model 
that includes dissipation and an external driving field has 
recently drawn considerable interest. This driven Jaynes- 
Cummings model with dissipation exhibits many novel ef- 
fects, including photon antibunching [3], cavity-enhanced 
spontaneous emission [4], and nonclassical steady-state 
atomic inversion [5]. 

Of particular interest is whether or not optical bistability 
exists for this single-atom system. McCall and Gibbs [6] 
proved that the semiclassical criteria for absorptive bistabil- 
ity could be met for a single atom in a cavity. However, they 
suggested that quantum fluctuations would strongly affect 
bistability and no reasonable hysteresis could be preserved 
for the single-atom system. 

In the bad-cavity limit, it has been shown that large quan- 
tum fluctuations do indeed destroy bistability predicted by 
the semiclassical theory. Hence there is no single-atom bista- 
bility in the bad-cavity limit [3,7]. In the good-cavity limit, 
Sarkar and Satchel1 [8] have used the master equation ap- 
proach to study optical bistability with small numbers of 
atoms. However, they failed to find any evidence for single- 
atom bistability because they chose a very small saturation 
photon number n ,  in their numerical calculations. Using a 
numerical approach, Savage and Carmichael [9] have shown 
that single-atom optical absorptive bistability does exist for a 

parameter regime at the interface between the quantum limit 
and the classical limit. 

In Ref. [7] we have derived a generalized Fokker-Planck 
equation for a single-atom in an optical cavity and studied its 
behavior in the bad-cavity limit. In this paper we study the 
generalized Fokker-Planck equation in the good-cavity limit 
by adiabatically eliminating atomic variables. We derive an 
analytical solution to the problem of single-atom optical bi- 
stability. We use linearized theory to investigate the effects 
of quantum fluctuations on single-atom absorptive and dis- 
persive bistability. We show that for a given cooperativity 
parameter as the saturation photon number n,  increases 
quantum fluctuations decrease. In this limit the condition for 
the good-cavity is better satisfied. In the good-cavity limit, 
therefore, quantum fluctuations are too small to destroy 
single-atom bistability. We compare our single-atom Fokker- 
Planck equation with an N-atom Fokker-Planck equation 
(FPE). The N-atom FPE was thought to be valid only for a 
large number of atoms (N* 1) [lo-141. In the good-cavity 
limit, we find that our single-atom Fokker-Planck equation is 
identical to the N-atom Fokker-Planck equation if one 
chooses N =  1. This leads to an important conclusion that in 
the good-cavity limit, all the results obtained from the 
Fokker-Planck equation for many-atoms are also valid for 
the single-atom system. 

11. SINGLE-ATOM FOKKER-PLANCK EQUATION 
IN THE POSITIVE-P REPRESENTATION 

The extension of the Jaynes-Cummings model, as de- 
scribed above, consists of a single damped two-level atom 
with transition frequency o, interacting with a single 
damped cavity mode with resonance frequency o, . The cav- 
ity is driven by a coherent external field of frequency oo and 
amplitude E .  In a frame rotating at the frequency oo of the 
external field the behavior of the combined atom-field sys- 
tem is governed by the master equation for the density op- 
erator &t) ,  
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We propose a scheme based on homodyne detection for enhancing antibunching in second-harmonic gen- 
eration and multiatom optical bistability. We show that depending on the reflectivity of the beam splitter, 
relative field strengths, and relative phase it is possible to achieve perfect antibunching in the superposed field. 
We also discuss other nonclassical effects exhibited by the superposed field and present curves to illustrate the 
behavior. [S 1050-2947(96)09008-71 

PACS number(s): 42.50.Dv, 42.50.Ar, 42.65.K~ 

I. INTRODUCTION 

Squeezing [I], antibunching, and sub-Possonian statistics 
[2,3] are nonclassical features of the electromagnetic field. 
These nonclassical features have been of considerable inter- 
est as they provide testing grounds for the prediction of 
quantum electrodynamics. Squeezing is related to the wave- 
like character of the electromagnetic field. It is measured in 
interference experiments. Antibunching and sub-Poissonian 
statistics, however, reflect the particlelike behavior of the 
field and are measured in photon counting experiments. As 
discussed in Ref. [4] squeezing, antibunching, and sub- 
Poissonian statistics are, in general, distinct nonclassical ef- 
fects in the sense that an electromagnetic field may exhibit 
one but not the other. 

The antibunching effect has been predicted in intracavity 
second-harmonic generation (ISHG) [5,6] and multiatom op- 
tical bistability (MAOB) [7,8]. However, the predicted size 
of antibunching is small and would be difficult to detect 
experimentally, as it occurs against a large coherent back- 
ground. The predicted antibunching in these systems is in- 
versely proportional to the saturation photon number n,, 
which is of the order of lo6- 10' for the ISHG, and 
lo3 - lo4 for the MAOB. Several schemes based on interfer- 
ence [9] or passive filter cavities [lo-121 have been pro- 
posed to enhance the antibunching effect. 

We propose a scheme based on homodyne detection 
[13-151 for enhancing antibunching in these systems. Ho- 
modyne detection experiments have been used for measuring 
phase-sensitive properties of squeezed light [I]. It has been 
shown that the light from a degenerate parametric oscillator, 
which is highly bunched and super-Poissonian [16,17], can 
exhibit many nonclassical effects using a similar detection 
scheme [13]. In the homodyne detection experiment we con- 
sider the interference of the signal beam from the ISHG or 
the MAOB with a coherent local oscillator (LO) at a lossless 
beam splitter as shown in Fig. 1. A detector of efficiency 7 is 
placed at one of the output ports of the beam splitter. The 
statistics measured at the detector is sensitive to the relative 
phase between the signal and the LO. Thus particlelike prop- 
erties (photon statistics) are intimately connected to wavelike 
(phase) property of the field. Because of this phase depen- 
dence, the homodyne field can exhibit enhanced antibunch- 
ing and violation of various classical inequalities. Since in 
this scheme one can readily adjust various parameters such 

as the strength of the local oscillator, transmittance, and rela- 
tive phase, this scheme may provide a better way of enhanc- 
ing antibunching. 

In Sec. I1 we briefly describe the homodyne detection 
scheme. In Sec. 111 we apply this technique to the ISHG. In 
Sec. IV we discuss the enhancement of antibunching for the 
MAOB. Finally, a summary and main conclusions of the 
paper are presented in Sec. V. 

11. HOMODYNE DETECTION 

Figure 1 shows a schematic diagram for the homodyne 
detection experiment. For the ISHG, a nonlinear crystal is 
placed inside the cavity, whereas for the MAOB, N two-level 
atoms are placed inside the cavity. The light from the ISHG 
or the MAOB is superimposed with the light from a LO at a 
lossless beam splitter. The annihilation operators b ,  and b 2  
at the output ports are related to those at the input ports by 
[13,141 

with 

NLC or N atoms 
I I 
I I 

FIG. 1. System for homodyning the ISHG or MAOB field with 
the LO field. For the ISHG a nonlinear crystal (NLC) is placed 
inside the cavity and for the MAOB N two-level atoms are placed 
inside the cavity. BS denotes a beam splitter and D denotes a de- 
tector. 
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An exact quantum distribution for the nondegenerate parametric oscillators is presented and used to 
discuss their coherence properties. It is found that while each mode individually approaches a classical 
state, many quantum features exhibited by their combination survive even in the semiclassical limit. 
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Optical parametric oscillators (OPOs) are quantum 
mechanical devices with a definite threshold for self- 
sustained oscillations [ 1 -41. They have played a central 
role in squeezing and twin-beam noise reduction experi- 
ments [5,6]. Theoretical understanding of these properties 
of the OPOs has been based mostly on linearized treat- 
ments above and below the threshold of oscillation [7-91. 
In the region of threshold where linearization fails, the 
complex-P distribution has been used [lo]. The complex- 
P distribution, unfortunately, does not have the character 
of a probability density and is of limited use for gain- 
ing insights into the coherence properties of the OPOs. 
Another distribution, closely related to the complex P ,  
is the positive-P distribution which is a true probabil- 
ity density [ l l ] .  In this paper we present an analytic 
solution for the positive-P function for the optical para- 
metric oscillators. With the help of analytic solutions 
tremendous insights into the coherence properties of other 
oscillators have been gained [12- 141. Our analytic treat- 
ment is based on the observation that the quantum dy- 
namics of OPOs is naturally confined to a bounded region 
in an eight-dimensional phase space. The solution pre- 
sented here provides us with an elegant picture of how 
the coherence properties of the OPOs are transformed in 
the threshold region. It also allows us to discuss quantum 
features that survive even as the field amplitudes grow up 
to macroscopic values above threshold. 

We model the parametric oscillator by two quantized 
field modes of frequencies w ,  and w 2  interacting with 
a third mode of frequency w3 = w ,  + w2 inside an 
optical cavity via a X(2 )  nonlinearity. Modes o, and 
0 2  experience linear losses characterized by the decay 
rates yl = y2 = y ,  and mode w3 suffers linear losses 
characterized by the decay y3. The cavity is excited by a 
classical pump at frequency w3. In the interaction picture 
the microscopic Hamiltonian takes the form 

t (1) 
where aj  and 6 ,  are the annihilation and creation opera- 
tors for the modes, K is the mode coupling constant, e is 
the pump field amplitude, and ffl,,, describes mode losses. 

This nonlinear quantum mechanical problem can be 
mapped into a classical stochastic process by using the 

positive-P representation [ I l l .  Eliminating the pump 
mode adiabatically ( y 3  >> y )  we obtain the following set 
of Ito stochastic differential equations: 

where vi are white noise Gaussian random processes 
with zero mean and correlation functions given by 
{q,(t)v,(t')) = Sij8(t - t'). Here time is measured in 
units of y e ' ,  no = 2 - y y 3 / ~ '  is parameter that sets the 
scale for the number of photons necessary to explore the 
nonlinearity of interaction, and u = 2 y 3 e / ~  is a dimen- 
sionless measure of the pump field amplitude scaled to 
give a = no as the threshold condition. In the absence 
of mode losses adiabatic elimination of the pump mode is 
not justified [15]. Note that the adiabatic approximation 
does not amount to a neglect of the entanglement of 
pump and down-converted modes. Complex variables 

t ai and ai, correspond to 2; and a i ,  respectively. In the 
positive-P representation, a i  and ai, are not complex 
conjugates of each other. 

Equations (2)-(5) describe trajectories in an eight- 
dimensional phase space. An examination of these 
equations reveals that the eight-dimensional phase space 
is naturally divided into two subspaces. If we consider 
the four-dimensional subspace a 2  = (cY I ) * ,  a2* = ( a ~ * ) * ,  
and < a / 2 ,  Ia2*J2 < u / 2 ,  we notice that the 
trajectories starting in this subspace initially remain 
confined to this subspace. In other words, the condition 
a2 = ( a , ) f ,  aZr = (alr)* is preserved for all times if 
initially we start out in this subspace. The initial state, 
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Statistical properties of a charged oscillator in the presence of a time-dependent 
electromagnetic field 
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The statistical properties of a charged oscillator in the presence of a uniform magnetic field are inves- 
tigated for the case of a time-dependent electromagnetic field. Quite general results are obtained when 
the time dependence of the external field is not specified. As an example, an oscillating external field is 
considered. It is found that, depending upon the parameters, this system can show many nonclassical 
features, such as sub-Poissonian statistics and squeezing. 

PACS number(s): 42.50.Dv, 84.30.Ng, 03.65. - w 

I. INTRODUCTION 11. CHARGED PARTICLE 
IN A TIME-DEPENDENT ELECTROMAGNETIC 

In both quantum mechanics and electromagnetic FIELD AND TIME-DEPENDENT 
theory one can find extensive literature on charged parti- HARMONIC OSCILLATOR 
cles and charged oscillators in the presence of a constant 
[ I]  o r  time-dependent fields [2]. People mainly concen- 
trate their attention on calculating propagators, invari- 
ants, eigenvalues and eigenvectors, coherent and 
squeezed states, etc. There is also considerable interest in 
the production of quantum states of light, such as 
squeezed states [3], sub-Poissonian states [4], and 
photon-number states [5]. Agarwal and Arun Kumar [6] 
studied statistical properties of a one-dimensional oscilla- 
tor with a time-dependent frequency and showed that a 
nonadiabatic change of frequency may exhibit nonclassi- 
cal behavior such as squeezing and sub-Poissonian statis- 
tics. Abdalla [ l ]  investigated statistical properties of a 
charged oscillator in the presence of a spatially constant 
but time-independent magnetic field. H e  considered sta- 
tistical aspects that, in the realm of quantum optics, re- 
late photon-number fluctuations, bunching and anti- 
bunching, quasiprobability distribution function, etc. 
Since a charged oscillator in a magnetic field is not the 
same as a mode of a radiation field in a magnetic field, we 
will prefer the term "excitation" instead of "photon" to  
be consistent with a realm that is not that of quantum op- 
tics. 

In the present paper we study statistical properties of 
an excitation for a time-dependent (TD) electromagnetic 
field. Among the motivations one can cite the problem of 
particle trapping by oscillating fields (cf. Glauber [2]) and 
others involving T D  Hamiltonians [7]. 

The present paper is arranged as follows In Sec. I1 we 
define the system Hamiltonian. In Sec. I11 we quantize 
the system and obiain the Heisenberg equations of 
motion. In Sec. IV we solve the Heisenberg equations for 
our T D  system and calculate the variances of the quadra- 
ture phase amplitudes. In Sec. V we consider some sta- 
tistical properties for our system and present results for a 
time-dependent frequency. 

Let us consider a particle, which may be an isotopic os- 
cillator, of charge e and mass M moving in gn axially 
symmetric magnetic field defined by the vector potential 
(cf., e.g., Lewis and Riesenfeld [2]) 

and a scalar potential 

where (2.1) is valid if B ( t )  is uniform. We assum: that '  
the magnetic field B is switched on a t  time t =O. k is a 
unit vector along the symmetry axis; r 2 = x 2 + y  *, where x 
and y are two Cartesian components perpendicular to the 
symmetry axis. B ( t )  and q( t )  are arbitrary piecewise', 
continuous functions of time and c is the speed of light. 

The Hamiltonian for the present system is given by 

where 

where LZ is the z component of the angular momentum I 

L,=(rXp),=xp,,-ypx and 
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Fokker-Planck equation for a single two-level atom: 
Applications in the bad-cavity limit 
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A generalized second-order Fokker-Planck equation is derived for a single two-level atom in a 
cavity driven by an external classical field without using system size expansion or any truncation. 
Effects of detuning, as well as atomic and cavity decays, are incorporated in this Fokker-Planck 
equation. This equation is used to study atomic inversion and the second-order intensity correlation 
function of light in the bad-cavity limit by adiabatically eliminating the field variables. Several novel 
features in atomic inversion and intensity correlations that arise due to atomic and cavity detuning 
are discussed. Curves are presented to illustrate the behavior. 

PACS number(s): 42.50.Lc, 42.50.Ct, 42.50.Dv, 42.50.Ar 

I. INTRODUCTION 

The Fokker-Planck equation has played an important 
role in quantum optics. For the problem of N two-level 
atoms interacting with a cavity field, the Fokker-Planck 
equation approach is well developed and it has been 
widely used to study optical bistability [I-71, photon an- 
tibunching [I-31, and squeezing [8,9]. Haken [lo] used the 
Sudarshan-Glauber P representation [11,12] based on the 
normally ordered characteristic function to map an op- 
erator master equation into a c-number Fokker-Planck 
equation. This equation, when applied to study optical 
bistability, results in a nonpositive diffusion matrix. The 
scaling argument, used by Haken to drop the offending 
terms for the laser near threshold, does not work for op- 
tical bistability, photon antibunching, and squeezing. An 
important step towards resolving this problem was taken 
by Drummond and Gardiner [13] who introduced the 
so called positive-P representation. The Fokker-Planck 
equation based on the positive-P representation has been 
used to study quantum effects in an atomic system con- 
sisting of N two-level atoms in the good-cavity limit [I] 
and the bad-cavity limit [2,3]. Another approach based 
on the symmetrically ordered Wigner representation has 
also been used for optical bistability, which for optical 
bistability leads to  a positive diffusion matrix [4,5]. 

The Fokker-Planck equation approach offers some ap- 
pealing features [6,7]. First, the analogies between clas- 
sical and quantum fluctuations can be drawn. This helps 
in develodne intuition for auantum fluctuations. Sec- - u 

ond, all quantum-operator averages can be calculated as 
classical-like averages by integrating the corresponding 
c-number variables multiplied by the distribution func- 
tion. Third, the Fokker-Planck equation has been stud- 
ied extensively in classical statistical physics and math- 
ematical techniques developed for analyzing the Fokker- 
Planck equations for classical systems can be applied to  
solve quantum-mechanical problems. Finally, a Fokker- 
Planck equation can be converted into an equivalent set 
of first-order stochastic differential equations, which can 
be solved analytically or numerically. 

The Fokker-Planck equations derived for N two-level 
atomic systems are, unfortunately, not applicable to a 
single-atom system. Various representations, such as the 
Sudarshan-Glauber-Haken, Wigner, or positive-P repre- 
sentations, used for mapping a density-operator mas- 
ter equation into a c-number differential equation all 
lead to a generalized Fokker-Planck equation which con- 
tains deriktives of all orders. To obtain a second-order 
Fokker-Planck equation the system-size expansion is used 
to justify the truncation of series and retain only terms up 
to the second-order derivatives. The system-size expan- 
sion, however, breaks down when the number of atoms 
N becomes small. That is why most of the studies on 
quantum fluctuations by using the Fokker-Planck equa- 
tion assume the system size (here, the number of atoms) 
to be large. On the other hand, small systems like a single 
two-level atom are of particular interest because in the 
small systems quantum effects are expected to be most 
dramatic. So far, to study the quantum effects of a single 
two-level atom inside a cavity, the density-operator mas- 
ter equations have been used by most authors [14-181. 

In this paper we derive an exact second-order Fokker- 
Planck equation for a single two-level atom interacting 
with a quantized cavity mode. The cavity is driven 
by an external classical field. This Fokker-Planck equa- 
tion includes the effects of atomic detuning, cavity de- 
tuning, atomic decay, and cavity decay. Since no par- 
tial derivatives beyond second-order exist in our Fokker- 
Planck equation no system-size expansion or truncation 
is needed. Our work may offer an alternative for studying 
coupled single-atom field. systems. 

Section I1 describes our model and the phase space rep- 
resentation used to arrive at  the Fokker-Planck equation. 
In Sec. 111, a generalized second-order Fokker-Planck 
equation for both field and atomic variables is derived. 
In Sec. IV, field variables are adiabatically eliminated 
from the generalized Fokker-Planck equation by using 
the bad-cavity limit. A generalized set of Bloch equa- 
tions describing the dynamics of a single atom coupled 
to  the field inside the cavity are derived. These equa- 
tions are used to study the steady-state inversion. In Sec. 
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I 

An experiment is proposed to study the quantum state and the variance of the phase operator by measuring the momentum 
distribution of the atoms resulting from the interaction of an atomic beam with a single mode electromagnetic field via a 
two-photon interaction. A comparison of the results with those obtained for a one-photon interaction is made. Adwt~ges  
in using the two-photon interaction are pointed out 

' 

; 

In the last decade there has been great interest in the deflection of atoms by light fields [ I ] .  The momentum 
transferred to an atomic beam by a standing wave has been shown to be an important tool in the determination 
of the light field properties [Z-41. 

Recently Freyberger and Herkornmer [4] proposed a simple and interesting setup to obtain complete infor- 
mation about the quantum state of a single mode of the radiation field. The proposed method uses a barn 
of two-level atoms as a meter for the quantized mode radiation field. Atoms are prepared in a supemsition 
State (Jg) + eie Ie)), where Ig) and le) denote ground and excited states of the atom respectively, and 6r 18 the 
relative phase between them. The prepared atomic beam passes through a region near the node of a standing 
electromagnetic wave of wavelength A in a cavity. Atoms interact with the field via a one-phoron interaction 
dffcribed by the resonant Jaynes-Cumming model. It is assumed that the time of interaction is very short so 
that spontaneous decay of the atom is negligible. The atomic diffraction pattern resulting from the interaction 
shows asymmetries providing information about the state of the field and also about the expectation value of 
the phase operator exp(-$) [4]. 

The proposed one-photon interaction method (OPIM) is interesting, however, for some special fields the 
cannot provide complete information about the field. As in the OPIM, we consider the standing light 

wave to be a quantum state IP(x, 0)) = C Cmlrn) with the coefficients C,,, of a number state (m). For the case - ' E-mail: basilio@ifqsc.sc.usp.br. 
2 
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Homodyne photon statistics of the subthreshold degenerate parametric oscillator 
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Homodyne statistics when the light from a degenerate parametric oscillator (DPO) is mixed with 
coherent light from a local oscillator are discussed. By using dynamical models of these beams 
we discuss the photon sequences underlying the superposed beam in terms of photoelectric pulse 
sequences recorded by a detector. The field produced by the parametric oscillator is expressed in 
terms of two independent real Gaussian random variables. Using this property of the field variables, 
we derive the generating function for the photoelectron statistics analytically. From this generat- 
ing function, expreseions for the photoelectron-counting distribution, factorial moments, and the 
waiting-time distribution are derived. These quantities are directly measurable in photon-counting 
experiments. The results reported here are applicable to arbitrary strengths of the signal and the 
local-oscillator fields. We also show that, depending on the relative strength and relative phase 
between coherent light from the local oscillator and squeezed light from the DPO, the superposed 
light beam may exhibit many interesting nonclassical features. These and other effects are described 
and curves are presented to illustrate the behavior. 
PACS nurnber(s): 42.50.Dv, 42.50.Ar, 42.65.K~ 

I. INTRODUCTION 

Interest in the optical degenerate parametric oscilla- 
tor (DPO) as a vehicle for studying the photon statistics 
of squeezed light [ I ,  2) has motivated the publication of 
several papers describing the statistics of the DPO [3-61. 
Vyas and Singh obtained exact analytical expressions for 
the statistics of the DPO [3, 41. In this paper we ap- 
ply the same approach to study the statistics of the field 
produced by superposing the light from the DPO with 
the light from a coherent local oscillator (LO) in home  
dyne detection experiments. In homodyne detection ex- 
periments the LO frequency is the same as that of the 
signal. Such experiments have been used for measur- 
ing phase-sensitive properties of squeezed light [I, 2, 61. 
Detailed discussions of homodyne detection and beam- 
splitter modeling may be found in the literature 16-17]. 
The light from the DPO produces a large amount of 
squeezing 121. Inside the DPO cavity a pump photon 
is down converted into two photons at the subharmonic 
frequency. These pairs of photons are highly correlated, 
and it is this correlation that  results in various interesting 
nonclassical features that we describe in this paper. 

In the homodyne detection experiments usually a 
strong LO is used. This assumption is also implicit in the 
theoretical treatments 16-17]. In this limit many effects 
discussed in this paper are either too small or the tech- 
nique of photoelectron counting cannot be used as the 
photon fluxes involved are too high. In  our approach we 
do not make this strong-local-oscillator approximation. 
This allows us to treat the case of even small photon 
numbers and interestingly we find that many quantum 
effects that are otherwise small are more pronounced in 
this regime. Since low photon numbers are involved pho- 
toelectron counting experiments can be used to measure 
these effects. 

The theoretical investigations of the fluctuat~on prop-; 
erties of the light from the DPO operating belaw thresh- 
old show that this light may exhibit pronounced photon 
bunching and super-Poissonian statistics 13-81. These 
features by themselves do not reflect the unusual nature 
of the light from the DPO. In this paper we show that 
when the output light from the DPO is homodyned with 
a coherent LO field, the superposed field exhibits a van- 
ety of interesting statistical features, ranging froq super- 
Poissonian and highly bunched photon sequences to  sub- 
Poissonian and antibunched photon sequon--. Between 
these limits the superposed field can show photo11 bun, 11-", 

ing accompanied by sub-Poissonian statistics, and anti- 
bunching accompanied by super-Poissonian statistics, in- 
dicating clearly that sub-Poissonian statistics and photon 
antibunching are distinct effects [8,18-211. Other inter- 
esting features are reflected in the waiting-time distribu- 
tion [22]. The waiting-time distribution for the photons 
shows both a minimum and a maximum. The minimum, 
is found at the time of the order of the cavity lifetime. 
This minimum corresponds to a reduced probability of 
detecting two consecutive photons separated by a time 
of the order of the cavity lifetime. 

In  addition to the effects described in the preceding 
paragraph the second-order intensity correlation functiog' 
shows new violations of Schwartz's ineaualities, indicat-. 
ing the quantum nature of the light from the DPO. ~ 1 1 -  .; 
of these features depend on the relative strengths of the 
two fields and their phase differences. The superpose$ I 

field thus offers a system that allows us to generate a va- . , , 
riety of nonclassical features simply by turning a virtual 
"knob" of parameters. 

It is interesting to note that thermd L;;b'r i s  aisu 
bunched and super-Poissonian, but homodyning the ~1.e::- 
ma1 field with a local oscillator does not show these non:. 
classical features [14]. This clearly indicates that the n6n- . 
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The statistical properties of fluorescent light from a single two-level atom driven by nonclassical 
light beams that exhibit antibunching and squeezing are discussed in the weak-field limit. The fields 
produced in intracavity second-harmonic generation and those produced by superposing the light 
from a degenerate parametric oscillator with a coherent field are considered to be the models of 
nonclassical light beams. These fields can be described in terms of real Gaussian random processes 
with nonzero mean coherent components. Analytical expressions for the fluorescent light intensity, 
the second-order intensity correlation function, and the variance of the photon number in the steady 
state are obtained. The effects of driving-field correlations, detuning, and other parameters char- 
acterizing the atom-field interaction on the statistics of scattered light are investigated. It is found 
that for a certain range of parameters the second-order intensity correlation function may vanish 
at nonzero times. Under certain other circumstances the antibunching of the fluorescent photons is 
enhanced. These and other interesting features that appear in the scattered light are discussed. 

PACS number(s): 42.50.Lc, 32.80.-t, 42.50.Dv, 32.50.+d 

I. INTRODUCTION 

The phenomenon of resonance fluorescence, when a 
single two-level atom is illuminated by a light beam 
whose frequency is nearly resonant with the transition 
frequency of the atom, has been treated by a number 
of workers [I-101. Most treatments assume the incident 
light beam to be in a coherent state. This leads t o  math- 
ematically solvable expressions for photon statistics. A 
complete solution t o  photon statistics in resonance flu- 
orescence under coherent illumination has been given in 
Ref. [5]. Recently, two-level atoms driven by nonclas- 
sical states of light have also been considered [7-101. 
Carmichael, Lane, and Walls [9] investigated the phe- 
nomena of subnatural linewidth in the presence of broad- 
band squeezed light. The interaction of a single two-level 
a tom with finite-bandwidth squeezed light was studied by 
Vyas and Singh [lo]. They considered a degenerate para- 
metric oscillator (DPO) operating below threshold as  the 
source of squeezed light. 

In this paper we study the interaction of a single two- 
level atom with a n  electromagnetic field t h a t  is produced 
by superposing the light from the D P O  with the light 
from a coherent local oscillator (LO) a t  a beam split- 
ter in a homodyne-detection-type setup. We will refer 
to  this light source as  HMDPO. Another source of light 
we consider is the intracavity second-harmonic genera- 
tion (SHG). The fundamental beam derived from this 
source is used for illuminating the  atom. We also study 
the effects of detuning on the statistical properties of the 
fluorescent photons. 

The fundamental process underlying the D P O  is the 
conversion of a pump photon into two photons a t  the 
subharmonic frequency inside a n  optical cavity resonant 
a t  the subharmonic frequency. Due t o  the strong correla- 
tions between the pairs of photons produced in the pro- 
cess of down-conversion the light from the D P O  is highly 
bunched and super-Poissonian [ll]. When the light from 

the D P O  is superposed with the light from a coherent LO 
a t  a beam splitter, the superposed field exhibits a variety 
of quantum features [12], ranging from super-Poissonian 
and highly bunched photon sequences to  sub-Poissonian 
and antibunched photon sequences. Thus the HMDPO 
field allows us to  control the statistical properties of the 
driving field simply by changing parameters such as rel- 
ative phase and the relative intensities of the two super- 
posed beams. 

The SHG produces antibunched and sub-Poissonian 
photon sequences a t  the fundamental wavelength. The 
nonclassical effect of photon antibunching in the second- 
harmonic generation was predicted theoretically [13-151. 
We assume tha t  both the D P O  and the SHG are op- 
erating below threshold and consider a fully quantum- 
mechanical treatment of noise in both sources. In both 
cases the field can be modeled by two real Gaussian ran- 
dom processes with different variances and correlation 
times [ I l l .  Because of the finite correlation time of the 
incident field, atomic states and field states develop cor- 
relations during their dynamical evolution. These cor- 
relations render the problem of photon statistics more 
complex for these fields, in general, than in the case 
for coherent excitation. For weak driving fields, such as 
those produced by the light sources under consideration, 
it  is possible to  apply perturbative approach t o  under- 
stand the behavior of a two-level a tom when the exciting 
field has finite correlation time [lo]. This is the approach 
taken in this paper. 

The paper is organized as  follows. In Sec. I1 we sum- 
marize the Heisenberg equations of motion governing the 
time evolution of atomic and field operators for finite 
detuning between the atomic transition frequency and 
the mean-field frequency. Using the formal solutions of 
these equations we write down general expressions for the 
scattered light intensity, normalized second-order inten- 
sity correlation function, and the variance of the photon 
counting distribution. In Sec. 111 these quantities are cal- 
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Statistics of photons emitted by a nondegenerate parametric oscillator (NDPO) operating below 
threshold are discussed. Analytical expressions for the generating function are obtained when two non- 
degenerate modes of the NDPO are mixed on a photocathode or when the intensities of the two modes 
are added. From the generating function, photon-counting distributions and waiting-time distributions 
as measured by a detector placed outside the cavity are derived. Similarities and differences between the 
distributions for the NDPO, the degenerate parametric oscillator, degenerate four-wave mixing, nonde- 
generate four-wave mixing, and thermal light are also discussed. 

PACS number(s): 42.50.Dv, 42.50.Ar, 42.65.K~ 

I. INTRODUCTION 

There has been considerable interest in the fluctuation 
properties of the nondegenerate parametric oscillator 
(NDPO) in recent years. In the NDPO a pump photon is 
down-converted into two nondegenerate photons inside 
an optical cavity. These photons come out of the cavity, 
independently, in a lifetime of the order of the cavity life- 
time. Since two nondegenerate photons are produced 
simultaneously inside the cavity, the NDPO generates 
highly correlated twin beams [I]. This feature of the 
NDPO has been used in reducing the noise in the 
difference intensity I ,  - I ,  below the shot-noise limit [2]. 
The nondegenerate modes of the parametric oscillator are 
present even when the parametric oscillator is operated in 
the degenerate mode. It is of interest to investigate how 
fluctuation properties of the parametric oscillator change 
when nondegenerate modes are also taken into account. 
The degenerate parametric oscillator (DPO) is known to 
produce large amounts of squeezing [3-51. Photon statis- 
tics for the DPO have been studied by several different 
groups [6,7] by using different techniques. For the 
NDPO, the mean and the variance of the photons coming 
out of the cavity have been calculated by Collett and 
Loudon [8]. Photon-counting statistics for an idealized 
model of squeezed light have also been studied [9]. In 
this paper a realistic system, an open system with a pump 

- - 

and dissipation, for the NDPO is considered, and statis- 
tics of the photons emitted by the NDPO are discussed 
when the two nondegenerate photons have the same fre- 
quency. Here nondegeneracy refers to the direction of 
propagation or polarization. Two cases are considered, 
one in which the amplitudes of the two nondegenerate 
modes are homodyne detected, and the second in which 
the intensities of the two modes are added together. In 
both cases, analytic expressions for the generating func- 
tions for photoelectric-counting statistics are obtained by 
following our earlier approach to the DPO [6]. In the 
next section, we show that the field for the NDPO can be 
described in terms of four real Gaussian random process- 
es. In Sec. 111 the generating function for the NDPO is 

obtained, and photon statistics in terms of photon- 
counting distribution, factorial moments, and waiting- 
time distribution are discussed. These results are com- 
pared with those for the DPO, degenerate four-wave mix- 
ing (DFWM), nondegenerate four-wave mixing (NFWM), 
and thermal light. 

11. GAUSSIAN RANDOM VARIABLES 
OF THE NDPO FIELD 

The Hamiltonian, in the interaction picture, for the 
NDPO where one pump photon is down-converted into 
two nondegenerate photons can be written as [lo] 

Here pump depletion is assumed to be negligible, which is 
a good approximation below threshold. Parameter K is a 
mode-coupling constant, E is the dimensionless amplitude 
of the pump beam incident on the cavit ?'* and are the annihilation operators, and at and a, are the creation 
operators for the two down-converted fields of the 
NDPO. a,,,, describes dissipation suffered by the 
subharmonic modes due to linear absorption, scattering, 
and transmission. 

In order to obtain the equations of motion correspond- 
ing to the annihilation and creation operators, the master 
equation with the interaction Hamiltonian [Eq. (111 is ex- 
pressed in the positive-P representation [I I]. This leads 
to a Fokker-Planck equation for probability distribution 
of the subharmonic mode with a positive diffusion con- 
stant. The distribution is defined over a four-dimensional 
complex space. The four Langevin equations obtained 
from this Fokker-Planck equation are [I21 
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Two-photon interaction of a squeezed-vacuum state with a single atom prepared in a coherent superposition of its ground and 
excited states is studied. Long time and short time evolution of quadrature squeezing is discussed and compared with the corre- 
sponding behavior in the conventional Jaynes-Cummings model. It is found that the two-photon interaction of a phased atom 
with field in the vacuum slate can yield upto 4 5 1  squeezing below the shot-noise limit. With a suitably prepared phased atom the 

vacuum state of the field can evolve periodically into a pure state that is a coherent superposition of the vacuum state and 
o-photon Fock state. 

cs of a two-level atom interacting with a single mode of the radiation field in a lossless cavity can 
ed by the Jaynes-Cummings model (JCM) ". This model is perhaps the simplest solvable model 

examples clearly indicate the essential role of quantum mechanics in the dynamical evolution of 
archi, IEEE Trans. lnst nd fluctuations because these features are absent in the semiclassical version of this model. 

atom with a single mode squeezed state within the framework of the JCM. The possibility of gen- 

sted by Meystre and Zubairy [ 3 ] .  Knight and co-workers [ 10,11] have discussed the JCM with a 
state that is a coherent superposition of the vacuum state and the number state. They found that a 

f 25qo squeezing can occur in the JCM if the atom is prepared initially in a coherent superposition 

state or in the excited state. 

is also examined as a special case and it is found that a maximum squeezing of 45Yo below the 
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A Green's function solutiw to the tissue bioheat equation including blood flow in cylindrical 
geometry is obtained. Nlmerical results for temperature variation in the bovine muscle are 
reported when @he tissue ias exposed to neodymium-yttrium-aluminum garnett (Nd:YAG) 
h e r s  with Gaussian p r a e  and a comparison with recent measurements is made. A strong 
dependence of the tissue mpera ture  on the beam radius and pulse time is found. 

I. INTRODUCTION 

The influence of lasers in biologicdamd medical research is 
becoming increasingly important"-8 The neodymium- 
yttrium-duminum garnett (Nd:YLLG) laser, which is ca- 
pable of being operated as eithar pulsed or continuous 
wave (cw), with pulse widths vaqkag, with mode of oper- 
ation, from :lanoseconds to picosamnds and power to the 
order of 10" W has eclipsed the ruse of ruby laser. The 
Nd:YAG laser finds most of its -litxition in the utiliza- 
tion of hs 1064-nm light. The k tissue interaction is 
mainly determined by two param-, the interaction time 
of the radiation with the tissue a~ld the effective energy 
density which brings about an eEcct whereby the tissue- 
specific absorption must be taken $into consideration. At 
low qgy density with a long expsure the absorption of 
lighL a .manly leads to photochedcal processes. With de- 
creasing interaction time and higher energy densities is the 
domain o f  the photothermal-indd effects. In this paper, 
a Green% function solution to t h e h u e  bioheat equation is 
obtained to describe the tempera distribution due to a 
laser beam with Gaussian pr ~2- k The effect of thermal 
conduction on the tewrd$re k y  curve within the 
framework of the bioheat equationhas been investigated by 
~ a n d h u , ~  who pointed out  that inbnited cases, the decay 
curve may be used to measure Wood flow. Though the 
solution of the bioheat equation OPH excluding blood flow 
has beem obtained by a number d ;authors?-' the Green's 
function approach used here is qifte general and includes 
the blood flow in the sdution of dne bioheat equation. 

In Sec. I1 simple analytical expressions for Green's 
hnction and temperature distribtiion using a model with 
cylindrical symmetry are derived The heat source is as- 
sumed bo be a pulsed laser beam with a Gaussian profile. 
The method is sufficiently general tto enable calculation of 
temperature distribution for other sources with cylindrical 
symmetry such as cw laser usingthis Green's function. In 
Sec. 111 results are compared with available experimental 
data.' 

11. P"F&N'S FUNCTION AND TEMPERATURE 

is derived. The derivation is based on a cylindrically sym- 
metric model in which the laser beam is traveling in the z 
direction. The temperature distribution for this system is 
described by a differential equation which is essentially an 
equation of energy conservation. The Green's function ap- 
proach is followed to solve the differential equation for the 
temperature distribution. Since the Green's function ob- 
tained for the differential equation is independent of the 
source term, the same Green's function can be used to 
calculate temperature distribution for various sources with 
different spatial and temporal profiles. Even though this 
problem is solved for a cylindrically symmetric system, this 
approach can be extended to calculate the temperature dis- 
tributions for systems that do not possess cylindrical sym- 
metry. 

The bioheat equation was first proposed by pennesg and 
the inherent assumptions in this equation are outlined in 
Hodson et aL lo The differential equation describing the 
temperature distribution can be written as9.'' 

where the first and the second terms on the right-hand side 
of Eq. (1) are due to the thermal diffusion and blood flow, 
the temperature above the baseline temperature of the tis- 
sue is T(r,z,t), S(r,z,t) is the power deposited per unit 
volume due to the absorption of the laser energy, the ther- 
mal diffusivity D is equal to K / ~ C ,  where K, p, and C are 
thermal conductivity, density, and specific heat of the tis- 
sue, respectively. The parameter b is given by opbCJC. 
Here o is volumetric blood flow, Cb is the specific heat of 
the blood, and pb is density of the blood. The boundary 
conditions imposed on the temperature and its derivatives 
are that they vanish as r and z go to infinity. These bound- 
ary conditions require that the source energy must vanish 
at infinity. It is also assumed that at time t=0, the tem- 
perature is zero. The solution of Eq. ( 1 ) can be expressed 
in terms of Green's function G(r,z,t; r1,z',t') and the 
source term S(r,z,t) as" 

Dl: t6BUTION S(r1,z',t') G( r,z,t;r1,z',t' ) 

In this section, an expression fot the temperature distri- 
bution T(r,z,t) in a tissue that is a ~ o s e d  tothe laser beam x r'dr'dz' dt'. (2) 
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Resonance fluorescence with squeezed-light excitation 

Reeta Vyas and Surendra Singh 
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Resonance fluorescence from a single two-level atom driven by a beam of squeezed light is studied in 
the weak-field limit. We consider the situation where the atom is coupled to the ordinary vacuum and 
only a few field modes corresponding to the driving field are squeezed. The field produced by the degen- 
erate optical parametric oscillator is used as the driving field. Heisenberg equations of motion are solved 
in the steady-state and analytic expressions for the fluorescent-light intensity and the spectrum of 
fluorescent light are derived. We also consider photon statistics of fluorescent light. In particular, 
squeezing, antibunching, and sub-Poissonian statistics of fluorescent photons are discussed, and analytic 
expressions for the quadrature variance and the two-time intensity correlation function are presented. 
Contrary to the case of coherent excitation, the second-order intensity correlation function does not fac- 
torize. This and other differences are discussed, and curves are presented to illustrate the behavior of 
various quantities. We also present results for thermal excitation of the atom. 

PACS number(s): 42.50.Lc, 32.80. - t, 42.50.Dv, 32.50. +d 

A single two-level atom interacting with an elec- 
tromagnetic field is a fundamental model of quantum 
mechanics. This simple dissipative quantum system lies 
at the heart of the physics of light-atom interaction. An 
interesting aspect of this problem is the phenomenon of 
resonance fluorescence when the atom is illuminated bv a 
light beam whose frequency is nearly resonant with the 
transition frequency of the atom. The fluorescent light 
under these conditions displays many purely quantum- 
mechanical features [l]. These features are most clearly 
reflected in the photon statistics of fluorescent light [2,3]. 
The problem of photon statistics in resonance fluores- 
cence has been treated by a number of workers using 
several different techniques [4]. Most treatments assume 
the incident light beam to be in a coherent state. A com- 
plete solution to photon statistics in resonance fluores- 
cence under coherent illumination has been given recent- 
ly [5]. Other models of the incident light beam that take 
into account the fluctuations of incident light have also 
been considered. These include the phase-diffusion model 
[6], the chaotic-field model [7], and the jump models [8] 
of phase and amplitude fluctuations. More recently, non- 
classical states of the driving field have also been con- 
sidered. Gardiner considered the ~roblem of radiative 
decay in the presence of broadband (white-noise) 
squeezed light [9]. The possibility of a subnatural 
linewidth in resonance fluorescence under similar condi- 
tions has been investigated by Carmichael, Lane, and 
Walls [lo]. More realistic models of squeezed light, 
where only a few modes are saueezed (colored saueezed 

threshold [12,13]. This field can be modeled by two real 
Gaussian processes with different variances and correla- 
tion times [14]. Because of the finite correlation time of 
the incident field, atomic states and field states develop 
correlations during their dynamical evolution. Thus, un- 
like the case of coherent excitation, where the factoriza- 
tion of correlation functions [2,3,5,15] leads to a 
simplified description, the problem of photon statistics 
becomes complex in the present case. Nevertheless, for 
weak driving fields appropriate to subthreshold degen- 
erate parametric oscillators, it is still possible to gain 
some insight into the behavior of a two-level atom when 
the exciting field is squeezed. 

In Sec. I1 we derive the equations of motion governing 
the time evolution of atomic and field operators. Solu- 
tions to these equations are used to discuss the time evo- 
lution of fluorescent-light intensity in Sec. 111. The spec- 
trum of scattered light is calculated in Sec. IV. Photon 
statistics and the two-time intensity correlation function 
of scattered light are discussed in Sec. V, and Sec. VI 
presents results for thermal beam excitation of the atom. 
Finally, the principal results of this paper are summa- 
rized in Sec. VII. 

11. EQUATIONS OF MOTION 

Consider a two-level atom having energy states 11 ) and 
12) separated by an energy gap fh, and interacting with 
an electromagnetic field via a dipole interaction. The 
Hamiltonian for this system, in the rotating-wave ap- 
proximation, is 

light), have been considered b; Ritsch and ~o l l e ;  in the 
discussion of the atomic absorption spectrum 1111. In 

B=tio$,+io,+-[A'-'(~,t )a-ct)-A(+)co,t)a+ct)] 

this paper we discuss the interaition o f a  single ~wo~level +& . (1) 
atom with a finite-bandwidth squeezed light. The model 
of squeezed light that we adopt corresponds to light from Here f3F represents the energy of the electromagnetic 
a degenerate parametric oscillator operating below field. R,( t ) ,  b,( t) ,  and f7,(t) are three dynamical spin 
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Two-mode ring laser with a saturable absorber 
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Deterministic as well as fluctuation properties of the mode intensities in a two-mode bidirectional ring laser with a saturable 
absorber (TRSA) are studied. Both homogeneously and inhomogeneously broadened media are considered. Equations of motion 
for the field amplitudes are derived by using Lamb's semiclassical approach to laser theory. Stability of various steady states in 
the multidimensional parameter space is discussed. It is found that for a certain range of operating parameters a homogeneously 
broadened laser may exhibit tetrastability and an inhomogeneously broadened laser may exhibit tristability. In the former case 
the intensity probability density for mode shows a three peak structure. 

a saturable absorber. We will see that the addition of 
a saturable absorber can lead to many new phenom- 

We consider both the deterministic and statistical 

ith a absorber can exhibit many oms. In case of similar atoms the level of excitation, 

distinguish the two cells. The amplifying and ab- 
sorbing media are physically separated from one an- 
other so that they interact only through the cavity 
field. As a result the total polarization driving the 
laser field can be written as the sum of the polari- 

vity absorbers have also been used in zations of the amplifying and absorbing media. For 

ilization and ~ - ~ ~ i ~ ~ h i ~ ~  [31. an absorbing medium that saturates faster than the 

sers with saturable absorbers have been gain medium polarization terms Up to fifth order in 

entally [7] .  Much less attention has bility of steady states. We have followed Lamb's 
ultimode lasers with a saturable ab- semiclassical approach [ 10,11] to the laser theory to 
a first step in this direction we con- obtain polarization terms up to fifth order. We con- 
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Photon-counting statistics of the subthreshold transient degenerate parametric oscillator 
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Transient photoelectron-counting statistics of a degenerate parametric oscillator (DPO) operating 
below threshold are studied. A generating-function technique has been used and analytical expres- 
sions for photon-counting distribution, factorial moments, and waiting-time distribution have been 
derived. These results are compared with the steady-state results for the DPO and thermal light. 

Recently there has been considerable interest in the 
squeezed light generated by a degenerate parametric os- 
cillator (DPO) below threshold.' This system is known to 
produce the largest amount of The funda- 
mental process in the DPO consists of the down- 
conversion of a pump photon of frequency 20  into two 
photons at the subharmonic frequency o. Quantum sta- 
tistical properties for an idealized squeezed state have 
been discussed by many  author^.^,^ For the DPO mean 
zero and variances of photons escaping the cavity have 
been calculated by Collett and ~ o u d o n ~  and photon- 
counting statistics for small counting times have been cal- 
culated by Agarwal and   dam.' Analytical results for 
photon statistics including dissipation for the DPO below 
threshold have been calculated by Vyas and Singh.' Wo- 
linsky and Carmichae19 have followed a numerical ap- 
proach to obtain photon-counting statistics of the DPO. 
Photon-counting distribution for the subthreshold DPO 
is found to exhibit even-odd oscillations for counting 
times greater than a few cavity life times. However, it is 
interesting to note that even though photons are created 
in pairs inside the cavity, intracavity photon number dis- 
tribution in the steady state does not show even-odd oscil- 
l a t i o n ~ . ~ ~ ' ~  On the other hand, the transient intracavity 
photon number distribution does exhibit even-odd oscilla- 
tions," suggesting that transient DPO can exhibit 
different features than those exhibited by the DPO in the 
steady state. 

In this paper we discuss quantum-statistical properties 
of the DPO in the transient regime, that is, during its 
evolution from the vacuum state towards the steady state. 
We concentrate on the statistical properties of photons 
emitted by the cavity. These properties can be studied by 
a detector placed outside the cavity. 

In Sec. I1 we obtain the generating function for the 
DPO below threshold in the transient regime. From this 
generating function we obtain exact analytical expres- 
sions for the photon-counting distribution, factorial mo- 
ments, and waiting-time distributions in Sec. 111. These 
results for the DPO in the transient regime are then com- 
pared with those for thermal light and the DPO in the 
steady state. A summary of the results of this paper is 
presented in Sec. IV. 

11. EQUATION OF MOTION 
AND GENERATING FUNCTION 

In the interaction picture the Hamiltonian for the 
DPO operating below threshold can be written asI2 

Here pump depletion is assumed to be negligible. K is the 
mode coupling constant and E is the dimensionless ampli- 
tude of the pump beam incident on the cavity. a and a t 
are the annihilation and creation operators for the 
subharmonic field and file,, describes losses suffered by 
the subharmonic mode due to linear absorption, scatter- 
ing, and transmission. It has been shown that in the posi- 
tive P representationI3 subharmonic field produced by the 
DPO can be described in terms of two independent, real 
Gaussian random variables u , and u These random 
variables satisfy the following equations: 

u i = - h i u i + ~ ~ 2 q i ( t )  , (2) 

where i can take values 1 or 2 and q ( t )  and q2( t ) are 6- 
correlated, real Gaussian white-noise processes with 

The decay constants h ,  and A2 are given by 

Here (2y ) -  ' is the cavity lifetime at the subharmonic fre- 
quency. Below threshold ( A  > I K E ~  ) both the decay con- 
stants are positive and the solutions of Eqs. (2) can be 
written as 

In deriving this solution we have assumed that at time 
t =O the oscillator starts in the vacuum state with u , ( O )  
.=O=u,(O). From Eqs. (3) and ( 5 )  we find 
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Nonclassical light beams generated by the degenerate optical parametric oscillator operating 
below threshold are analyzed in terms of photoelectron-counting sequences. The positive-P repre- 
sentation is used to calculate the generating function for photoelectron statistics in a closed form. 
This generating function is used to derive expressions for the photoelectron-counting and waiting- 
time distributions. The dependence of these distributions on mean photon number inside the cavity 
and efficiency of detection is studied. The relationship between photoelectron-counting sequence 
and the photon emission sequence is used to present a simple physical picture of light beams pro- 
duced by the degenerate parametric oscillator. 

I. INTRODUCTION 

Squeezed states of light have been observed in a variety 
of physical systems.'-) These states do  not admit a posi- 
tive nonsingular diagonal representation in terms of 
coherent states and are, therefore, an example of nonclas- 
sical states of the electromagnetic field. Since squeezing 
only refers to the variance of the two quadrature com- 
ponents of the electric field, it does not filly characterize 
these states. With experimental realization of these 
states, increasing attention is being paid to their 
quantum-statistical properties.435 These properties for 
idealized squeezed states are well k n ~ w n . ~ - ~  The systems 
in which squeezed states have been observed experimen- 
tally are dissipative nonlinear systems, and photon sta- 
tistical properties of squeezed states produced by these 
systems have received much less attention. 

The largest amount of squeezing has been observed in 
an optical parametric oscillator (OPO) operating below 
thre~hold.~. '  This simple dissipative quantum system has 
played an important role in recent studies of squeezing. 
In an OPO (Ref. 10) a strong pump beam interacts with a 
nonlinear crystal and is frequency down-converted into 
two beams of smaller frequencies inside an optical cavity. 
If the two beams produced in down conversion have the 
same frequency, then the oscillator is termed a degen- 
erate parametric oscillator (DPO); otherwise it is termed 
a nondegenerate parametric oscillator (NDPO). A 
quantum-mechanical treatment of the OPO is of course 
essential since it generates light with nonclassical proper- 
ties. 

For an oscillator a distinction must be made between 
intracavity photon statistics and the statistics of photons 
emitted by the cavity. Intracavity statistics are not 
directly observable. The statistics of photons emitted by 
the cavity can be measured in photon-counting experi- 
ments. The statistics of the field inside and outside the 
cavity are, of course, related. Many recent studies of the 
quantum-statistical properties of the DPO have centered 
around the calculation of the spectrum of squeezing"*'2 
inside and outside the cavity because of the subtleties in- 
volved in the detection of squeezed light. Intracavity 

field statistics were discussed by Drumrnond, McNeil, 
and ~ a l l s "  by using the complex-P representation and 
by Graham by using the Wigner function'). More recent- 
ly, Wolinsky and C a r r n i ~ h a e l ~ * ' ~  have provided a com- 
plete description of the quantum-statistical properties of 
the intracavity field by using the positive-P representa- 
tion. For the photons escaping the cavity, the mean and 
variance of photon counts have also been calculated by 
Collett and ~ o u d o n . ' ~  

In this paper we discuss the quantum-statistical prop- 
erties of photon beams generated by an OPO as measured 
by a detector placed outside the cavity. These properties 
can be studied in photoelectric-counting and correlation 
experiments with low-intensity light beams appropriate 
for an OPO below threshold. From the measured photo- 
electron statistics, photon statistics of the incident light 
beam can be derived. For a detector of unit efficiency 
each photodetection corresponds to an emission of a pho- 
ton by the cavity. In this case, the photoelectric-counting 
sequence and the photon emission sequence are 
equivalent. We begin by expressing the photoelectron- 
counting statistics in terms of a generating function in 
Sec. 11. The statistics of the waiting time between succes- 
sive photoelectric counts can also be derived from the 
same generating function. In  Sec. I11 the c number equa- 
tions of motion for the DPO operating below threshold 
are presented. This is done by using the positive-P repre- 
sentation. The solutions to these c-number equations are 
used to obtain a closed form expression for the generating 
function. From this generating function exact expres- 
sions for the photoelectron-counting distribution and the 
waiting-time distribution are derived in Sec. IV. Intra- 
cavityphoton statistics are discussed in Sec. V. We con- 
clude by summarizing the principal results of the paper in 
Sec. VI. 

11. THE GENERATING FUNCTION 

Consider a photoelectric detector illuminated by a sta- 
tionary weak beam of light. The probability p ( m ,  T)  of 
detecting m photoelectric counts at the output of the 
detector in a time interval T is given by1' 
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Photon-emission sequences in nonclassical light beams generated by an optical parametric oscillator are studied. 
Exact photon-counting and waiting time distributions are derived by using a generating function technique based 
on the positive-P representation. This approach is used to present a simple physical picture of photon emissions 
from this nonclassical light source. 

Squeezed states of light are nonclassical states of light 
that have been experimentally realized recently in a 
variety of physical systems.ll2 Since squeezing refers 
only to the variance of the quadrature components of 
the electric field, the need to characterize these states 
in terms of their photon-counting distributions has 
become urgent. These distributions for idealized 
squeezed states are well known.3 As a practical device 
for producing squeezed light, the performance of the 
degenerate optical parametric oscillator (DPO) has 
been un~urpassed.~ 

In this Letter we present an analytic treatment for 
the counting statistics of photon beams generated by 
the DPO. Our approach leads to exact expressions for 
both the counting and waiting time distributions. 
When these distributions are analyzed they lead to a 
clear picture of photon beams generated by the DPO. 

The DPO is modeled by two resonant modes of an 
optical cavity, with frequencies 20 and 0, interacting 
with each other through an intracavity nonlinear crys- 
tal. The pump mode 20 is excited by an injected 
classical signal of amplitude C. In the interaction pic- 
ture the Hamiltonian with perfect phase matching 
reads 

where b and at and 6 and 6t are the annihilation and 
creation operators for the subharmonic mode w and 
the pump mode 20, respectively, K is the mode-cou- 
pling constant, r is the cavity linewidth at the pump 
frequency, and BIo8, describes linear absorption and 
scattering losses suffered by the modes inside the crys- 
tal and the cavity mirrors. By a suitable combination 
of phases, K and E have been chosen to be real. 

The Hamiltonian in Eq. (I) is used to derive an 
operator master equation for the density matrix of the 
field. This operator equation is converted into an 
equivalent set of classical Langevin equations for the 
complex field amplitudes by using the positive9 
repre~enta t ion .~~~ The resulting equations for the 
subharmonic mode below threshold, where pump de- 
pletion is negligible, are 

where 7 is the cavity linewidth at  the eubharmonic 

frequency, [l(t) and 52(t) are two real statistically in- 
dependent Gaussian white-noise processes with zero 
mean and unit intensity, and a! and a!* are two complex 
variables associated with operators b and bt in the 
positive-P representation. Unlike in the diagonal-P 
representation, a! and a!* are not complex conjugates. 
The oscillator threshold is defined by K E  = y. In this 
Letter we restrict our analysis to the case KE < y corre- 
sponding to the experiments of Ref. 2. Equations (2) 
ensure that the variabIes a and a* are real in the steady 
state because any imaginary parts to a! and a!* decay 
away. I t  follows that the realvariables ul = (a! + a!*)/2 
and u2 = ( a  - a!*)/2 are statistically independent 
Gaussian stochastic processes with zero mean and cor- 
relation functions 

where Xlnz = y r KC are positive decay constants. This 
equation completely determines the statistical proper- 
ties of a! and a* and ul and uz. 

The generating function with parameter s for pho- 
ton-counting statistics as measured by a photodetec- 
tor placed outside the cavity is given by 

where T is the counting interval, 0 I q I I is the 
efficiency of detection, f(t) is the photon number flux 
operator (number per second) for the Iight beam gen- 
erated by the oscillator, and T-: denote the time and 
normal ordering of operators inside the colons. On 
using the positive-P representation the normally or- 
dered operator average in Eq. (4) becomes 

X exp 2sqy u?(t)dt 9 (5) 1 10- 1) 
where we have used the correspondence f(t) -. 2ya!a!*. 
The factorization in Eq. (5) is a consequence of the 
statistical independence of the variables ul and uz 
expressed by Eq. (3). Since ul and ui  are real Gauss- 
ian variables with an exponential correlation function, 
the averages in Eq. (5) may be evaluated by making a 
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Pulsed and cw photothermal phase shift spectroscopy in 
a fluid medium: theory 

B. Monson, Reeta Vyas, and R. Gupta 

A theoretical treatment of photothermal phase shift spectroscopy in a fluid medium for the most general 
conditions is given. The medium is assumed to be flowing. Results for a stationary medium appear as a 
special case. Both pulsed and cw excitation are considered. For pulsed excitation, the results are valid for 
excitation pulses of arbitrary length. For the cw case, modulated excitation is explicitly considered, and the 
results for unmodulated excitation appear as a special case. 

I. Introduction 
Photothermal spectroscopy is currently an active 

area of research, and a wide range of applications of 
this technique has been developed.' In this tech- 
nique, a laser beam (pump beam) is partially or fully 
absorbed by a medium of interest. In the presence of 
fast quenching collisions, most of this energy appears 
as heat, and the refractive index of the laser-irradiated 
region is modified. This change in the refractive index 
can be monitored by a second and weaker laser beam 
(probe beam) in several different ways. For example, 
the nonuniform refractive index produced by the ab- 
sorption of the pump beam can be detected by the 
deflection of the probe laser beam passing through the 
medium. This technique is called photothermal de- 
flection spectrscopy (PTDS).%3 If the refractive index 
of the medium has a nonzero curvature, the medium 
also acts like a lens, and a probe beam passing through 
the medium changes shape. This can be detected as a 
change in the intensity of the probe beam passing 
through a pinhole. This technique of monitoring the 
photothermal effect is called photothermal lensing 
spectroscopy (PTLS).4-6 One may also detect the 
photothermal effect by placing the medium in one 
beam of an interferometer (or inside a Fabry-Perot 
cavity). The change in refractive index causes a fringe 
shift which can conveniently be detected as an intensi- 
ty change of the central fringe. We shall refer to this 
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technique as photothermal phase shift spectroscopy 
(PTPS), and it is the subject of this paper. This 
technique was discovered by Stone7 and by Davis and 
Petuchow~ki,~.~ who refer to this technique as phase 
fluctuation optical heterodyne (PFLOH) spectrosco- 
py. Many applications of this technique have been 
discussed in the 

In this paper we give a theoretical treatment of 
PTPS in fluids for the most general conditions, that is, 
for a flowing medium. Results for a stationary medi- 
um appear as a special case. Moreover, both pulsed 
and cw excitation are considered. For the pulsed case, 
the results are valid for excitation pulses of arbitrary 
length. For the cw case, modulated excitation is con- 
sidered explicitly, and the results for unmodulated 
excitation appear as a special case. Both collinear and 
transverse geometries are considered. Davis and Pe- 
tuchowskig have given a theoretical treatment of this 
subject previously. However, their results are valid 
only for a stationary medium, collinear geometry, and 
in the pulsed case, for delta function excitation only. 
Therefore, our results have a much more general appli- 
cability. Davis and Petuchowski have considered, 
however, the effect of nonzero relaxation times, where- 
as we have assumed that all relaxation times are negli- 
gible compared to the thermal diffusion and convec- 
tion times. In this aspect, Davis and Petuchowski's 
results are more general than ours. 

Expressions for the temperature distribution due to 
cw and pulsed excitation of a flowing medium are 
derived in Sec. 11. The explicit case of heating by a 
pump laser beam is considered, which is generally the 
experimental situation. However, the heating of the 
medium may be produced by any suitable radiation, 
e.g., microwaves.14 Expressions for the PTPS signals 
are derived in Sec. 111. The explicit case of a Michel- 
son Interferometer is considered. Expressions for 
other types of interferometer either are identical (e.g., 
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Photoelectron waiting times and atomic state reduction in resonance fluorescence 

H. J .  Carmichael, Surendra Singh, Reeta Vyas, and P. R. Rice* 
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Photoelectron counting sequences for single-atom resonance fluorescence are studied. The distri- 
bution of waiting times between photoelectric counts is calculated, and its dependence on driving- 
field intensity and detection efficiency is discussed. The photoelectron-counting distribution is de- 
rived from the waiting-time distribution. The relationship between photoelectron counting se- 
quences and photon emission sequences is discussed and used to obtain an expression for the re- 
duced state of the atom during the waiting times between photoelectric counts. The roles of irrever- 
sibility and the observer in atomic state reduction are delineated. 

I. INTRODUCTION 

The fluorescent photons emitted by a single coherently 
driven two-level atom exhibit the nonclassical property of 
photon a n t i b ~ n c h i n ~ . ' - ~  The antibunching of fluores- 
cent photons is seen in temporal correlations between 
photoelectric counts; the detection of one photon makes 
the detection of a second, after just a short delay, improb- 
able. Photon antibunching is traditionally defined in 
terms of the degree of second-order temporal coherence 
g'2'(r,r +T) .  This is the joint probability for recording 
photoelectric counts in the intervals [r,t +At )  and 
[ r  + ~ , t  + r+At ) ,  normalized by the probability for two 
independent photoelectric counts. For antibunched light 
the joint probability for recording photoelectric counts 
closely spaced in time falls below the probability for sta- 
tistically independent counts (separated by a time longer 
than the coherence time); thus, gt2 ' ( t , t )  < 1. 

The antibunching of fluorescent photons is also 
reflected in the sub-Poissonian character of the probabili- 
ty density p(n , r , t  + T )  for recording n photoelectric 
counts in the interval [ t ,  t + T ) . ~  p (n , t , t  + T )  can be de- 
rived from g'2'(t , t  +T), although the detailed algebraic 
relationship is quite complicated. Both g(')(t , t  + T )  and 
p (n ,  t, t + T )  have been calculated for single-atom reso- 
nance fluorescence by a number of workers.'-lo Because 
of the complexity of general expressions in the time 
domain, some workers only give the Laplace transform 
for the photoelectron counting distribution, or give expli- 
cit time-dependent expressions only for limiting cases, 
such as short and long counting times. 

Recent theoretical work on "quantum jumps""-'2 has 
drawn attention to the distribution of waiting times be- 
tween photon emissions as another useful quantity for 
characterizing photon statistics-in terms of measured 
quantities, the distribution of waiting times between pho- 
toelectrons. By "waiting time" we mean the time T be- 
tween a photoelectric count recorded at  time t, and the 
next, recorded at  time t +T. If photoelectron sequences 
can be described by a Markov birth process, a single con- 
ditional probability density w ( T I < )  specifies the distribu- 
tion of waiting times between every pair of photoelec- 
trons. We call this the photoelectron waiting-time distri- 

bution. Photoelectron waiting times for coherent light 
are exponentially distributed.13 Antibunching implies 
that photons tend to be separated in time. The distribu- 
tion of waiting times should then tend to peak around the 
average time between photoelectric counts. 

Photoelectron waiting times are certainly not new to 
the field of photon statistics. Indeed, when a time-to- 
amplitude converter is used for a delayed coincidence 
measurement, the raw data provide the distribution of 
waiting times between photoelectric counts. However, 
when the count rate is sufficiently low, this distribution is 
proportional (aside from dead-time corrections) to 
g'2'(t , t  +T). l 4  This relationship provides the technique 
used to measure g '2)( t , t  + T )  in the experiments of Kim- 
ble ef & on photon antibunching in resonance fluores- 
cence. Thus, the waiting-time distribution and its rela- 
tionship to g '2)( t , t  + T )  are known. But the waiting-time 
distribution has not been mentioned until r e ~ e n t l ~ ' ~ ' ' " ' ~  
in the large theoretical literature on resonance fluores- 
cence. This is a deficiency, since it provides a clearer 
physical picture of photon emission sequences, corre- 
sponding photoelectron counting sequences, and their 
nonclassical properties, than g'"(t,t +TI.  In this paper 
we revisit the problem of single-atom resonance fluores- 
cence and focus attention on the waiting-time distribu- 
tion. (We will discuss waiting times between photon 
emissions as well as between photoelectrons. When the 
distinction is not important we simply refer to "the wait- 
ing times" or "the waiting-time distribution.") 

There are probably two main reasons for the lack of at- 
tention paid to w ( T I  t )  in early work on resonance fluores- 
cence. The first is that g(2)(r,r +T) ,  not w ( T ( ~ ) ,  is the 
quantity accessible to measurement. It might be asked, 
why not use a time-to-amplitude converter to measure 
the quantity it gives directly, the photoelectron waiting- 
time distribution w (?It)? The problem is that photoelec- 
tric detection is very inefficient. The average time be- 
tween photoelectric counts is unavoidably much longer 
than the correlation time of the fluorescent light. Then 
w ( ~ ( t )  is proportional to  g'2'(t ,  t +T); w ( r l t )  can be mea- 
sured, but only when it effectively reduces to g'2'(t , t  + T I .  
Actually, the proportionality between these quantities 
does not hold for all T, but it holds over many correlation 
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Ringing revivals in the interaction of a two-level atom with 
squeezed light 
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The Jaynes-Cummings interaction of a two-level atom with the radiation field is studied when the radiation is 
initially in a strongly squeezed coherent state. The dynamic response of the atomic inversion shows echoes after 
each revival when the squeezed coherent state exhibits an oscillatory photon-counting distribution due to the phase- 
space interference effect. The sensitivity of the dynamic behavior to approximations used in computing the atomic 
inversion is discussed. Comparison is made with the intensity-dependent interaction model of Buck and Sukumar 
[Phys. Lett. BlA, 132 (1981)lf this model does not exhibit echoes.   he mean, variance, and entropy for the photon- 
number distribution are calculated and found to show behavior similar to that of the atomic inversion. 

1. INTRODUCTION sum is not possible even for. an initial coherent state, al- 

The Jaynes-Cummings model of optical resonance1 describ- 
ing the interaction of a single two-level atom with a single 
mode of the radiation field has predicted a number of inter- 
esting features in the dynamical behavior of the atomic in- 
version.24 Much attention has focused on the collapse and 
revival of Rabi oscillations because this effect provides evi- 
dence for the granularity of the radiation field.3.4 Experi- 
mental realizations of the Jaynes-Cummings model have 
been obtained by using Rydberg atoms interacting with the 
radiation field in a high-Q microwave cavityS6 Recently 
observations on the collapse and revival of Rabi oscillations 
were reported.6 In this paper a new feature in the dynami- 
cal behavior of the atomic inversion is studied, with the 
radiation field prepared in a strongly squeezed coherent 
state whose photon-counting distribution is oscillatory.7 
Under these conditions, the collapse following each revival 
has an oscillatory envelope (echoes), a phenomenon that we 
call ringing revivals. 

Milburn has studied the interaction of a two-level atom 
and a single mode of the radiation field with the field pre- 
pared in a squeezed coherent state.8 He showed that the 
collapse time depends on the direction of the squeezing and 
found that for certain squeezed states the response of the 
atom is similar to that for chaotic radiation. However, Mil- 
burn restricted his study to states for which the coherent 
contribution to the photon-number variance is dominant. 
The new behavior described in this paper is obtained with 
squeezed coherent states for which the squeezed contribu- 
tion to the photon-number variance is dominant. 

Our results for the atomic inversion are based on the 
numerical evaluation of the series1 

where P(n) is the photon-number distribution for the initial 
state of the radiation field and X is the coupling constant for 
the atom-field interaction. The atom is assumed to be in its 
ground state initially. An exact analytical evaluation of this 

though approximate expressions that reproduce the general 
character of the revivals have been obtained.3s4 We com- 
pare the exact numerical evaluation of Eq. (1) with various 
approximations when P(n) corresponds to a squeezed coher- 
ent state. 

The plan of the paper is as follows: In Section 2 we briefly 
review the oscillatory nature of P(n) for squeezed coherent 
states. We study the corresponding dynamical response of 
the atomic inversion in Section 3. The exact numerical 
evaluation of w(t) is presented, demonstrating the occurence 
of ringing revivals, and the origin of the ringing behavior is 
discussed. In Section 4 we obtain a closed analytical expres- 
sion for w(t) in the harmonic approximation, in which the 
square root in the argument of the cosine in Eq. (1) is ex- 
panded to first order. The ringing of the revivals is lost in 
this approximation. Expansion of the square root to second 
order recovers the ringing behavior. The summation for- 
mula that yields an analytical result in the harmonic approx- 
imation may also be used to derive an exact integral 
representation for w(t) when the radiation field is initially in 
a squeezed coherent state. This integral representation is 
given in Appendix A. We study the photon statistics and 
entropy for the field in Section 5. Our results are summa- 
rized in Section 6. 

Squeezed coherent states are now quite familiar in quantum 
optics; we simply state their definitiong and refer the reader 
to two recent collections of papers1° for further details and a 
review of current activity regarding these states. 

The squeezed coherent states for a single-mode radiation 
field can be obtained from the vacuum (0) as 

where S(t)  is the squeezing operator 

S(S) = exp[%(t*a2 - Sat2)1 (3) 

and D(a) is the displacement operator 
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Photothermal lensing spectroscopy in a 
flowing medium: theory 

Reeta Vyas and R. Gupta 

A complete and general theoretical deecription of dual-beam photothermal lensing spectroscopy is given. 
The results are valid for the moat general conditions, that is, for flowing as well as stationary media, and for cw 
as well as pulsed excitation. For pulsed excitation, the results are valid for arbitrary pulse length. The cw 
results apply to both modulated as wellas unmodulated excitation. Both transverse and collinear geometries 
are considered. 

I. Introduction 
In this paper we present the theory of dual-beam 

photothermal lensing spectroscopy (PTLS) in a fluid 
medium valid for the most general conditions, that is, 
for flowing as well as stationary media and for cw as 
well as pulsed excitation. For pulsed excitation, the 
pulse length is arbitrary, and for cw excitation both the 
modulated and the unmodulated sources are consid- 
ered. Both the transverse and the collinear geome- 
tries are considered. A unified treatment of all cases is 
presented. This is the first comprehensive treatment 
of this important subject. 

The basic idea underlying dual-beam PTLS is 
shown in Fig. 1. A laser beam (pump beam) propa- 
gates through a medium, and i t  is tuned to one of the 
absorption frequencies of the medium. The medium 
absorbs some of the optical energy from the laser 
beam. If the collision rate in the medium is sufficient- 
ly high compared to the radiative rates, most of the 
energy appears in the translational-rotational modes 
of the medium within a short period of time. In other 
words, the laser-irradiated region gets slightly heated. 
The refractive index of the medium is thus modified. 
The refractive-index change can be monitored in sev- 
eral different ways.' In this paper, we are concerned 
with a technique that relies on the lensing effect of the 
medium to monitor the .refractive-index change. A 
weak probe beam passes through the pump-irradiated 
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region, as shown in Fig. 1. Due to the curvature of the 
refractive index, the probe beam diverges, which can 
be detected as a change in the intensity of the probe 
beam passing through a pinhole. In other words, un- 
der the influence of the pump beam, the medium a d s  
like a diverging lens. In certain circumstances, the 
medium acts like a converging lens also. If a pulsed 
pump laser is used, a transient lens is formed; the 
probe beam changes shape shortly after the pump 
beam is fired and returns to its original shape on the 
time scale of the diffusion of heat from a probe region. 
If a cw laser is used, i t  is generally convenient to ampli- 
tude modulate its intensity, and the PTLS signal con- 
sists of oscillations in the intensity of the probe beam 
passing through the pinhole. The PTLS takes on 
more interesting dimensions if a flowing medium is 
used. The PTLS technique has been discussed exten- 
sively in the literature for trace detection of chemi- 
cals? and the use of PTLS in a flowing medium has 
recently been demonstrated for flow velocity measure- 
m e n t ~ . ~  Although the thermal lensing effect may also 
be observed by monitoring the pump beam itself, in 
this paper we only consider the dual-beam technique 
in which the thermal lens is created by the pump beam 
and monitored by the probe beam. 

The photothermal lensing effect was observed acci- 
dentally by Gordon et a1.4 in 1964 when they placed a 
cell filled with a liquid sample inside a He-Ne laser 
cavity. These authors correctly identified the effect 
and gave a theoretical description of it. In 1973, Hu 
and Whinnery5 gave a detailed theoretical description 
of the effect for an extracavity sample and determined 
that the maximum signal occurred when the sample 
cell was placed one confocal distance away from the 
waist of the beam. They also demonstrated the use- 
fulness of this technique for measurements of small 
absorptivities. A cw laser was used, and a shutter was 
employed to effect the change necessary to observe the 
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Continuous wave photothermal deflection spectroscopy in 
a flowing medium 

Reeta Vyas, 6. Monson, Y-X. Nie, and R. Gupta 

A complete and rigorous theoretical treatment of the continuous wave photothermal deflection spectroscopy 
in a flowing medium is given. The theoretical resulta have been verified experimentally. 

I. Introduction 
There is presently extensive interest in the tech- 

nique of photothermal deflection spectroscopy 
(PTDS),1-3 and this technique has found a wide range 
of applications. In this paper we present a compre- 
hensive and rigorous theoretical treatment of the cw 
PTDS technique for the most general conditions, i.e., 
for a flowing medium. The results for a stationary 
medium appear as a special case. Very interesting 
results have been found, and these results will extend 
the range of applications of cw PTDS in fluids. Re- 
sults of an experiment used toverify the theory are also 
presented. 

The principle of the PTDS technique is as follows: 
A dye laser beam (pump beam) passes through the 
medium, and i t  is tuned to an absorption line of the 
molecules or atoms of interest. The molecules absorb 
the laser energy, and in the presence of quenching 
collisions some of this energy appears in the rotation- 
al-translational modes (heating) of the molecules of 
the medium. If the quenching rates are high com- 
pared with the radiative rates, almost all the absorbed 
energy appears in the heating of the laser irradiated 
region. The temperature change of the laser irradiat- 
ed region results in a change of the refractive index of 
that region. This change in the refractive index can be 
probed by a second, and weaker, laser (probe beam). 
In general, the refractive index is nonuniform, and the 
refractive-index gradient deflects the probe beam. 
The deflection of the probe beam may be detected 
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conveniently using a position sensitive optical detec- 
tor. In the case of a cw pump beam, it is generally 
convenient to intensity modulate the pump beam at 
some frequency f. In this way, the deflection is also 
modulated at frequency f ,  which can then be detected 
conveniently using a phase-sensitive detector. 

The only previous theoretical study of the cw PTDS, 
to our knowledge, is that of Jackson et aL4 These 
authors, however, consider only a stationary medium. 
Our study is more general (i.e., a flowing medium), and 
Jackson et ale's results appear as a special case (flow 
velocity = 0) in our solutions. Moreover, this treat- 
ment of the cw PTDS unifies the theory of cw PTDS 
with that of pulsed PTDS in a flowing medium, pub- 
lished earlier by Rose et  aL5 

The theory of cw PTDS is given in Sec. 11. The 
theoretical results are discussed in Sec. 111. The appa- 
ratus is described in Sec. IV, and the experimental 
results are presented in Sec. V. 

II. Theory 
Figure 1 shows the basic geometry of the pump and 

probe beams. Two cases are considered: Transverse 
PTDS, in which the probe beam is perpendicular to the 
pump beam, and the collinear PTDS, in which the 
pump and probe beams are parallel. We assume the 
pump beam to be propagating along the z axis. The 
origin of the coordinate system lies on the axis of the 
pump beam. For the transverse PTDS, the probe 
beam propagates along they axis, and for the collinear 
PTDS, the probe beam propagates in the z direction. 
In both cases, the medium flows with velocity v, in the 
x direction. The pump and probe beams do not neces- 
sarily intersect, and they may be separated by a vari- 
able distance x in the x direction. For the collinear 
case, they may also be separated by a distance y in they 
direction (not shown in Fig. 1). The general case, 
where the pump and probe beams make an arbitrary 
angle 8 will not be considered here. This case has been 
treated by Rose et al.5 previously in connection with 
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Distribution of waiting-time intervals between the arrivals of successive photons on a photo- 
cathode illuminated by a beam of light is discussed. Analytic expressions for the conditional and 
unconditional distributions for squeezed light are derived in the high degeneracy limit. Results for 
binomial and thermocoherent states are also given. Curves are presented to illustrate the behavior. 

I. INTRODUCTION 

Squeezed states of light have been observed in a num- 
ber of experiments.'-4 Similar to the states exhibiting 
photon a n t i b ~ n c h i n ~ , ~  squeezed states6 are nonclassical 
states. For these states variance in one of the quadrature 
components of the electric field is smaller than the corre- 
sponding variance for a coherent state. The nonclassical 
nature of these states is also reflected in the fact that the 
corresponding phase space density in the coherent state 
diagonal representation7.' does not exist as an ordinary 
probability density. Photon number distributions for 
squeezed states have been discussed by a number of au- 
thors9-l4 and they reveal several interesting features of 
these states. Depending on the parameters characteriz- 
ing a squeezed state, such a state may exhibit sub- 
Poissonian or super-Poissonian photon statistics.I4 Since, 
for short times at least, sub-~oiisonian (super-Poissonian) 
photon statistics reflect antibunching (bunching),I5 
squeezed states are capable of exhibiting antibunching or 
bunching under suitable circumstances. The properties 
of photon antibunching or bunching are best visualized in 
terms of the theory of photoelectric detection.16-" Con- 
sider a photoelectric detector illuminated by a beam of 
light. For an ideal photodetector of unit detection 
efficiency and zero dead time, the photoelectric pulses ap- 
pearing at the output of the photodetector are in one-to- 
one correspondence with the arrival of photons on the 
photocathode. In terms of this sequence of photoelectric 
pulses, photon antibunching implies that the detection of 
a photon at a certain time t renders the detection of 
another photon immediately following the first less prob- 
able. The opposite is implied by photon bunching. This 
means that for an antibunched beam of light, successive 
photoelectric pulses will be separated, on the average, by 
large time intervals. We may consider this to be a 
reflection of the tendency of the photons in the light 
beam to be separated in time. This physically appealing 
picture of the behavior of photons in a light beam 
emerges from photodetection theory. Photons them- 
selves do not lend directly to such an interpretation. This 
time-dependent behavior of photons will be reflected in 
the distribution of the time interval between successive 
ph~todetect ions . ' '~~~ It is the purpose of this investiga- 
tion to derive the time interval distribution for photons in 
a squeezed state. 

In Sec. I1 we present an outline of the photodetection 
theory leading to a general expression for the time inter- 
val distribution. This expression is used to discuss the be- 
havior of photons in a squeezed beam in Sec. 111. We 
also discuss the behavior of waiting time distributions for 
binomial and thermocoherent states of the field in Sec. 
IV. 

11. TIME INTERVAL DISTRIBUTION FUNCTION 

In order to discuss the time interval distribution for a 
light beam we need the threefold joint probability of pho- 
todetection, for the time interval T between successive 
photodetections is defined in terms of three events: a 
photodetection event at some time t , ,  no photodetection 
events in the interval [t , , t2 (  = t ,  + T )], and one photo- 
detection at time t2. First let us recall that the probabili- 
ty of detecting n photoelectric events in [t , , t 2 ]  isI7 

where 

and ?(t) is the photon flux operator (number of photons 
per unit time) and : . . : denotes the time-ordered nor- 
mal product of operators. The detection efficiency 77 de- 
pends on the characteristics of the detector. The angular 
brackets denote averaging with respect to the state of the 
field. From Eqs. (1) and (2) the probability of detecting 
one photon in the interval [t -At, t ]  is found to be 

where At is some small time interval. We also find from 
Eq. (1) that the probability that no photodetection occurs 
in the interval [t t 2 ]  is 

Equations (3) and (4) will be used later in the paper. The 
single-fold photoelectric counting formula (1) is well 
known.16-" The threefold photoelectric counting for- 
m u l a ( t o < t l < t 2 < t j )  
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Pulsed photothermal deflection spectroscopy in a flowing 
medium: a quantitative investigation 

A. Rose, Reeta Vyas, and R. Gupta 

A comprehensive investigation of pulsed photothermal deflection spectroscopy in a flowing medium has been 
carried out. A rigorous solution of the appropriate diffusion equation has been obtained, and experiments 
have been conducted to verify the theoretical predictions. Absolute measurements of the photothermal 
deflection were made and no adjustable parameters were used in the theory. Very good agreement between 
the theory and the experiment was obtained. 

I. Introduction 
Recently there has been extensive interest in the 

technique of photothermal deflection spectroscopy 
(PTDS). Since the initial work of Davis,' and of Boc- 
cara, Fournier, Amer and co-~orkers,2-~ extensive new 
applications have been developed by Tam and co- 
w o r k e r ~ ~ - ~  and by others.1° Gupta and co-workers 
have demonstrated the usefulness of this technique for 
combustion  diagnostic^.^^-^^ Motivated by this appli- 
cation, here we present results of a comprehensive and 
quantitative investigation of pulsed PTDS in a flowing 
medium. 

The principle of the PTDS technique is quite sim- 
ple: A dye laser beam (pump beam) passes through 
the medium of interest and is tuned to one of the 
absorption lines of the molecules that are to be detect- 
ed. The molecules absorb optical energy from the 
laser beam and, if the pressure is sufficiently high (i.e., 
if the quenching rates are sufficiently fast compared to 
the radiative rates), most of the energy quickly appears 
in the rotational-translational modes of the medium. 
The dye laser irradiated region thus gets slightly heat- 
ed, leading to changes in the refractive index of the 
medium in that region. If the density of the absorbing 
molecules is uniform over the width of the dye laser 
beam, the refractive index acquires the same spatial 
profile as the dye laser beam (e.g., a Gaussian profile if 
the dye laser is working in the TEMoo mode). Now if 
another laser beam (called the probe beam) overlaps 
the pump beam, it is deflected due to the changes in 
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the refractive index created by the absorption of the 
pump beam. This deflection is easily measured by a 
position-sensitive optical detector. If a pulsed dye 
laser is used, a transient deflection of the probe beam is 
obtained. The deflection of the probe beam is propor- 
tional to the concentration of the absorbing molecules. 
Therefore the technique can be used to measure major- 
ity and minority species con~entrations.~l-~~ If the 
medium is flowing, the heat pulse produced by the 
absorption of the dye laser travels downstream with 
the medium. The heat pulse is, of course, accompa- 
nied by changes in the refractive index and can be 
measured by the deflection of a suitably placed probe 
beam. The flow velocity of the medium can be mea- 
sured from a measurement of the transit time of the 
heat pulse between two probe beams downstream from 
the pump beam.7J5J8J9 The heat pulse broadens due 
to thermal diffusion as it travels downstream. The 
thermal diffusion coefficient of the medium can be 
measured from the broadening of the signal which, in 
turn, yields the local temperature of the medium.l4*6 
Therefore photothermal deflection spectroscopy is a 
valuable optical diagnostic technique for varied appli- 
cations (combustion diagnostics is just one of the ap- 
plications). Quantitative measurements of species 
concentrations, temperature, and velocity are more 
difficult, however, than one might assume from the 
above discussion. The PTDS signal in a flowing medi- 
um depends in a complicated manner on all three 
parameters (concentration, velocity, and tempera- 
ture). For example, the amplitude of the signal de- 
pends not only on the concentration of the absorbing 
species but also on the temperature and the flow veloc- 
ity. The width of the signal depends on both the 
temperature and the flow velocity. The measurement 
of the transit time is affected by the broadening due to 
thermal diffusion. Therefore, a good theoretical and 
experimental understanding of the size and shape of 
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Laser theory without the rotating-wave approximation 
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The effect of counter-rotating terms in the interaction Hamiltonian on the photon statistics is in- 
vestigated for a single-mode laser. The treatment is based on the Scully-Lamb model. A perturba- 
tion expansion is used to derive a n  equation of motion for the field-density matrix. The counter- 
rotating terms are found to lead to both transient and secular effects. With some reasonable approx- 
imations the steady-state photon-number distribution is derived and it  is shown that the counter- 
rotating terms tend to raise the threshold of laser action and broaden the photon-number distribu- 
tion. The relative size of these effects is found to be very small and depends on the square of the ra- 
tio of the atomic linewidth and the transition frequency. 

I. INTRODUCTION 

In quantum optics, NMR, quantum electronics, and 
other branches of resonance phenomena it is customary to 
make the rotating-wave approximation (RWA).' Under 
this approximation certain terms which oscillate a t  twice 
the resonance frequency are dropped from the interaction 
Hamiltonian. The resulting Hamiltonian describes the 
dynamics of the system quite adequately. However, the 
rapidly oscillating terms (also called the counter-rotating 
or energy-nonconserving terms) can give rise to physical 
effects even if small. For example, in the Rabi problem 
they give rise to the Bloch-Siegert shift of the resonance 
frequency and small high-frequency amplitude modula- 
tion of the Rabi  oscillation^.^ In laser theory the role of 
these counter-rotating terms has not been investigated. In 
this paper we wish to  consider the effect of such terms in 
laser theory. We find that the counter-rotating terms give 
rise to both secular and time-dependent effects. In partic- 
ular, their effect is to raise the threshold of laser oscilla- 
tion and broaden the photon-number distribution. How- 
ever, the magnitude of these corrections is very small as 
expected. In our investigations we adopt the model of 
Scully and Lamb3 for a single-mode laser. Unlike them, 
however, we use a perturbative approach.3*4 In Sec. I1 we 
describe the details of the model and derive a master 
equation for the density matrix of the laser field for a 
traveling-wave mode. In Sec. 111, this master equation is 
solved in the steady state and changes produced by the 
presence of counter-rotating terms are discussed. We also 
consider the standing-wave case and discuss the differ- 
ences that arise in the equations of motion. 

11. EQUATIONS OF MOTION 
O F  THE DENSITY MATRIX 

We consider a single-mode electromagnetic field of fre- 
quency o interacting with a group of N identical two- 
level atoms. The energy separation between the upper 
atomic level ( a ) and the lower atomic level / b  ) is fbo, 
where oo is equal o r  close to the field mode frequency. 
T h e  atoms may decay nonradiatively out of the two levels 

/ a ) and ( b  ) to various other levels at a rate y. Follow- 
ing Scully and Lamb3 we suppose that the laser gain is 
provided by atoms introduced uniformly at  an average 
rate NP throughout the cavity. These excited atoms in- 
teract with the field inside the cavity and make their con- 
tributions to the field one at a time. The total rate of 
change of the optical field may be calculated as a coarse- 
grained derivative by multiplying the change produced by 
one atom by the rate N P  at which atoms are introduced 
in the excited state. Similarly. laser loss is simulated by 
considering another set of fictitious two-level atoms with 
broad levels introduced into the cavity in their lower state 
at a certain uniform rate.3 These atoms absorb radiation 
and model the loss suffered by the laser field which is ul- 
timately due to photons escaping from the cavity either 
because of the finite transmittivity of the mirrors or be- 
cause of scattering from various elements inside the cavi- 
ty. The Hamiltonian for an interacting atom and a 
single-mode electromagnetic field is given by 

where s,,R^,,R^, are the three Pauli spin-f operators, p 
is the transition dipole moment between the levels / a ) 
and / b )  which we take to be real, and r is the position of 
the atom. The single-mode electric field operator @(r , t )  is 
given by (in mks units) 

where E is a unit polarization vector which we take to be 
real corresponding to linear polarization, â  and ii ' are the 
annihilation and creation operators for the field, u ( r )  is 
the cavity mode function, and V is the cavity volume 
(quantization volume). The  third term in Eq. (1) 
represents the interaction Hamiltonian d. This term in 
the interaction picture can be written as 

where 
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